BELLMAN FUNCTIONS TECHNIQUE IN HARMONIC
ANALYSIS

VASSILI VASYUNIN AND ALEXANDER VOLBERG

1. INTRODUCTION.
2. BELLMAN FUNCTIONS AND MARTINAGALES

We will be working with stochastic integrals. But we do not need subtle facts of
the theory of stochastic integrals. We need just to use some formal rules of working
with them. Basically the only things we will use is It8’s isometry and 1t0’s formula.
The standard reference is [StInt].

We start with two test functions f, g on RY. Let Us, Uy mean the heat extensions
of them into RY x R4, i.e. Ug(z,t) := Ef(z + Wy) (and similarly for Uyg), where
(Woi=o is a standard d-dimensional Brownian motion starting at the origin. Hence,
90 = AUt and Ug(w,0) = f(x) for = [RE.

Let us fix T > 0. In what follows we will be using a simple key remark:

Fy .= Usg(Wy, T —t) is a martingale . 2.1)
Also -
Fy—Fp= Lk (Ws, T = s) - dWs. (2.2)
0

Let us abuse the language and call such martingales “heat martingales”, they
are always obtained by the heat extension of a test function.

Next we remark that these are not all possible interesting martingales with which
we will have to work. The fact is that we will sometimes need the martingale
transforms of heat martingales. To explain what is it, let us fix a d %< d matrix
A = (ax) and consider a new martingale

[
(AxF)e= AGIEWs, T —s) - dWs. (2.3)
0

For convinience denote Z; := (Wi, T — t) (sometimes it is called space-time
Brownian motion, it was used first by Varopoulos [Varol] and later by [BaJal],
[BaJa2].
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Consider the operator
(Taf)(x) = TIim E(A* F|Z1 = (z,0)). (2.4)

The first task, to which we want to apply Bellman function technique, is the
estimate of certain polynomials of Riesz transforms. Let us remind that the Riesz
transform Rj is given by

Rjf=F YigFf,j=1,,d.
Here is a simple but important theorem (see [GMSS]).

Theorem 1. Th = — ak’,:l a Rk R), where R; are Riesz transforms on RY.

Proof. By definition

-
TAf(l') = Tleoo E{WT =X}( o A IE(WU T— t) ' th) .

(|
Let us denote (temporarily) by (Ta f, g) the bilinear form Ta f(x) - g(x)dx. Then

- -
(Ta f,9) = dx T'Lmoo Eqwr=x3( . ALUAW, T — t) - dWi)g(z) =
] -
dz_lim Equ,oq(9(W1)  ALTAWLT =) - dWy) =
Ny 0
- =

. d
Tllm dut (x) 2nT)2 E{WT :X}(Q(WT) ALUAWy, T —t) - dWy) =
— OO 0

(the dominant convergence theorem as f,g are bounded with compact support,

. . . _Ix?
dut is the distribution measure for W, that is ( 1)d e~ 2zt dx)
2nT)2

- d = =
= Tllm dut (x)(2nT)2 E{WT =X}( H@[Wt, T—t)-dWt A LU Wy, T—t)-dWh)

as by (2.2) =

g(Wr) —Ug(0,T) = LW, T —t) - dWh,
0
and Iideo Uqg(0,T) = 0.
Then  dut(x) Eqwy=x3() =: E(-). This and the previous chain of equalities
give us
Therefore,

.3 -
(Taf,g) = lim (2rT)2E( i (W, T — t) - dWx 0 ATTAW,, T —t) - dWy) .
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By It8’s isometry (this is a simple fact, a standard reference is [StInt])

=

(Taf,g) = lim @rT)e  EMALIW:, T —t), Lg(W;, T — t)(dt |
— 0o 0

Here []-[ds again a linear form (now on vectors in CY%). Denote
It := (2nT)2EA AWy, T — t), [Ig{W4, T — t) (dt .

Then
d Ig I:I
h=@r: AL, Dl )@ () dt

where du 7 is the law of Wt _¢. Now we can easily see that
1

lim It = (A Gk (z, t), Gely(x,t)de dt .
R$

T o0

But the Fourier taransform (FUs)(&,t) = (F £)(€)e 1€P/2, So, by Parceval’s for-

mula
1 1

Jim Ir= (A€, i§F FOF©e " acar= A8
- R?:_ Rd

HE FrOFg(&)d¢.

1 _
Taking into consideration that bilinear form (R Rif,g) = — na %Ff(f)lzg(g) d¢
just by definition of the Riesz transforms, we finish the proof of the theorem by

inspecting two last equalities. 1
1 1
_ ~1, 0
2.1. Examples. Operator Ty := R? — R} corresponds to matrix A; = 0 1
1 [
0, i

Operator 7, = —2iR1 R, corresponds to matrix A, =
Z?

phifors-Beyrling operator 7' = R? — R3 — 2iR1 R, corresponds to matrix A =
-1, i
i, 1

Matrix norms are correspondingly

h [ 021, [ACZ2. (2.5)
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2.2. Two useful formulae. While proving Theorem 1 we deduced two useful
formulae. The first one is ]

Ta f(x)g(x) dx =
Rd
L1 L1
ak1Ox, Us (z, 1) Ox, Ug(x, ) do dt = ALUg [z dt,  (2.6)
RS ki=1 RS ki=1

where - stands for the scalar product in CY.

The second formula is 7
Ta f(x)g(x) dx =
Rd

lim E{(4 F)(T) G(T)} = T|imm(27rT)% E{(A* F)(T) G(T)}, (2.7)

where E is the expectation not with respect to probability measure dut (z)dPy ,
but with respect to pseudo-probability measure dzdP] (dP] is the conditional
probability measure that on Wt = x) and where

=
G(T)=  gWs, T —s) - dWs. (2.8)
0

Just separating real and imaginary parts one gets

G(T) = X1(T) +iXo(T), (2.9)
and = B
X1(1) = Hi(s) - dWs,
0
=

Xo(T)=  Ho(s) - dWs,
0

where X3, X are real-valued processes, and I_{_;_(S), I_Tz(s) are R%-valued martingales
adapted to the filtration of d-dimensional Brownian motion 5. We can easily write
components of H1(s), Ha(s):

Hi(s) = 0, UrgWs, T — 5), Ha(s) = 0x,UrgtWs, T —5),i=1,....d.

Similarly
(Ax F)(T) =Y1(T) +1iY>(T), (2.10)

—— q 1
Yl(T) = Kl(s) ' dW37 Yz(T) = Kz(s) ' dWS,
0 0



BELLSTER 5

where Y7, Y, are real-valued processes, and Iﬂ(s), Ifz(s) are R9-valued martingales

adapted to the filtration of d-dimensional Brownian motion Ws. We can easily
write components of K1(s), K2(s):

Ki(s) = [ aikOx, Us(Ws, T —s), Ky(s) = [ aikdx Us(Ws, T — s).
k=1 k=1

Notice that for matrix A (and d = 2)

1 1 1 1
%= (- RWT-9) o (L RAWET =) o)
(— LA LREC) (L= LE)(.-)
After these notations (2.7) can be rewritten as follows:
- -

Ta f(2)9(x) da = lim E (K1(s) - Hi(s) + Ko(s) - Ho(s))ds.  (2.12)
Rd - 0
Here - means the scalar product of the corresponding d—vectors.

2.3. Local ortogonality. The processes

|jt|_—> 1
I]’i,lelj): Hi-Kjds,i,jZI,Z
0
Ijt-l——> -
EXi,XjR]) = Hi-deS,i,jzl,z
0
L

,Y[@) = K Kjds,i,j=1,2

0

are called the covariance processes. We can denote
dOX;, Vi [@) = Hi(t) - Kj (1), i,j = 1,2
AN, X @) == Hi(t) - Hj(1),i,j = 1,2
0%, Y; (@) = Ki(t) - Kj(t), i,j = 1,2
So (2.12) becomes
- -
Taf@)g(e)de = lim B (dlXy, Y1[0) + dLX, Yo[@)) dt . (2.13)
Rd - 9

Important is
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1 1
Lemma 2. Let A= _il’ i . Then
dh, Y2[(1) = 0.
Or
Ki(t)  K2(t) =0.
Proof. It is obvious from (2.11). 1

3. MONOTONE FUNCTIONALS AND BELLMAN FUNCTION.

So far we introduced martingales X1, X»,Y1,Y> as in (2.8), (2.9), (2.10). This
was done with the aim at estimating (7a f, g). We will need also

P(t) = U|f|p(Wt, T— t) ) (31)

QW) == Uga(Wr, T — 1), 3.2)

We repeat that these are martingales.
To estimate (see (2.13))
- 3
Ta f(@)g(z)dz = lim B (dLX1, Y1[() + d[Xp, Y21()) dt
Rd - 0

we will use “a monotone functional” approach.
We want to invent a function B of 6 real variables such that the functional
(1) = E{B(P(t), X1(t), X2(1), Q(1), Y1(1), Y2(1))}

were monotone in ¢. Having in mind (2.13) and having in mind our wish to prove
(with the best possible C(p))
(|

» Ta f(2)g(z) dz < C(p) FLd ray [gLid (Ray -
we postulate the following desired properties of B.
Desired properties of B.
D

—0(t) = E(IdX1, Y [()| + |dDX2, Y2[Q)]) -
or stronger
1)

—0'{t) = E(|K1 ()| H1(t)| + [ K2 ()| Ha()]) -
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2)
0< B(P, X1,X2,Q,Y1,Y2) < C(p) PMPQY".
Notice that from 1), and 2) it follows that

3
C(p) AMJTIglg = E®(0) = —E . Ot) dt + ED(T) .

And so 3
C(p) AT pIglg = E . (A1, Y1[@) + dTX, Y2 [(})) dt .

Taking T to infinity and comparing with (2.13) we get the estimate of our polyno-
mial of Riesz transforms Ta:

C(p) LA pIglq & |(Ta f, 9)I - (33)

Property 2) is in terms of B. Property 1), on the other hand, is in terms of
expectation rather than in terms of B itself. Property 2) is in terms of B.Can we
find a condition on B that garantees property 1)? This would be nice because then
we are able to solve for B! Actually we can indeed find condition on B ensuring
1). It is done with the help of Itd’s formula.

3.1. 1t0’s formula. We need to change the notations temporarily. This is almost
inevitable as B(P, X1, X», @, Y1, Y2) becomes awkward, all variables have di erent
names. In this section we will call them a = (a1, ap, ..., ag).

Here is a 1t0’s formula ( a standard reference is [Stint]):

1 E523a(1)

dB(a(t)) = LBM(t)), d a(t) (3 5 de,aj [@).
ij=1 =5

Here [)- Ok the scalar product in R®. The beauty of this formula is in particular in
the fact that the first term is a martingale di erence process and so its expectation
iz zero.

Therefore,

F—528(a(t))

—o'(t) = —EdB(a(t)) = _%E Oajdaj

dla, aj [@) . (3.4)
ij=1
Let us now use the fact that all our maringales «a;(t) have the representation

[
ai(t) — ai(0) = ) ai(s) - dWs,

where ai(s) := (af, ..., af).
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We will also use the notations
— /K k _
— (O[l, ceey O[G)7 k — 1, cey d

In the previous notations fﬂ = as, I_@ = ag, I_-‘—'T__TL = ay, ﬁz = Q3.
—Hn pargieplar, local orthogonality (2) that one gets for particular case d = 2, A =
o implies
7/7

as(s) - as(s) = 0. (3.5)

Now expectation of 1td’s formula can be rewritten

¥ 1529(.(1)) K 1 E—dp

—o%t) = —EdB(a(t)) = E Daida; af(t) = E}Tak,aklj

k=11i,j=1

Here [5)-Cis the scalar product in R®,

Di [Cerential property of B, concavity of B.

From (3.6) it is easy to have a condition on B ensuring property 1) above.
Suppose that B satisfies two conditions:

1) For an arbitrary o CRP we want to have

2
= 0,0l 2(02) + (05 ((as)? + (06)°)*2 = 2(lasllos] + loslasl).

We rewrite property 2) in a more precise form: I1)
O
B(a) < (p™+ l)ailpai/p textwherep™= max(p, p"

Theorem 3. Function B satisfying properties 1) and Il) exists in the domain
Q = {...}. Factor 2 in the right hand side cannot be increased, constant p~L 1
cannot be decreased.

This theorem will be proved in Section 7.
It has powerful consequences. First let us mix the notations:

dljl,YlE: Qs 0g , dIXZ,YéE: Q304 .

Using this, summing up property 1) for o := oX,k = 1, ..,d and applying (3.6)
we get

—oNt) = E(dXy, Y1 [F d[X>, Yo ) (3.7)
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1 1 L1 [ 1
and we get (3.3), with A := A; = -1 0 A=Ay = 0, A= -1 .
0, 1 i, 0 i, 1
Consider T in RY,d = 2, and A being three matrices introduced above. Then
we have Ta, = R? — R3, Ta, = —2iR1Ry, Ta = Ta, +iTh,.
Of course B := T is the Ahlfors-Beurling operator.

We will prove soon the following result.

Theorem 4.
[Th, (= [Th, [ Xp-L1,

[Th [ 2(p"L1).

A natural question arises: how sharp is theorem 4. In Section 11 we will prove
that

[Th, (Z [Th,[2p-L 1, [ThiZp-L1.

In particular we get an exact norm of R? — R3 and of Ry Ry:

Theorem 5.
(R — R3[Fp-L1,
p1

(B Ry = 5

3.2. Estimate from above for [Th [ ICalculation of the norm of the quan-
tum combination of R? — R5 and 2R;R,. Write B as [B} i [Bby splitting
its kernel to real and imaginary parts. Of course [B= R? — R3, [B= 2R R,.
Theorem 5 claims that any convex combination of [B1= R? — R3 and [BF 2R R,
has norm at most p™1 1. However, we wish to prove that any “quantum convex”

combination has norm exactly p™L 1. ] ]

cosf, sinf

Given 0 []0,27) let us introduce the matrix A% = . This is the

singd, —cos#
reflection with respect to 0z axis followed by the rotation. We saw already that

this matrix A® corresponds to operator
Tae = (R — R3)cosf + 2R Ry siné

which we call “quantum convex” combination of [B R? — R3 and [B 2R R;.
The word “guantum” honors the fact that coe cients of the combination o =
cos 6, § = sin satisfy the condition a? + 3% = 1.
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Theorem 6. 1. For any matrix A we have the estimate from above
[Th At 1)
= .

2. For any ¢ []0,27) we have [The [oF=p"L-1.
3. In particular (# =0) [ — R5[Fp L 1and (0 =) ZR1R[=Fp"L+ 1.

Proof. The estimate from above.

We introduce real martingales a», a3 as follows

[
ax(t) —ias(t) =  [IEWs, T —s) - dWs = Us(Wi, T —t) — Ug(0,T).  (3.8)
0

Also we introduce real martinagales as, ag as follows

as(t) +iae(t) =  ALUWs, T — s) - dWs. 3.9
0
We will need also
al(t) = U|1=|p(I/Vt7 T— t) , (310)
as(t) .= Ujga(Wt, T — 1), (3.11)
These are martingales too.
To estimate (see (2.13))
- -
Ta f(@)g(e)de = lim B (dldb,as[() + dldb, ag[{)) dt (3.12)
Rd - 0

we will use “a monotone functional” approach.
We have B from Theorem 3. Consider martingale a = (a1, az, a3, as, as, ag), and
put
®(t) = E{B(a(t))} .
Now B satisfies property 1). Summing up property I) for a := o®,k =1, ..,d and
applying (3.6) we get

—0'(t) = E(dldy, o5[@) + dld, as[(3)) (3.13)
Let us combine (3.12) and (3.13) to obtain
- =

Ta [(2)g(z) dz = _lim (—o%t)) dt < ®(0).
Rd -
Now we use property II) to see that

®(0) < _lim (»™+ 1)Ea1(0)*Pas(0)V9 = (p™L 1) Jim (27T)2Eay(0)Pa,(0)0 <
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CAG™ 1) lim (277)2 Ui (0, )P Uigpa (0, THY* = (0L 1) [FLpTgTe]

Estimate from above is completely finished. The estimate 2) for quantum com-
binations The = (R? — R3) cosf + 2Ry R, sin @ follows from the fact that [AP = 1.
The estimate from below on [(R? — R3) cos 6 + 2Ry Ry sin 0 [ F [The [

In Section 11 we will prove that

[The (=2 p-L 1, [ThiZp-L1.
1
A famous Iwaniec-Gehring conjecture claims that for the Ahlfors-Beurling oper-

ator the same estimate p™L 1 holds as for its real and imaginary parts in Theorem
5.

Conjecture 7.
[BIL= [ — R5 +2iRi Ry [ =F p-+ 1.

By theorem 6 (see also Section 11) we know only

pH 1< BI=2(p 1 1). (3.14)
We will give better estimates for [BICih Section 6.

4, HEAT FLOW AND BELLMAN FUNCTION.

Here we illustrate the heat flow approach to estimation of operators Ta =

k 1=1 akI Rk R The first claim of Theorem 6: [Th (= ||ALp™L 1) will be proved
by the heat flow method without the use of stochstic integration, without 1t0’s
formula, without any martingales. This will be a a purely analytic proof. However,
the attentive reader will notice that actually what we are doing in this section is
getting read of martingales Ax F. We will be using (but implicitly, under disguise)
the heat martingales. Heat martingales are stochastic processes Us(Z;), where
Us(-,-) is the heat extension of function f on RY into the half-space R9*!, and
Zy = (W, Ty) is the so-called “space-time” Brownian motion.

Now formula (2.6) is our starting point:
1

(TA f7 g) = R+ A ml‘(%t) ' mb(l’at) dZUdt, (41)
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where - denotes the scalar product in CY.

We again use the same function B from Theorem 3. It satisfies properties I) and
.

Let f,g be two test functions (smooth with compact support). The heat flow

method consists of introducing
1

o)== BUpp(, 1), Urelr, ), Urgle, ), Urgle, £), Uigpe (2, ), U e, 1), Uree, £)) da: .
Rd

We will see that ®(t) is decreasing when ¢ — +oo, so the heat flow dissipates the
energy. Th enargy balance will give us this claim of Theorem 6: [Th % [A(A™L1).
To do that let us first use the notation

a(x7 t) = (U|f|p(x7 t)? Un-jl', t)7 Ulﬁﬂa t)? Ulﬁﬂv t)a U|g|q ($7 t)a Ulj'jx7 t)v Ulj'jxa t))

and write the chain of inequalities:

e e L
®(0) = (—0X0)) dt = — B(a(z, t)) dzdt =
0 0 Rd 615
He
— — =A)B(a(z,t)) dxdt . 4.2)

0 Rd 8t 2
The last equality being the manifestation of the fact that
(.

AB(a(x,t))dx =0.
Rd

In fact, we need to see (after integration by parts) that [B((z,t)) - aa—na(a:,t)
tend to zero when || = R, R - oo. This is so because a(z,t), f—na(x,t) go to zero
very fast when z goes to infinity (after all f, g, |f|°, |g|* are functions with compact
support), and B(0) = 0, moreover, | CB(k)| < C[aI—? with § < 1. Notice also that
by property I1) of B we have

®(0) <
1

D U, 0) P Uga(@, 0y dv < (0™ DITpIgle]  (43)

Let ‘é%% denote the Hessian matrix of B.

o 1 _ 1 '?aa da
ot EA)B(G(@"J))— 2 . azaixk’aika

Lemma 8.

where [)-Cs the scalar product in C8.
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Taking this lemma for granted for a while we continue by using property 1) of B
to have

! '?8@3“ 'ﬁ;@namﬂ R[S RO

2 b
2 - Oxy’ Ox Tk Oxk

Now the reader should return to (4.1). If we were able to estimate from above
) ) )
A GDF (e, 1) (e, 1) by CACT (15211 5.1+ 1% 1| e 1), we would ob-
tain

I(Ta f,9)] = ®(0), (4.5)

and in conjunction with (4.3) it would give the assertion 1) of Theorem 6.
Of course, the estimate from above

AGDHG0) - GI (D) by CAC] (|ég15'|| )+ |‘9m§'u‘m§'|)

Oxk Oxy

is false in general even for real-valued f, g. Just | ak,,zl akizkyl| cannot be bounded
by LA — |zlyl-

As we cannot improve the estimate from above, may be we should strengthen
the estimate (4.4) from below. In fact, suppose we can prove an estimate of type

(4.4) but much stronger:
1 '? da da
—= >
2 - a? Oxy’ Oxk

(ﬁgﬁﬂai@z)%( '@?FHE;UH 2 = (IITITACT (4.6)

Suppose (4.6) is already proved. Then we combine (4.1) with |A Gk (x,t) -

[} (7, )| < AMNIZATITGT fo have

., [
(Ta f, 9)| < mn:lo y (L% (v, t) (L OY (2, t) Cdledt 4.7)

Combine this with (4.6) and Lemma 8 to get

Heo da 9
(T f, g)| < [AC] —= %?2 S M
0 Rd 2 , da Oz’ Ozk

o1 5

A = — ZN)B(a(z, 1)) dedt < [AD0). (4.8)
0 Rd 875 2
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The last assertion follows from our chain of inequalities preceeding (4.3). Now we
use (4.3) and we get from it and (4.8) that

|(Ta f,9)| = LA FIpTgTe]

4.1. Bilinear embedding theorem. We are ready to formulate the following
bilinear embedding theorem:

Theorem 9.
1 Ijll =, Dill,_allj'! =, (P
_wg@ m;@ 4@@ m@ o
R =1 —Oxk Oxy kel —0xk Oxy dudt < (p=1) [fTpIgle]

Proof. Integrating (4.6) over R** and using Lemm 8 we can apply (4.2) and then
(4.3). This proves the theorem.
1

4.2. The proof of (4.6). To prove (4.6) one needs to show that
- '?;ak,akcﬂe 20" @5 + @D Tl + D). @)
k=1 k=1 k=1

We have only propert I), which gives that for every individual £ =1, ..., d we have

—I%Z—B;ak, oK 2 ((aX)2 + (X)) 2 ((ak)? + (ak)?)2 . (4.10)

Amazingly the latter implies the former (going “against” Cauchy inequality).

Self-improvment lemma for three quadratic forms.
Here is a lemma of Marcus about matrix pencils [M]. Matrix pencil is D)\? +
AN+ C, where A, C, D are matrices.

Lemma 10. Let p(\) = DX?> — A\ + C be a matrix pencil, where A, D,C are
non-negatively defined d < d matrices. Suppose that for every vector » [CF there
exists A = A(h) such that [p(M\)h, h[E= 0. Then there exists a universal \g such
that for all h CCF we have [p(\g)h, kX 0.

We will prove this lemma below in a much higher generality. Now let us use it.
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Corollary 11. Let A, D, C be three non-negatively defined matrices such that
[Ah, h(E 2 [Dh, b, A3, (4.11)

Then
trace A = 2 (trace D)% (trace C)% . (4.12)

Proof. Let {o*}¢_, denote the orthonormal basis of CY. Lemma claims that inde-
pendently of vector o there exists 7 > 0 such that

1
Ao, o rMa, o+ —[da, ol
T
Applying this to all vectors o = o, k = 1,..,d and adding in k& we obtain
1
trace A = rtrace D + —trace C'.
T

This implies (4.12) by arithmetic mean/geometric mean inequality. 1

Now we want to use Corollary 11 to prove (4.9). To do that consider a real matrix

A with columns ot = (a},...,ad)",....,a8 = (of,...,ad)T. Put A = —A'jé]%A,
then we see that
trace A = — ‘%ak,akm
a
k=1

Let d be a 6 x 6 matrix for which all elements are 0 except dy; = 1,ds33 = 1,
and c¢ such that all elements are 0 except css = 1,c66 = 1. Consider D = AA,
C =AA.

Then

trace D = {(0422)2 + (%)%},

k=1

trace C' = {(045%)2 + (€)%},

k=1

We have inequality (4.11): [Aa, o[ 2[Da, alﬂa, a2 for all vectors o [CCF.
In fact, it is just (4.10). Then Corollary claims (4.9).

The proof of Theorem 6 will be finished when we prove Lemma 8 and Lemma
10.
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4.3. Proofs of Lemma 8 and of the three quadratic forms Lemma 10.
Lemma 8 is very easy. It is just the chain rule.

Proof. The chain rule obviously gives

9 _ L NBa(e, 1)) = (IBW), g;LEI- [OCBYI- a, %AXGE

ot 2
1 Oa Oa
2 %?zamka

First two terms disappear just because % - %Aai =0,:=1,...,6. 1

Lemma 10 can be proved in a much more general situation than we need here
[DTV]. It is just a particular case of the following Theorem.

Theorem 12. Let 09, 01,02 be non-negative non-zero quadratic forms on a vector
space V satisfyin
p fying

oolz] 20 o1[x] - o2[x], [z1CV1 (4.13)
Then there exists a constant a > 0 such that

oolx] Cad[x] + éUZ[IE] , Cz1CV1 (4.14)

The condition (4.14) clearly implies (4.13). Also, we emphasize that the state-
ment is valid for arbitrary vector spaces, i.e. regardless of them admitting proper-
ties such as completeness, separability, finite or infinite dimension, real or complex
field of scalars, inner product etc.

Proof. Consider the family of quadratic forms ¢, s [(0, o)
S

0° = 09— S01 — 8_102.

Assume that the theorem is not true, i.e. that for all s the form ¢° is not non-
negative to get a contradiction.
First of all let us notice, that if for some = [Vl1we have o[z]/o1[x] = s? then

so1[z] + s roglz] =2 o1[a] - oafz].
Therefore, if we find s > 0 such that
o°[z] <0

for some « satisfying o2[z]/o1[x] = 5%, we get a contradiction with (4.13).
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Consider the set S [(0, o0) x (0, 00) consisting of all pairs (s,t) such that
oS[z] < 0 for some x satisfying o[z]/o1[x] = t?. We want to show that (a,a) Sl
for some « > 0, which gives us the contradiction.

Since all forms are non-zero, there exist vectors xy, k£ = 1, 2 such that ox[xx] > 0,
k = 1,2. Therefore there exists a linear combination =z = «az1 + [Bx2 such that
o1[x], o2[x] > 0 (to see that one only needs to consider forms on two-dimensional
space L{z1,x2}). One concludes %Iggﬁ o°[x] < 0 for all su ciently large and for all
su ciently small s. So, if to ;= o3[z]/o1[x], the points (s, tp) belong to S for all
su ciently small and for all su ciently large s. Thus S has points on both sides
of the line s = tg. So, if we prove that the set S is connected, it must contain a
point («, «), which gives us the desired contradiction.

We now prove the following properties of the set S:

(i) For any (so,tp) CSlwe have (s,tp) [SIfor all s in a small neighborhood
of sg.
(i) Projection of S onto the s-axis is the whole ray (0, o).
(iii) For any s (D, o) the set {t: (s,t) Sk is an interval.
(iv) S is connected.

Property (i) follows immediately from the continuity of the function s O o%[x]
(z is fixed).

Property (ii) is just our assumption that o° is never positive semi-definite.

Property (iii) requires some work. Let s be fixed. Suppose that (s,tx) [ 4,

= 1,2, i.e. that there exist vectors z1,z, [M such that o5[zx] < 0 and ¢ =

o2[xk]/o1[xk], k = 1,2. Consider the (real) subspace E [\JE = span,qy{z1, 22},
and let us restrict all quadratic forms onto E.

For a vector  [Elsatisfying o°[z] < 0 define

T(z) = oolz]/o1]x].

Notice, that by the definition of #° for any x satisfying o°[z] < 0 both o1[x] and
o»[x] cannot be simultaneously 0, so 7 : { [CH: ¢°[z] < 0} - [0,00] is a well
defined continuous map (we are allowing r(x) = +o0).

Since o5[xk] < 0 the quadratic form ¢° has either one or two negative squares.
In the latter case the set K = {& [El: o5[z] < 0} is the whole plane without the
origin, so it is connected. In the former case it consists of two connected parts
K=K , K1 = —K>. In both cases the set 7(K) is connected. Indeed, if K
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is connected, 7(K) is a continuous image of a connected set. In the second case,
7(K1) is connected and since 7(z) = 7(—x) we have 7(K1;) = 7(K>2) = 7(K). So
the set 7(K) contains the whole interval between the points ¢; and t».

Since 7(K) n (0,00) [{A: (s,t) Sk we can conclude that for arbitrary ¢1,t, 1
{t : (s,t) 3}, t1 < to, the whole interval [t1,t,] belongs to the set. But that
exactly means that the set {¢: (s,t) Sk} is an interval.

And now let us prove property (iv) (and so the theorem). Suppose we split S
into 2 nonempty disjoint relatively open subsets S = S; [Sh. Let P denote the
coordinate projection onto the s-axis. Property (i) implies that the sets PS1, PS>
are open. Property (ii) implies that PS; [CAS, = (0,0) so it follows from the
connectedness of (0, o0) that PS1 n PS>, 8 [ 1

Therefore for some s there exist ¢1,t, such that (s,tx) 3k, & = 1,2. By
property (iii) the whole interval J = {(s,0t1 + (1 — 6)¢tp) : 8 [0, 1]} belongs to
S. Therefore J can be represented as a union J = (J n S1) C{T n S>) of disjoint
nonempty relatively open subsets, which is impaossible.

—1

5. BETTER ESTIMATES OF [BIC¥IA HEAT FLOW.

We will use Theorem 6 to improve the estimate for Ahlfors-Beurling operator.
So far we know only BIC= 2(p™L 1). Notice that it is su cinet to give a better
estimate only for p = 2 because then we use a simple fact that B ™looks exactly
like B to get the estimate for p < 2.

The next theorem is not the sharpest we know. The ultimate result of Banuelos-
Janakiraman [BaJal] will be explained in the next Section 6. But the next re-
sult however illustrates t\rye heat flow method and it is asymptotically as sharp as
[BaJal], it gives [BICZ ( 2+ 0(1))(p"L+ 1), when p — oo.

Moreover, in the course of proving Theorem 16 below we will prove an estimate
on LP norm of

[I(R? — R3)ul? + (B2 — R3)v|* + |2R1 Roul® + 2Ry Ryvl?]2
via the LP norm of [u? + v?]2 which we consider interesting.

5.1. A theorem of Marcienkiewicz and Zygmund and its extension. Let
RP denotes the class of operators mapping real valued LP(u) to real valued
LP(v) and bounded. Every such operator can be obviously complexified and called
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T.. Moreover, given a real separable Hilbert space H it can be tenzorized to
Ty = T [Idy that acts from H valued LP(H,u) to (hopefully) H valued
LP(H,v). Denoting /2 the n-dimensional space of square summable real sequences
(of course [? stands for [2 with n = oo) we see that 7, and T@ are isometrically iso-
morphic. A simple but important theorem of Marcienkiewicz and Zygmund claims
that tenzorization does not increase the norm.

Theorem 13.
[TH = [N]
In particular, [T} [, 1= [N

Proof. We need only to prove inequality [TH [yl< [TI[;1 because the converse is
obvious. Let H be n < oo dimensional separable real Hilbert space. Let {&}|L, be
sequence of independent gaussian real random varibles such that E& = 0, E(&)? =
1. Fix an element a = {ak}i—; [73. Then we have

1 I

E(l  ai&il’) =Ap(  ad)z, (5.1)
i=1 i=1

where Ap = E[&[P. This obvious because the distribution of {&i}L, is rotation
invariant and so we can think that a« = (1,0,0,...).

Now fix a basis in H. Then an element f of LP(H,du) can be viewed as f =
{fk(z)}=,._Consider a new (random) element of scalar real LP(du): | &k fu(x).
Then ECT &6cfi@) gy = 4p (1= P2 diale) = Ap TR 4 gy bY (1),

Similarly
1

L 1 r_ 1 P
EC) 6Tf@) gy =4p  ( (TF)*(@)2 du(e) = Ap IO [T, gy -
k i=1
But

1 1 1
L1 &T fu(x) [@(H) = 1Y Sk fr(x)) @(H) = m[g]j Ek fr () [@(p)-
k k k

Comparing this we see that
Ap Of @(H,du) = A4p mmm,du) :
Cancel Ap to get the desired inequality. 1

In what follows we will need the extension of this theorem to operators from
LP(u) to LP(H,v). Here H as before is a real separable Hilbert space (actually
we will use only H = 13), and LP(u) is again real valued. Class RP, denotes
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all the bounded linear operators from LP(u) to LP(H,v). It can be obviously
extended to 7¢, or more generally to operator Tj; = 7' [L1djz from LP(12, 1) to
LP(I2(H),v) (with the ususal convention n < oo, and [2 = [ for n = o). We just
put Tia ({fk(2)}=1) = {T fk(z)}g=,- Obviously T is isometrically isomorphic to
Tjz again. We ask the same question [T} [p1= [TI,? Or simply [T} 1= [NL2
We are grateful to A. Alexandrov who showed the following result.

Theorem 14. 1. If 0 < p < 2 then [T}; 1= [Olp) and, in particular, [TiL;1=

[l
2. If p > 2 then there are bounded operators 7" such that [T} [, > [T,

Proof. 1. Again we need only [T} [pl= M Let &, i = 1,...,n, and Ap = E[&[P
be as before. Let a = {ai}lL; [I3(H). Then for0 < p <2

1 | 0
E(C ai&l)=Ap(  [@f)2, (5.2)
i=1 i=1

To prove let us denote by {ej} an orthonormal basis of 4. Then the LHS is

P_rr 1 1
EC ( (ae)&)?)? =B ¢)F.
ji=1 i=1
N B :
We denoted ¢j = ( j—4(ai,ej)éi)” = 0. We want to use the inverse Cauchy
inequality. Let 0 < o < 1, LY(Q,dP) is a space with probability measure, and

¢i = 0 be measurable functions. Then
L 1 L 1
L1 ¢jlal= [P Led (5.3)
i i

If we use this inequality for a = § we get
P rr 1 P L1, .,
EC ( (ai,e)&i))2=( (E(95)2))P)z=.
j=1 i=1 j
Using the fact that d)jg = ;izi 1(ai, €)&)P and (5.1) we get that
L1, ., C T 1T 1 P L1,
( E((¢1)2)?)? = Ap( (ai,)?)2 = Ap( Tall)? .
i b i
So (5.2) is proved. To finish the first part of the theorem consider f CLP(I3, 1), f =
{fi}iL, and write ai(z) = (T fi)(z) CH. We know that

r 1 r 1
3 ai(@)&i iy < OB fi&i Do
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Apply E and (5.2). Then (5.2) gives

L1 r 1
Ap mf@(p(H) V) = ApIII mlﬁ) I:E( v) = El:' a|(£ll)€| EQ(H v) =

=1

— —
MEETT fii gy = A MOGI0 )2 [y = Ap DRI g2 -
i=1 i=1

We cancel Ap to get the desired inequality [T} [p1< [Tlp] The first part of the
theorem is proved.

2. Let p > 2. Consider du = 2e=0°*¥)dudy, v being just a point mass,
Operator T : LP(u) — LP(I3,v) =13 is given by
1 1
Tf=C wf@y)dutey), v i) duy) (=R
Obviously (with ¢:1/¢+1/p=1)
1

1

1 1
sup sup (ax + by) f(x,y) du(z,y) = |z|Vdplr,y))s = .
(a,b) (R3:a2+b2=1 Ol py<1 R? R2

because of rotation invariance of . The latter number is the norm of T'. Let us

check the norm of 7. Of course
1 R B

M= sup ’Lx+ *Ly fx,y) du(z,y) =
[ﬂ@( )<1 R2

o
A, ) =: G4

We want to show that Cy > cq. Notice that
L1

e N A DETICROF

1
20 = Iﬁ\/ﬂﬁ E#/—E du(z,y) .

So we need to check an elementary inequality
lz|9 + |y|9 < 2172 (22 + y?)2 for Lebesgue a. e. (z,v).

By homogenuity it is the same as |cosd|? + |sin 6] < %}_% for 0 < ¢, < 2 for a.e.
¢ []0,27). But for every fixed § 8 £%,+3 we have | 2cosf|9 +| 2sing|9 < 2
as function ¢(z) = z3 + 2 - x)z attains its maximum 2 only at x = 1 on the
interval [0,2]. We are done.

1
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5.2. Estimate of [(R2 — R2)ul? + [2R1 Ryul?)? [ Denote

|:1| . —dp
T i= — | cos 8P do i (5.4)
27'[' 0
Observe that
lim =1.
paooTp

Lemma 15. Let p be a positive measure on space X and let A, B be operators
acting on LP__ (X, ;). Denote

C(p) = ma2x) [Alcos  + Bsin ;]
s

6 0]
Then
I
A
IZIB :LEeal L IPRYH= 75 C(p), Wwhere where 7, is defined in (5.4).

Proof. It almost repeats the proof of the frequently used Marcinkiewicz—Zygmund
Theorem (5.1). The trick in the proof of Marcinkiewicz-Zygmund theorem can be
reduced to acting by 7" on on fcosf + gsing.

Now instead of acting by 7" on fcosf + gsind we fix u Ijifea, (u) and apply to
it Acosd+ Bsing. Take w []Q,27) and write temporarily a = Au(w), b = Bu(w).
Since a and b are real (by the assumption of the lemma), there is § = §(w) [IQ,27)

such that
—1

(a,b) = a2+ b2 (cosd, sind) CRP.

It follows that
1
acosf+bsind = a2+ b2 cos(d — 6)

or, in other words,
(Acosd + Bsinf)u(w) = (|Au(w)]? + |Bu(w)|?)*? cos(d — 6(w))

for all 6 [0, 2x). Consequently,
1
(lAu(@)I* + [Bu(w)[?)P? | cos(6 — 6(w))IP dpu(w)
X
1
= |(Acosf + Bsinf)u(w)|P du(w) CCAp)P fulf]

X
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Integrate this inequality with respect to the normalized Lebesgue measure (27)~1d6
on [0, 27). We get

] i
([Au(@)P? + |Bu(@)P)?du(w) Tl (p) ] (5.5)
and Lemma 15 is proved.
For A= R? — R3 and B = 2R R, this lemma gives for real-valued u
2 2\ 12 2 % L (p"+1)
|(R1 — R3)ul® + [2R1 Rpul dxdy L H5 ol &4 lulpl
= o |cosOP df
(5.6)

5.3. Estimate of [((R2 — R2)ul? + |2Ry Roul? + |(R?2 — R2)v|? + [2R1 Rov|?)? [
We want

L A LA
|(Rf — R3)ul® + [2R1 Roul® + |(RE — R3)v|* + [2R1Rpv)*  dady -

Tt Lbp
1 p 1 2 2\1
7 | cos 0|° db (r— 1@ +v9)2 L] (5.7)
Notice that inequality (5.7) would follow from inequality (5.6) by the complex-
ification of vector operator T = (R? — R3,2R1 R,) from LP(dzdy) to LP(13, dxzdy).
(All spaces are real.) It would follow immediately if Theorem 14 would hold for all
p [(Q,00). Let us explain: again all spaces are real, and let T : LP — LP(i3) be
bounded. We would wish to state that then 7 : LP(I13) — LP(I3 [I3) has the same
norm. But this is false in general! The second part of Theorem 14 shows that the
norm can jump up. However, for 1 < p < 2, the norm does not grow and we get
(5.3) for 1 < p < 2. In particular,

(I LA L1/
|(Rf — R3)ul® + [2R1 Roul® + |(RE — R3)v|* + 2R Rpv|*  dady <

1
(g +o(1)— @’ + 1?21 when p — 1+ . (5.8)
e
But
|B(u + iv)| = (|(R} — R3)u — 2Ry Rpvl? + |(R2 — R3)v + 2R1 Rpuf?)? .

This and (5.7) immediately imply
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@ 7T\/§ 1 1
IB(u+iv)|  dady S(?+o(1))ml_@2+vz)§@ when p - 1+.

(5.9)

We do not know how to get rid of % in (5.8). But we will show now how to get
rid of this constant in (5.9)

Theorem 16. For 1 < p < oo one has

V_
2 V_
= (3x ?ﬁ | cos GIPC'dH)llp:(pD_ D=( 2+o@W)EL1).

Proof. For the length of the proof we adopt the notations: A := R? — R3, B =
2R1R,. Recall that B = (R + ’iRz)z = A+iB.
First we write

(A + iB)(u + iv)]P = (|Au — Bo|? + |Bu + Av|?)P"2.

We will use the same trick as in the proof of Lemma 15, namely, we introduce
cosd,sin @ as follows. Of course,

A + iB)(u + iv)e %] = (Au — Bv) cos§ + (Bu + Av)siné,
and, therefore, considering a (real-valued) test function ¢, we can write
[(Au — Bv)cosf + (Bu + Av)sin H,I%il
= I:FI22 (A+iB)(u+iv) e ® dady.

Rewrite the expression by using (2.6). We get

[(Au — Bv)cosf + (Bu + Av)sing, [
1 1 1 —1 1
d 0 0 0 "

=—2[c1® — i +1 — i

RE ox1 Z(‘)xz (u+iv) 0x1 Z(‘)azz

Of course here u, v,y are heat extensions of our initial u, v, , that is they satisfy
the equation (% - %A)(-) =0in R3. Let us fix t > 0 and consider J(u,v), the
Jacobian of the map (z = (z1,22)) (u(z,t),v(z,t)) : R? — R2. Then our previous

equality gives us

|[(Au — Bv)cosh + (Bu + Av)sin, (]
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+ 172 (u+ w)H E%;l 8:52 g
Lid
9“@ E @E @E 2 det J (u, v)

e
?}@ SRR

* Bcol, BB BB e B

We already established in Theorem 9 that the last integral is bounded by (p™1 1) [ul+ iv I [ P
Gathering all this together, one obtains

[
L1
R3

M]Eﬁ

L1
L1

¢~

V_

|[QAu — Bv) cos 6 + (Bu + Av)sin 0, [DL_R(p"+ 1) lul+ v [Tl ]

And so
V_

(Uu — Bv) cos  + (Bu + Av)sin 0 1T R(p™+ 1) [+ iv [5] (5.10)

Once again we utilize the trick used in the proof of Lemma 15:
(Au — Bv)cosf + (Bu + Av)sing
= (|Au — Bv|? + |Bu + Av|?)Y? cos(d — 6(w)) .
Therefore, by (5.10),
(111

(JAu — Bv? + | Bu + Av[?)P’?| cos(0 — §(w))|P
R2

111
[(Au — Bv) cos§ + (Bu + Av)sin§|P

V_
CRP(p"™ 1)P [+ v (]
We integrate with respect to normalized Lebesgue measure dm(#) as we have al-
ready done once before. With 7, as in (5.4) one completes the proof of Theorem
16.
1
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6. BETTER ESTIMATES OF [BIC¥IA STOCHASTIC INTEGRALS AND ITO’S
FORMULA.

So far we did not use local ortogonality (2), (3.5). To use it we address not to
(3.6) but to (3.4):

928t
o) =~ D) i o1 (6.1)
2 .. 5&.8&1
i,j=1
Notice that local ortogonality forces certain terms in the right hand side to dis-
appear. Consider the Hessian matrix azgi(a""g» and let us replace entries 0225(2;?),
2
aai(gg?) by zeroe. The new matrix will be called N(B), its entries will be called
Nij (B).
By the force of (3.5) we will have
m(a(t)) 1 —
aga @@ = Ny(B)dld,qj @) = V(B)a",a" 01 (62)
ij=1 == ij=1 k=1

6.1. Local orthogonality and the Bellster. Suppose that B satisfies property
I1) and
I") For an arbitrary o CRP we want to have

FN(B)a, al[E 2R|az]|as| + 2R|as||as] -

Conjecture 17. Function B satisfying properties 1’) with R > 1 and Il) exists in
the domain Q = {...}.

This conjecture would have powerful consequences. First let us mix the nota-
tions:
dX1, Y1 [F a2i£a5! , AN, Yol &+ a3i£oz6! .
k=1 k=1
Using this, summing up property I') for o := oX,k = 1, .., d and applying (6.2)
we get

—0%t) = RE(d[X1, Y1 [F d[X,, Yo )

and we get from (3.3) a better estimate for the norm gfAhlfors{Beurling operator

[BIL1Recall that B = 7Ta in R%,d = 2, and A = - ; . This A gives rise

7/’
to local orthogonality condition (3.5) and this is why we can use the estimate on
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—N(B) which is conjecturally better (see (17)) than the estimate on Hessian matrix

__d°B(a
d2a -

Theorem 18. If conjecture 17 is satisfied then
2
[Th X = (= 1).

6.2. Local orthogonality and Burkholder’s function. The material of this
section is based on [BaJal].
Burkholder [Bul] proposed to consider the following function (p = 2):

1. _
¢(z,y) = p(l— B)p Yyl — (= DleD(l=] + [y)P~* .
He proved the following

Theorem 19. If p = 2, then

o(z,y) =y’ — (0 = DPlz/°, (6.3)
and one has the following estimate for the Hessian H,, of ¢:
LT T 11
[Hy(z,y) Z ; Z CF p(p—1) (=] +|yDP 2 (KP=|hP) —p(r—D) (0—2) |||+ |y )P~ (h+k)? .
(6.4)
In particular, 2 SR
Iﬁ%f Z , Z (X0, C(hk),lkl <|h|. (6.5)

If a function |y|° — p|z|P has a majorant with property (6.5), then p = (p — 1).

This theorem will be proved in Section 10. Its proof there (unlike the original
Burkholder’s proof) will be based on the solution of Monge-Ampére equation.

Now we want just verify (6.4), and actually we calculate a slightly more di cult
thing. For a separable real Hilbert space H let us consider ®(X,Y) = ¢([X [IYID
Let us fix a basis in H and denote the cordinates X = (z1,...), Y = (y1,...),
n = dimH,n [[1,00]. For h [_H we denote h™ = Projy h, where Projy is
the ortogonal projection onto the one dimensional space defined by vector X, we
also denote h™= h — A it is the projection of h onto the complement of X.
Symmetrically, given k¥ [_H, we denote k“= Projy, k, where Projy is the ortogonal
projection onto the one dimensional space defined by vector Y, we also denote
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k™M= L — kY it is the projection of k& onto the complement of Y. Then the 2n x 2n
Hessian of ® satisfies | . .

[Ho(X,Y) he h ES
0] 3 k ) L
p(p—1) (X HM DA ?( L2+ A2 —p(p—2) 1 CH X MDA L (T2 (k, %P_LIZ)
—p(p — 1)(p — 2) X [IX [# MDA 3(+HF +EDA, Rk CH.  (6.6)

In fact, by simple calculations

- LI Bl tn s mx+ the
—  M+tk,kFRIKY +tk[T
dt M+ tk[] e e
So
1 1
L1 +[AH ]

d [X+th(]
kT DZI+tk:EIt=o_E| =
pm [EH
Here + (A= [, g (and + (BT (B gypJAlso
. Cd Ty otrenni !

d® DX +thCI_ e T X+t

112 K121 M -+tk,k(d -
dt* M+thD wrgeT ¥ +tk =51
So
] [ EFEEI
) d?2 [X+thl XL
ehk ‘= =0 =
A2 M+, K8

Recall enk, vhk are vectors in R?.
Of course ¢x(z,y) = —p(p—Dz(z +1y)P~2, ¢y(z,y) = p(p—Dy(z +y)P 2 —p(p—
2)(x + y)P~L, and we leave the reader to compute all second derivatives of ¢.
Below [-]- Cdenote the duality in R2. Direct calculus of derivatives of ¢(z, y) and
the forms of ep k, vh k found above show

d2
quﬁ(EXI + thLIY1+ tk Dii=o = e, by [ IH(pUh,kv vh k [F

—p(p — I)(X F DA 2 B2 p(p — 1)(X L MDA 2 &2 p(p — 2)(IX|| + mgﬁ‘llﬂ 'g
_ Y X

+p(p — I)(IX & XIDA 2((maﬁ”[ﬁ_(mvﬁ”|ﬁ)
o B 3 X Y

p(p — 1)(p — 2) 0 LA = DIDA(1A, g O (8, g OF
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Now we plug into the third line of this formula (& %”[ﬁ = EHA= &P
&T2) (@, %”[ﬁ’ = EHZE A2 B Zinto this formula to get for all .k CH

[ -
Ho Z , Z = p(p—1)(X EHMDOA 2(EF ) —p(p—2) MCH X EMOY ! &2
_ X Y
—p(p — 1)(p — 2) X [(IX % MDA 3([A, —— (3 [H — DF . (6.7)

LX]| |
which is exactly (6.6).

Let f be a test complex valued functions on the plane. Recall that Zy = (W — ¢, T — t)
is a space-time Brownian motion on the interval [0, 77, Ws is 2-dimensional Brow-
nian motion. Recall also that formula (2.7) can be interpreted as

B f(z) = _lim E(AxUe(Z7)| Z1 := (Wr,0) = (2,0)). (6.8)

Then of course
i p
IB]f[g]sTle E|Ax Us (W, 0)|P. (6.9

1 1
Let as above ®(x1, 22, y1,2) = ¢( a3 + 3, y+y3). Consider now I3-valued
martingales z1¢ + ixot := X¢ := Us(Zy), y1e +iyor .= Yo =7 A*x Ug(Zy), here 7 >0
will be chosen later. We think about C as real 3. Introduce

atg .= (04_,&2,(13,(14) = (xlt,$2t7y1t7y2t) .

Write 1t8’s main theorem of (stochastic) calculus ([-]- Cdenote the scalar product
in 73, (,-) denotes the scalar product in i3)

-
Y1 [P—(p—1)P|X7|P < (X3, (X3, DA, )= o( X4, [XJ, (Yol Co)F . (D Hoy)
i S—
+5 ) (Pxix; AL, 7je [F Py, dldie, yje [F Py,y; dlughe, yjo) =
ij=1

= Tl

O([XY, [X], Yol [Yo) + (m@t)"'é dard
0 0 1=y dakdal

dlak, ] (6.10)

Let us recall what is dlak, a;[]
First notations.
Now look at (2.11). Notice that for matrix A (and d = 2)

i A 1
—, _ o3 __ (Cxd= CE)(Ws, T —s)
X35 — 2 - T

3 (— L= LRY(Ws, T — )
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(I Y I R

1
gn= 4 =, (CEH ROV T =) (6.11)
Y (CEd— TR (Ws, T —s) '
Also [ Y I L1
. ab  (LEWe, T —s)
T2 T W T—s)
11 [ 1
— _ 0z __ (LR(Ws,T =) (6.12)
T (e T =) |

Recall that we can write ajt,7 = 1, ...,4 as stochastic integrals via its stohastic
derivatives oK, i =1,...4, k=1,2:

1S’
4 i
ajt = (ails, aizs) dWs = dis + dWs .
0 0
Then by Itd’s isometry

ldit, ajt[F  «is- ajsds,
0

where - means the scalar product in 3.

Lakt, age[F [yhe, yor LF

=0 I£I Ws, T — s -
0 2 (= ) (We, T — 8), (= (yl— CFE)(We, T —s) - (CEH+ CEY (W, ) ds = 0

(CAd— LEY(Ws, T — )
In particular, we have (3.5):

dlaby, as 5 dlgh, yor 5 digy - 0igy = 0.

(6.13)
Simarly, we immediately see that
e, y1e 5 dldhy, ase 3 |agt|® = dlah, ase 5 [04]* = d b, vz (6.14)
Also
|aigt|® + |0at|* = dTht, yat 3 d e, yor O
= 27%(| (I + 2det [T)(Wr, T — t) < 47°| L)% = (6.15)

472 (d e, 21t (F d oy, 22e 0= 4 7%(|age|® + |azt)?) -

Here [glis understood as 2 < 2 matrix as we have 2 derivatives with respect z

and y and f (being complex valued) is understood as a function with values in real
2.
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Lemma 20. Let ®(a1,a2,a3,a4) = ¢o( agl + a3, aé + a3) as before. Let ol =
(o}, 03,03, ad) and o? = (a2, a3, a3, a3) two vectors such that
azag + 0305 = 0, (03)* + (a3)” = (ag)* + (ad)°. (6.16)
Let P, denote projections on the first two and the last two coordinates in R*.
Then ) ,
Mal,alﬂ Maz,azg
d?a d?a
p(p — 1)(IX [# DA 2([Qa! B [Qa? B+ [Pol P [Po? B)—
1
Ep(p— 2) H(X & MDA Y([Q! BPH [Qo? ).

Proof. In fact,
lﬁz‘b(a)al A ﬂzq’(a o 2%
d?a d?a ’
p(p — 1)(IX F MDA 2([Qol BH [Ga? P+ [Pa! P+ [P 2)
~p(p— 2) DK 3 D010 23 [@0” B (Qa, o) = (Qo?, o))
Now, using notations %Dz (y3,y4) and using (6.16), we get
Y

L
(aBys+afys)’ = (03)°+(az)’ +(ad)’ +(ad)* —(a3)*+(03) )3 — ((ad)* +(ad) vz =

S (017 + (@2 + (@) + (0§)) = 3 (1T B [Q?12).

2 = (03)?+(az)*+(aB)*+(af)’ —(azys+agya)’—

Qo (33 1G0? BF(Qat, rf—(@o?,

Lemma 21. If in addition to assumptions of Lemma 20 we have

(012 + (03)? + (1)? + (03)? = 5 ((o)? + (0d)? + (ad)? + (0)))) . (6.17)

C2(p—1)
then

2¢) 20
I__ijldzi@al,allj- ﬂdzﬁaz,azg 0. (6.18)
a

a
Proof. Denote H = (a})?+(ad)*+(a3)*+(03)?, K = (ad)*+(a})*+(03)>+(03)?).

Then Lemma 20 claims that
2 2
IﬁL(aal, ot F IﬁIL(aaz, o’
d?a d? a

< b= (H ~ K) = 590~ DK = =pp = D(H = 5L
We are done. —1

K).



32 VASSILI VASYUNIN AND ALEXANDER VOLBERG

Take the expectation of (6.10). We get then

1 _ d?P _,

E(Y7IP = (0 — DPIX7[P) = ®([X3, X4, Dol Do) + 5 . Tk Bt (6.19)

or
E(YrIP — (0 — DPIX7IP) =
17 po 17 2o
CD( ma my II& IED + - %?Oél, allﬂt + E %?OZZ, azlﬂt . (620)
1

2 0
Choosing 7 : 472% =1, that is 7 = pZ;pl and examining (6.13)—(6.15),
we see that ot, a? satisfy the assumptions of Lemmata 20, 21. Therefore the inte-
grand is non-positive and, taking into consideration that ®( [CXd, (X4, [Yol [Yg) =
o (LZ4(0, T), Id(0,7),...) - 0, T — oo, we get
Iip—Ll .

2 E[AxUr(Wr,0)I° < (p — DPE|Ur (W7, 0)]° + 0(1).

Combining this with (6.9) we get the following theorem belonging to Banuelos and
Janakiraman [BaJal]:
Theorem 22.
—1
Blf b= 2p(p — 1) [f1,]

7. INTRODUCING THE BELLSTER.

Here is a function By = Bo(x1, z2,x3,z4) defined in Qqp := {(x1,x2,x3,24) [
RY ! |z2lP < @1, |za|? < 23}

(b= D)+ (h = p)y3h*™ + yaypl(p = Dizh)® + L= ph 1/ 10
1 3 >

B:
° 11— (y2h)]

where i3 = |a2]/21’?, yo = |4l /23", and & - solves the following equation:

(= Dya" W22+ yrydhd — p(L+ yag)yd ThT+ i TTRTE + (p— Dy = 0.

Find y; and plug into the formula for By, then one gets another form of By (with
another denominator!):
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(L= 2302 = (0 = DA = 430 1 1
3 .

Bo = sign(1 — y2h
0 = sign(1l — y2h) pyIhtT = yTha — (p — 1) 1

Let us consider the following map of R® into R*:

C—1 = 1

s(a1,az,a3,as,as,a6) = (a1, a3 +ab,as, a+ad).

Let
B:=Byes.

Its domain of definition is

Q=5"(Q) ={a [RF: (§ +a3)? < a1, (cd+ad)? <as}.

Let d’By,d?B denote the Hessians of By, B correspondingly. These are 4 x 4
and 6 < 6 matrices.

Theorem 23. Let o be an arbitrary vector in R*, a = (a1, az, a3, o), then
—(d*By a, @) = 2 az||eual
moreover, at every point x [Qy one of the quadratic forms
—(dZBo a,a) X200 g

becomes “’saturated”, namely, there exists a non-zero vector «, where the last ex-
pression vanishes.

From this theorem it is easy to see the following
Theorem 24. Let « be an arbitrary vector in R®, o = (a1, a2, a3, .. ., ag), then
—(d*B a, @) = 2|(az, a3)l|(as, as)l ,

where |(,)| denotes the Euclidean norm of the vector (,).

We will call function B the ’Bellster”.
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8. QUESTIONS ABOUT THE BELLSTER

Notice that p = 2 and Bellster depends on p.

1. Let us perform the following operation on 6 x 6 matrix d2B. Consider the
entries (d°B)»s3, (d?B)3» and make them zero. New matrix will be called N.
Question 1. Is it true that

—(Na, @) =2 2R (02, a3)||(as, )|

with R = Rp > 1? What | mean is the following, may\})e R become bigger than
1 when p — o0? ylay be limy_. 0 Rp = 2? or at least 2? Or may be this Ry, is
always close to 2 or even to 2 when p > 2? The last suggestion is really too
good to be true.

2. Related question. Take two 6-vectors: ot = (a},...,ad),a? = (o3,...,ad).
Here is a very outrageous
Question 2. Is it true that
—(@®Bat, o) — (®Ba?, %) =

1 1
2[(a3)3+(a3)?+(a3)?+(ad)?+2(ata3—adad)]2 [(ad)?+(ag)?+(ad)+(ad)?+2(atad—agad)]z 2

2a. May be the previous inequality holds when p becomes large?

3. Below we discuss the last inequality and see that may be it is too good to be
true — our Bellster is not still enough of a monster probably to have it in such a
strong form. But we have

Question 3. Does there exists a super-bellster B such that

—(d®Bat,at) — (°Ba?, a?) =
1 1
2[(a2)?+(a3)?+(a3)?+(a3)?+2(aza3—a3ad)]? [(ag)?+(ag)?+(ad)?+(ag)?+2(atad—agad)]? ?

The positive answer to this problem solves p — 1 problem.

4. Is there a simple reason to see that super-bellster cannot exist?
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9. DISCUSSION OF QUESTIONS

Consider question 2 and plug vectors such that a' = a® =: a. Then the brackets
(a3a% — aja3)) disappear and we come to the inequality

—2d?Ba,a) =2 2[(a1)? + (a2)2[(as)? + (aa)2)? |

which is correct by Theorem 20.3.

On the other hand, let us plug vectors a!, a2 such that

1_ 2 1_ 2
Gy = 3,03 = —Q3.

And all other o!’s equal to all other a?’s. Call @ = a!. Then in the left hand side
we get exactly —2(Na, a). I the right hand side we get 2-2- 2[02+a2]z[a2+ad]z,
and we come to question 1 with R = 2 for all p = 2. It would be extremely good.
But if this is false, we still can hope for 2a) above.

What | mean by that is that inequality in question 2 can become correct when
p becomes large.

If our bellster is not good enough for this, one should try to build a super-bellster
of question 3.

10. MARTINGALE TRANSFORMS AND BURKHOLDER FUNCTIONS.

We qoute Burkholder: “It must have been known to Alexander Calder that
it is possible to design a mobile that can be hung initially in a small room but
which, if it is to move freely through all of its possible configurations, will have
to be hung anew in an exceedingly large room. There is a close mathematical
analogue. To each possible configuration of a mobile made with strings, rods, and
weights, there corresponds a martingale with a similar arrangement of successive
centers of gravity and this martingale is the martingale transform of the martingale
corresponding to the initial configuration. It is easy to see, either by looking first
at mobiles or directly to martingales, that there do exist small martingales with
large transforms”.

Burkholder found the exact relations between the sizes of martingales and their
transforms.

Let r¢ denote Rademacher functions on [0, 1), that is rx(t) = % based on the
decomposition of ¢ in base 2, if the k-th figure is zero, r«(t) = 1, otherwise, if it is
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one, rx(t) = —1. Notice that ry is orthogonal to ¢(r1, ..., rk—1), for all, say, bounded
o.

Consider the functions ® := | 7 dk(r1, ..., 7k—1), Where sum is finite. Let ay
be numbers +1. Our first martingale transform is | oy r¢ dk (71, ..., Tk—1)-

Here is a celebrated theorem of Burkholder

Theorem 25. Let 1 < p < oo,

L 1 - L 1
sup L1 akrkdi(re, - rk-1) e (0 DT redi(r, -y rk—1) Bl
A== K Kk

Here p™'= max(p, pfpl). Constant p™L 1 is sharp for every p.

In [Bul] the statement is di erent, and this is why we want to explain the
complete similarity of statements.

Consider the sequence {tn } of real bounded functions, each of which depends only
on finitely many Rademacher functions. Let ¢4, ...,¢x—1 are functions of rq,...,mn,
Let ¢x be orthogonal to ¢(r1,...,7n,) for every bounded ¢. Then we call {tn} the
martingale di erence sequence and sequence f = {fn}, fn = (=1, n=1,2,...
is called martingale. (Notice that tx = r¢d(r1, ..., 7k—1) above is a particular case
of the martingale di erence sequence.) Let vx = wk(t1,....tk—1) be a sequence
of bounded functions. The sequnece g = {gn}, gn = =7 Uk tk is called the
martingale transform of f by ». This is the main result of [Bul], [Bu7]:

Theorem 26. Let 1 < p < oo. For every real v such that |vx| < 1 and every n

one has
1 - I |
1 Uktk@E(p = 1)1 tk@

Constant p™L 1 is sharp for every p.

We want to show that Theorem 19 implies Theorem 26. The converse is just
obvoius because the sequence rnd(r1, ..., 7n—1) is a particular case of ¢, and because
transforming by constant functions vx = ay is a particular case of transforming by
general functions vy, |vk| = 1. However, it turns out that it is all the same.

1. A trivial remark is that of course functions vx can be considered taking only
two values £. In fact, given x [[+1,1], we write x = j=1 2‘ij- (x), where
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¢ - [-1,1] - {—1,1}. Let v‘l'((t) = ¢j(vk(t)). For each j consider martingale
transforms of f by vf(, and call it gJ. If we have

[oh Gl (0™ 1) A [

we immeditely conclude that

[gA = (0 1) LA B
because gn = j;i L 27 gh for every n.

2. We reduced vk to the case of functions assuming two values . We want
to make them constant functions: either 1 or —1. Consider the new martingale
di erence sequence Ton—1 = (1 + vn)tn/2, Ton := (1 — vn)tn/2. To see that it
is a martingale di erence sequence we need to check that T,,—; is orthogonal to
o(T1, ..., Ton—2) and Ty is orthogonal to ¢(Tx, ..., Ton—2, Ton—1). Let us check the
latter, for example. Looking at

1

(1 —wn)tn (11, ..., Ton—2, (1 + vn)tn/2) dt

we see that it is Etln (1 — vnlty, ..., th—1)P(t1, .., th—1) = 0. When v, = 1 both
integrand vanish (and so they are equal), and when v, = —1, (1 +vn)tn/2 =0 and
o(1T, ..., Ton—2, (L + Un)tn/Z) = ¢(T1, ..., Ton—2,0) =: ®(ty, ..., th—1).
Now F», = fn obviously. Let us transform martingale {F} by sequence of
constant functions {1,—1,1,—1,...}. We get {Gn},Gon = I(=1(—1)"‘1Tk =
k=1 Vklk = gn. Threfore, if we have

(G = (p 1) [Eh (]

then the same is true for gn, fn. So we reduced Theorem 26 to the transforms by
constant functions each being either 1 or —1. Moreover, we need only one special
transform: by 1,—-1,1,—-1,...!

3. So our functions v, are now constant functions vy = 1 or —1. The last
thing we should understand is why arbitrary martingale di rence sequence {tx}
can be reduced to special sequences {rg d(r1,...,7k—1)}. For this we just need an
obvious approximation remark. Let ¢1,...,tx—1 are functions of rq,...,mn,.. Any
function ¢ orthogonal to any ¢(r1,..,7n,) can be approximated as well as we like
by ¥(ra+1, .-, Tnesy) 1f 71 is chosen to be large enough. This is a consequence
of the density of Rademacher functions in L?. Now write YT+, o Tgay) =
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—

m=n,+1"m dm(r1, ..., rm—1). This is always possible (look at Haar decomposition
of ¢ for example). Now the estimate

AL | S | S | S |
1 Ok T'm dm (11, -, Tm—1) [ (™1 1) [ rm dm(r1, -, rm—1) G
k=1 m=ng+1 k=1 m=ny+1
becomes
1 L S|
O ot (X 1) tphe
k=1 k=1

with arbitrary £ > 0 (which reflects the descrepancy coming from the approxima-
tion). Notice that the sequence of numbers am = vk, m g + 1, ng+1] is o more
a simple unique sequence {1,—1,1,—1,...}.

We proved that Theorem 19 implies Theorem 26. In other words the supre-
mum of norm of transforms in Theorem 26 is equal to the supremum of norm of
transforms in Theorem 19.

11. THE ESTIMATE FROM BELOW ON MULTIPLIERS OF THE FORM (%EIQ

In this section we finish computing the norm of several multipliers in LP. Let
us recall the reader that multipliers whose norm can be computed are very rare.
We know the celebrated Pichorides [Pi] theorems, and a result of Kalton-Verbitsky
[KV]. May be this is all, apart from those found by the combination of works
of Dragicevic, Nazarov, Volberg, Banuelos—Hernandez, Geiss—-Montgomery-Smith—
Saksman[NV], [DV1], [DV2], [?] and [GMSS] and treated in this section.

Operator | |—; aki Rk R is the multiplier operator

Mmf = (m(€) f(€))”

with m(§) = (%Elﬁ and matrix A = (ak|)ﬂ’|=1. These multipliers m are real analytic
on the sphere S92, the only point of discontinuity of function m in RY is the origin,
and they are homogeneous of degree 0:

m(tl) =m(§),t 0.
Thre are two important and simple facts that we have to use about multipliers.

Lemma 27. Let L : RY - RY be a linear transformation. Then My [1=
IﬂmoLL;]
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Proof. By applying the simple identity
MmeLf(2) = (Mm(f = LT)((LT) )
we immediately finish the proof. 1

All functions on the torus T9 will be assumed to have zero average, and LS(T“)
denotes the functions from LP(TY) with zero average. The second fact deals with
multipliers on LP(T9) versus multipliers on LP(RY). Given m and any trigonometric
polynomial f on TY with zero avaerage, we define

Tm @ LH(TY) - LP(TY)

by

1 .
Tmf = m(n) f(n)e'™®
nCA

0 = (61,....60) L0, 2m)".
Lemma 28. [T} = M ]

Proof. Let us check < first. Given a trigonometric polynomials F'(¢), G(#) we con-
sider f(z) = F(x)e /2% | g(z) 1= G(x)e ™2 where F(z), G(x) are periodic
extensions of F, G onto RY. Then the following holds
1 1]
[ d [
FO)G@O)do =limez  f(x)g(x)dz. (11.1)
[0,2m)d €-0 Rd

It is su cient to prove this for F = ¢'(MX) G = kX Then LHS = §i,,. On the

other hand
1

N
N

—m|? K12
1 _2E-m —2le=K

/i T ’

and L_ae=mi? :
=(3)2 e e if m = k. The last expression tends to 1 whene - 0. If m 8 k
the expression in display formula obviously goes to zero.

Having proved (11.1) we are done. In fact, then (T F, G) = (Mmf, g) for any
two given trigonometric polynomials F, G. We are left to see that (and the same
for G) .

= limes P —emix|?
m[g(.rd) ll_r}gsz o |F(x)|Pe dx .

€ f (x)@ de =c¢
Rd

This follows from
1
. d _
g(x)dr =limez  g(x)e enix? g
[0,2m)d €0 Rd
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where g(x) in the RHS are periodic extensions of g. To prove the latter realations

let us write O
£ g(2)e & gy = g(x) c2e €Nl gy =
Rd [0,2m)d -
- — TR
g(x) e e ™) = g(z)dz +o(1),
[0,2m)d - [0,2m)¢
l:l 1'[|n|2

= o(1).

as  hrzaop€ ©

We used in the proof the Poisson summation formula:

1. C 1
Fn)e' ™) = f(x—n)
nCA nC

for f = e valid for every Schwarz function f.

Let now
m = maxm , m = minm s

v™, v~ vectors where this maximum and minimum are attained ,

m* +m” ’ m*t —m~
c = =
2 ’ 2

Consider martingale transforms as in Theorem 19 but with numbers ax not in
[<1,1] but in [c = ¢, ¢+ ¢] = [m~,m™]. In other words, introduce (all sums are
finite) operators

7Im:[c_€aC+£]=[m_vm+]'

1 1
MTy(  rd(ry,...,7k—1) = ok d(ry, ..., 7k—1)

where each oy is a number in Ip,.
It would be very interesting to find

B(a,b,p) = sup [Tyl t(p~+1).
o [ah]

But for some intervals we know it! We know from Theorem 19 that the following
holds

Theorem 29. If ¢ =0 then
B(—=t,6,p) = ((p"+1).

Here is a remarkable result of Geiss—Montgomery-Smith-Saksman, which some-
times allows us to compute the norm of the multiplier (M, [l
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Theorem 30. [Mp o= supg, 1 M7y [p]

Example. This theorem and our Theorem 6 prove
[(RF — R3)cos + 2Ry Ry sin = pL- 1

for all 6.

In fact, for m(¢) = ((¢1)* — (£2)?) c0s 6 + 261&28in 0) (67 + €5) = (A€, €)/I¢[* we
have I, = [—1,1]. We just notice that matrix Ag is a flip followed by rotation, so
it is unitary and there are vectors v*, v~ such that

Agvt =, AgvT = —v.

11.1. The proof of Theorem 30. The proof will follow an idea of Bourgain [B1]
of augmanting the number of variables.
By Lemma 28 it is enough to estimate

[T [pl= sup [MTylp] (11.2)
Ok [Iad

First we need Bourgain’s lemma. Let @ := T9. Consider the set Ty of trigono-

metric polynomilas on QK of the following form
1

@(91, ceny Qk) = CD|(91, ceny 9k_1)€i(|’ek) ,
Izd, 120
where ®;(61, ..., fk—1) are arbitrary trigonometric polynomials on QK.

Operator Ty, can be naturally extended from usuual trigonometric polynomials
on () without the free term to this new family Ty of trigonometric polynomials on
Q without the free term with coe cients in trigonometric polynomials on QK=1.
We call this extension Bm:

1 . 1 .
Bm® (01, ..., ) = ®y(61, ..., Ok—1)m(l)el 18 = (61, ..., Ox—1) T (') .
| 4, 120 | 9, 120

Now consider any trigonometric polynomial on QX:

1
W1, ....,00) = x,

(I1,...1) Rk

such that it has zero average. Then obviously

| el (12,01) oi(12,62)  i(li.Bic)
K

W= 00, ..., 0) + P—1(01, ..., O—1) + ... + ©1(61),
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where @, [Tk. We can write this representation clearly in the unigque way. Then
Bm extends to the class Py of all trigonometric polynomials on QX with zero avaer-
age by

BmW = Bm®k (01, ..., 0k) + Bm®Pr—1(61, ..., 0k—1) + ... + Bm®P1(01) .

As usual we call

(B ® 5]
IB I: ¥
m dJEIS%J,E)I)@O (DI

the norm of By,. Obviously it is at least as large as [T}, [;las By extends T.
Bourgain’s lemma claims that the norm stays the same.

Lemma 31. Let m be continuous on S, Then [Bm = [Th ]

Proof. Let NV be a very large integer. We will tend it to infinity later. Let n [} =
[0,27)Y be one extra variable, and let f [Pk. Consider one parametric family of
trigonometric polynomials fn(01,...,0k) = f(01 + Nn, ..., 0k + NXn). Of course

1

1
@ poany " @0
1 B
A9 2, 0 @B T ey =
(B Jn Th o -

This is just Fubini’s theorem. Therefore, to compare [Bm fEQ(Qk) with Il[';l(Qk)
is the same as to compare these averages. Let us compare each individual [By, f I:pD‘j(
with Lf} IZQ(QK). Let us consider the trigonometric polynomial of “one” variable 7
given by (0 := (04, ..., 6k))

Q")

Fy(n) = fo(bn, ..., 0k) .
Let us compare TmFp(n) and Bm fr(f1, ..., 0k).

| SERN | | . . 2 : K
Bm fr(01,...,0k) = T ,km(lk)el(ll,eﬁNn)el(lz,ez+N M il Bic+N*n)

k=1 (I1,...) L@~
Tm fo(n) =

a1 : : 2 ; k
i (N L+ N2 L A NK ) el (108N 2. 026N70) il dicrNin)

.....

k=1 (Ig,.,lk) L)X
Notice that 0-homogenuity of m implies

1 1
m(N I +N2 lp+...+NK ) = m(lk+ -1+ 1) — m(l) when N~ eo.
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In particular, given f for extremely large N we hl%/e that Bm fr(01, ..., 6k) is uni-
formly close to Ty fo(n) as much as we wish. So 0 dn[Bm fy I:Q(Qk) is as close to

o« [T fo(n) [} - Hence
1 1

(B [ (01, 0 T gy = anm In By < o (D fo () Ged g + €
1
< ||Tm[g] oK L7 (n) I:@(Q) +e=||Tm [g]lwl’ s Ok I:E(Q) *e.

We already said that the last and the first equalitis are just Fubini’s theorem.
Making N — oo we make ¢ - 0 and Bourgain’s lemma is proved.

—1
Now we are ready to prove that for m [CQ(S9™1) we have
[Th &= sup [MTq]
oy LA
By Lemma 31 we need to show that
(B = sup M7y ] (11.3)
oy LI

The nice thing about By, is that it does not depend on the number of variables.
Let now

m* = max m(§), m™ = min m(¢),
max, m(e), m™ = _min m(e)

v, v unit vectors where this maximum and minimum are attained .
So let us fix K, az,...,ak, and functions di(e1), ..., dk (€1, ..., ) such that the
supremum S := sUPgq, 1 (M T4 [plis almost achieved on | exdk—1(e1, -, Ek—1)-
Namely,

KFi— KFt—]
1 m%epdk—1(e1, .., ek—1) (2 ST exdi—1(e1, ..,ex—1) 0. (11.4)

Choose a = (n1, ...,ng) CZF, b= (n{}...,n]) CZF such that

Im(a) —m¥|<e, m@®)—m7)|<e. (11.5)

. . 1 ind
Consider functions sgn(f) = |, o3 Pne'™ and put

L1 1
Y+ (0) = pe' ™Dy (0) = pre' ™0 Q=T
n [ZY{0} n [ZY{0}
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Consider the sequence aj,asp, ..., ax,...,ak+1 as a sequence of + and — (recall
that each ay is =) and correspond to it the sequence of functions on Q = Td
Yoy (0), s Yo (0), ..., Ya ., (0). Call it for brevity ¢1(0), ..., Yk(0), ..., Yk +1(6). These
are not trigonometric polynomials, but we will approximate these functions by
trigonometric polynomilas in the future.

Now let us just notice that the joint distribution of

Y1(61), ..., Yk (Ok), -, ik +1(Ok +1)

on QX*1 is the same as for Bernoulli random variables e, ..., ek +1.
Imitating (11.4) we consider the function

L G |
f(O1, . 0k+1) = k(@) dk—1(1(01), -, ek—1(Ok—1) -
k=1
Our remark about the joint distribution shows that
Kt
LHO1, ..., O +1) Ld(or+ay = T edi—1(e1, -, ex—1) bp] (11.6)
k=1
Consider now
K
Bmf(01,...,0k+1) = Bm ¢k (O)dk—1(11(61), -, ek—1(0k-1)) -
k=1

Of course, Bm, Tm were defined only on trigonometric polynomials with zero avaer-

age, but being a bounded operator they can be extended to their closure in LS(QK”), LP(Q)o
correspondingly. And functions £,y are of course in LJ(QX*1), LP(Q)o corre-
spondingly. Moreover, let us notice that

Bm ¥k (Ok)dk—1(41(01), ., ek—1(0k—1)) = dk—1(¥1(61), -, ex—1(0k—1) Tm (¥ (Bk))
and
T (P (0k)) = m(a)yi(Ok) or m(b)vw(fk) ,
depending on whether ¢ = 1 or —1 (and correspondinfly ¥y (-) = sgn((a, ")) or

() = sgn((b, ). In fact, let ax = 1. Then

Tiic(8) = Tm( pre'9) = m(na)pne' ™% = m(a) pne' 29
n [Z%{0} n [Z%{0} n [Z3{0}
by homogenuity of m. The same when ax = —1, but with changing « to b.
So we can write (choosing ¢ in (11.5) as small as we wish) that

LB (f (01, -... O +1)) L=
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o |
Bn( ¢k(Ok)di—1(¥1(61), -, ek—1(0k—1)) LB (or+1y =
k=1
K1
3 m® (Ok) de—1(1(01), -, ex—1(0k—1) [0,
k=1

where ¢ is arbitrarily small. By our remark about the distribution the right hand
side here is equal to [ =" m% exdk—1(e1, .., exk—1) LIUse now (11.4) and (11.6).
We get

Bm(f(b1, ..., 0k +1)) = SLEO1, ..., Ok +1) [ 20

with arbitrary small §.
Recall that S = supq, rr; (M Tupland, henceforth, we proved (11.3), which
together with Lemma 31 finishes the proof of Theorem 30:

(M = O(suEIpE (M T Lp]
k

Remark. Of course by Lemma 27 we can think that v* = ej,v™ = ey, first two

orts of RY. This simplifies the choice of functions 14, 9—: ¢+ := sgn((es, 0)), Y- :=
sgn((e2, 0)),6 := (01, ..., ba).

12. BURKHOLDER’S BELLMAN FUNCTION

We will show how to get Burkholder’s function from [Bul] by using Monge-
Ampére equation. This method is quite di erent than the one in the series of
Burkholder’s papers [Bul]-[Bu7], and as we will see, is quite a universal method.

13. NOTATIONS AND DEFINITIONS

We shall say that an interval I and a pair of positive numbers a* (a* +a~ = 1)
generate a pair of subintervals I™ and I~ if |I*| = o*|I| and T = I~ [IT. To
every interval J and every sequence

{onm:0<anm<l1l, 0=m<2" 0<n<oo}

such that an ok +an 2k+1 = 1 we put in correspondence a family I of intervals {I, m}
such that any interval Inm generates the pair In+12m = Iy, In+12m+1 = I:,’,m
with o™ = ap+1.2m, @ = an+1.2m+1, starting with Ipo = J. The symbol 1 = I («)
will denote the families of subintervals of J corresponding to a fixed choice of the
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numbers anm. For a special choice anm = % we get the dyadic family I = D.
Every family 1 has its own set of Haar functions:
—1
L if ¢ 11,
oo b=
a&‘“l if ¢ C11.

If the family I is such that that the maximal length of the interval of n-th generation
(i.e., max{|Inm|: 0 < m < 2"}) tends to 0 as n — oo, the Haar family forms an
orthonormal basis in the space L?(J) [{donst}.

Definition. Fix areal p, 1 < p < oo, and let p"= pfpl p=%= max{p, p}. Introduce
the following domain in R3:

Q=0Q(p) ={z = (z1,22,23) : 3 =0, |z1|° < x3}.
For a fixed partition 1 of an interval J we define two function on this domain
] ]
Bmax() = Bmax(z;p) = sfup ﬂ@lp@ )
g
N 1
Bmin(z) = Bmin(z;p) = |fn£ [@lpg .

where the supremum is taken over all functions f, g from LP(.J) such that [ALI= x4,
L] = o, OFIPLI= 23, and [(f, k,)| = |(g, h,)|. We shall refer to any such pair
of functions f, g as to an admissible pair. The defined functions we shall call the
Bellman functions.

Remark 1. The functions B do not depend on the initial interval J and on a
specific choice of its partition. Indeed, let J and J5be two di erent intervals and
let 1 and IPbe two arbitrary partitions of these intervals. Consider the following
family of piecewise linear mapping ¢n, of J onto J5such that ¢, is a linear function
on each interval {In m} and maps this interval onto {IEm}. Mappings ¢n preserve
the averages over all intervals of generations k, k < n, are monotone function and
and converge to a monotone function ¢ preserving the averages over any interval
from our partition, i.e., [HL},= [H° ¢ Ifor all I [Tl Therefore for any fixed point
x the function ¢ gives one-to-one correspondence between the sets of admissible
pair of functions on J and on JY e, supremum or infimum in the definition of
the Bellman function is taken over the same set not depending on the choice of the
interval and its partition.
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Remark 2. In the case p = 2 the Bellman function are evident:

Bmax(7) = Bmin(z) = JU% + a3 — :E% .

Indeed, since
5 L 1 5
5= | Jlas = |Jl2f +  |(f. R,
1
we have
) 1 5 1 L1 )
41°L1= m@?z:': $2+m |(g, h)I
1 1
1
:J:%_Fm |(f,h|)|2:$§+l‘3_$%

1 1
Define the following function on RZ = {z = (21, 22): 2i > O}

—
]

@15‘!{ = 1)pz§|,:|if = (pljé%zz :

Co 1)L+ 22)P L 2= (0 20)zz | if 21 = (0212,

Note for for p = 2 the expressions above are reduced to F>(z1, 22) = 2(2? — 23).

Fp(z1,22) = (13.1)

14. MAIN RESULT

Now we are ready to state the main result:

11
Theorem 32. The equation Fy(|z1], |z2]) = Fp(zs, BP) determines implicitly the
1 1

function B = Bmin(z;p) and the equation Fy(|22|, |z1]) = Fp(BP, x5) determines
implicitly the function B = Bmax(z; p).

*khkkkkkk

15. How TO FIND BELLMAN FUNCTIONS

We start from deducing the main inequality for Bellman functions. Introduce
new variables y3 = 3(v2 + 21), y2 = 3(v2 — x1), and y3 = z3. In terms of the new
variables we define a function M,

M(y1, y2,y3) = B(x1,72,23) = B(y1 — y2, 91 + 42, 93) ,

on the domain

=={y =1, v2,y3): y3=0, [y1 — |’ <ys}.
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Since the point of the boundary z3 = |z1]|P (y3 = |y1 — y2|P) occurs for the only
constant test function f = x; (and therefore then g = x> is a constant function as
well) we

B(ﬂfl,ﬂfz, lelp) = Ilep 3
or
M(y1, v2, lyr — v2IP) = |y1 + v2IP. (15.1)

Note that the function B is even with respect of x; and x, i.e.,
B(z1, 22, 23) = B(—x1, 22, 23) = B(z1, —22, 23) .

It follows from the definition of B if we consider the test functions fz —f for the
first equality and § = —g for the second one. For the function M this means that
we have the symmetry with respect to the lines y1 =

M(y1,y2,y3) = M(y2, y1,43) = M(—y1, —¥2,¥3) - (15.2)
Therefore, it is su cient to find the function B in the domain
Q+ = Qu(p) ={z = (z1,22,23) : i =0, |z1|° < z3},
or the function M in the domain
==y =Wny213): —m=<yp2<y;, y13=0, (y1 —y2)° <ys}.
Then we get the solution in the whole domain by putting
B(21, 22, 23) = B(| 1], | 22|, x3) -

Due to the symmetry (15.2) we have the following boundary conditions on the
“new part” of the boundary 0=:

oM  OM

= on the hyperplane y2 = y1 ,

oyr  Oy2 (15.3)
M _ oM '
T on the hyperplane y» = —y1 .
Oy1 Y2

If we consider the family of test functions f= 7f, g = 7g together with f and
g we come to the following homogeneity condition

B(rz1, 7xo, P23) = 7PB(21, 22, 23)

or

M (ry1, 7y2, TPy3) = TPM(y1, y2,y3) -
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We shall use this property in the following form: take derivative with respect to
and put =1

oM oM oM
Yio— +ty2—-— +pys—— = pM(y1,92,93) - (15.4)
oy dy2 dy3
Let us fix two points = [Q such that |z] — 27| = |z; — 25|, for the cor-

responding points y* [3 this means that either y;” = y;, or y; = y,. Then
for an arbitrarily small number ¢ > 0 by the definition of the Bellman function
B = Bmax there exist two couples of test functions f* and g* on the intervals I*
such that [fFF[] =27, [gF[] = a3, OJ*PL1 =23, and §*|PL] = B(z™) —e.
On the interval I = I 1T we define a pair of test functions f and g as follows
fII* = f*, g|I* = g*. This s a pair of test functions that corresponds to the point
= ozt +a 27, where o = |I*|/|I]|, because the property |z —z7 | = |25 —25 |
means |(f, h1)| = |(g, h1)]. This yields

B(z) = IPLI=o 03" PO+ o 047 IPLI=a"B@x™) +a Bz™) —¢.
Since ¢ is arbitrary we conclude
B(z)=a"B(z")+a B(z7). (15.5)
For the function B = Bmjn We can get in a similar way
B()<a"B(z")+a B(z7). (15.6)

Recall that this is not quite concavity (convexity) condition, because we have
the restriction |z] — 21| = |x, — z,|. But in terms of the function M

Mmax(y) = 04+Mmax(y+) + Oé_l\/lmax(?/_) )
Mmin(¥) < & Mnin(y™) + o~ Mmin(y ™),

when either y1 = y; = y;, or y2 = y, = y,, we indeed have the concavity
(convexity) of the function M with respect to 3, y3 under a fixed y1, and with
respect to y1, y3 under a fixed y5».

Since the domain is convex, under the assumption that the function B are suf-
ficiently smooth these conditions of concavity (convexity) are equivalent to the

di erential inequalities

1 1 1 1
MY2y2 MV2Y3 <

0, A=, (15.7)
My3y1 My3Y3 Mysyz My3y3
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2

for M = Mmax (here My,y; stand for the partial derivatives 0D ) and
Yioyj
—1 —1 —1 —1
My Myys oo, M M o6 g (15.8)
MY3Y1 MY3y3 Mysyz MYSY3

Extremal properties of the Bellman function requires for one of matrix in (15.7)
and (15.8) to be degenerated. So we arrive at the Monge-Ampére equation:

My.y; My,y; = (Myy,)? (15.9)

either for 4 = 1 or for 4 = 2. To find a candidate M for the role of the true Bellman
function M we shall solve this equation. After finding this solution we shall prove
that M = M.

The method of solving homogeneous Monge-Ampére equation is described, for
example in [VaVo]. In particular we know that the solution of the Monge—-Ampére
equation has to be of the form

M = tiyi +tays + o, (15.10)
it is linear along the extremal lines
yidti + yadiz +dto = 0. (15.11)

One of the ends of the extremal trajectory has to be a point on the boundary
y3 = |y1 — y2|P, where constant functions are the only test functions corresponding
to these points. Denote this point by U = (y1,u, (y1 — u)P). Note that we write
(y1 — u)P instead of |y; — u|P because the domain =, is under consideration. For
the second end of the extremal trajectory we have four possibilities

1) it belongs to the same boundary y3 = (y1 — y2)P;

2) it is at infinity (y1,y2, +o0), i.e., the extremal lines goes parallel to the
y3-axis;

3) it belongs to the boundary y, = y1;

4) it belongs to the boundary 3, = —y;.

The first possibility gives us no solution. To check this we need to verify that the
test function f(t) = a+(H,(t) cannot be an extremal function of our problem with
the only exception p = 2, when the situation is trivial and Bmax(x) = Bmin(z) =

x3 + 25 — 22 and any test function is extremal. If the extremal line connects two
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points z~ and z*, then either y; = y; = y1 or y, = y, = yp. Consider the
extremal function corresponding the middle point z of the interval [z, z™].

Let /7 = [0,1]. We consider the first Haar function H,, and we consider
f=x1—aH,, g=z2+aH,.

Let 23 := [J|P[ONew coordinates

r1 + T2 _T2—x1
9 =
2 Y 2

Y1 =

T1I=Y1— Y2, x2=y1 2.

Functions f, g represent the case of ™, 2™ such that

Y1 =y =y, (15.12)
. - _ - _ + _ + _
infact x; =x1—a,z, =x2+a,2; =21 +a,z, =22 —a.
Let 23 = |z |P, 23 = |27 [P
T = (xlax2a$3)7 T = (3:1_71:2_7$?:)7 l‘+ = (l’;,l’;,l‘;—) .

As we can consider only the case

- 4 T +azt .
x,xT,x = — [the First quarter x [0, o0), (15.13)

(and we may think WLOG that a > 0) we, thus, consider only the case when

a<x1,a<1x2,0,7T1,22 =0. (15.14)

Also

Y, =y2+a,y, =y2—a, yo is of any signum. (15.15)
Consider ¢p, equal to 1 on [0,1/2 — h] C[A— h,1] and to —1 on (1/2 — h,1 — h).
We have
(¢n, Hy) =1—4h.
We are interested in ¢ := ¢4/5. Then
(¢n, Hi) = 1/2,

and ® = ¢ — H, has

(P, Hy) = —1/2,(Pn, Hy) = (¢n, Hi)
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for all other dyadic J. So ® is a martingale transform of ¢. It is equal to 0 on
[0,3/8] [T, 2,7/8] and to +2 on two intervals (7/8,1), (3/8,1/2).
Put

fi=x1—ap, g :=x2+ad.

Lemma 33. [JT; k= [JT,]

Proof. Function ¢ is just 1/8 shift of H;. So f and f have the same distribution
function. 1

Lemma 34. If p=3 or 1 <p <2, then [glyk [Gl,]
Proof. First we will prove an auxiliary lemma:
Lemma 35. If p=3orl<p<2 and if o [(0,1/2), then
g() == %((1 +2a)° + 20 — 1) + g —(Q+a)’ +1—-a)f)>0.

Proof. We will do it for p = 3. ¢(0) =0,¢0) =0. Alsob=p—2=1, so
1

p(p—1)

Consider first o [(0,1/2]. Notice that = — 2 is convex, so the first bracket is

definitely bigger than the second one. This is because the argument increases by

a in both brackets if o [(0,1/2]. If « [C(1/2,1) the increase of argument in the
first bracket is still «, but it is 2 — 3« in the second one. This is always a smaller

ga) = (L +20)° = (L +)") = (L = a)° — [1 = 2a").

increase, and we again get that the first bracket is bigger than the second one for
the convex function. So we proved lemma for p = 3. The same proof works for
l<p<?

1

Now denote o = X% and write

1 3 1 3
= +2a)° + |25 — 2a|P) + 2P = 2P(C (1 + 20)P + |1 — 2a|P) + O).
21T 3 ((r2 + 20 + |z = 20P°) + a8 = B (1 +20)° + [1 = 20P) + 5)

ZIJ_[gJZ a:g((l +a)’+(1—a)).

Therefore Lemma 35 gives the desired inequality [gI51- [gIht> 0.
So our Lemma 34 is proved.
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Remark. Notice that
for 2 < p < 3 we have: g(a) <0, [(0,1/2). (15.16)

Now we need to work with 2 < p < 3 case. Using exactly the same reasoning as
in Lemma 34-only with (15.16)-we get the following

Lemma 36. Let 2 <p<3and 0 <a<2%, then [z] —a® ik [z} —aH, L]

So in the case 0 < a < % we can finish our reasoning as follows. Obviously for
any z,t - [-t®Blt - @-tH, = 3(|Jx—tP+|x +¢[P) are increasing in ¢ > 0.
And the same with “minus” replaced by “plus”. This is just because z — |z|P is
convex. Using Lemma 36 we can now choose A > a such that

[Z] — A= [ — aH, [p] [ + ADI> [T} + aH, [5] (15.17)

Now we have almost as before (but with interchanged ¢ and ®)

f=z1—aly,g=z2+aH, ,f =21 — A®,§ =22+ A¢.

Then (15.17) means that [JT;1= [JIzlbut (Gl 1= [z} + AH, ;1> [gly)and this
is exactly what we need.

We are left with the case % < a < a3 (that is a(z1,a) = a/z1 [(1/2,1]),
2 < p < 3. In this range of (a,z1) inequality (36) may be not ntrue anymore, and
s0 [x] —a® I [z] —aH, [pmight not hold. And sometimes it does not hold, for
example if p = 3,p < 3, @ = 1 we get (3P + 1) + 3 > 2P because for p = 3 this
becomes 34 > 32.

Soif % < a < (thatis a(zy,a) = a/z1 [(A/2,1]), 2 < p < 3, we have a chord
connecting two points of our parabola, and this chord represents a characteristic
of the corresponding Monge-Ampére equation.

Let us consider the crescent “below” the chord L := [z7,2"] and “above” the
parabola. It should be be filled in by chords, which can have with our chord L at
most one common point (one of the ends). Two cases may happen: 1) there is a
chord in our crescent which has no common point with L, 2) chords form the fan
exiting from one end point (say) z— of L. In the first case we necessarily will have
a chord ¢ :=[z7, 2™] such that

+ - + 4
LA 2 AT A
2 2’ 2

But this is the case we draw to a contradiction just a second ago.

O<c:=
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Suppose now the fan occurs. Again if 2a) z; = z1 —a > 0, the same ¢ can
be found. Finally, if 2b) ;7 = z1 —a = 0, we reason as follows. In this case we
have chords in the plane y; = const connecting the parabola with the “right” wall
y2 = y1. All such characteristics are described and they all pass through the point
(v1, p;pzyl, 0). Any line starting at this point and connecting it with the intersection
of the parabola with any of the wall y» = 31 or y» = —y1 does not cut through
the crescent, it just lies below parabola (except for its end point). So 2b) cannot
happen either. We are done.

Hedekk

Now we check second possibility. Since the extremal line is parallel to the y3-axis,
the Bellman function has to be of the form

M(y) = A(y1, y2) + C(y1,y2)y3 -

Any pair of inequalities both (15.7) and (15.8) implies My,y;, My,y, — (Myiy3)2 =0.
Since My,y, = 0, this yields My,y, = g—g =0, i.e.,, C is a constant. From the
boundary condition (15.1) we get

Ayr,y2) + Clyr — y2)P = (y1 + y2)P,

whence
A(y1,y2) = (w1 + y2)° — C(yr — v2)P,
and
M(y) = (y1 + 42)° + C(ys — (y1 — v2)°), (15.18)
or
B(x) = 25 + C(x3 — 2}). (15.19)

Let us note that this solution cannot satisfy necessary conditions in the whole
domain =, except the case p = 2. The constant C' must be positive (otherwise
the extremal lines cannot tend to infinity along ys-axes, because M must be a
nonnegative function). Therefore, the straight line

1
y1+y2 = CrP=2(y1 — 12)

splits =+ in two subdomains, in one of which the derivatives

2M 2 M 1 B ~ 1
= =p(—1) (Y1 +y2)’ 2= Clyr — y2)’7?)
oys 0y5

is positive (i.e., it could be a candidate in Bmin), and in another one is negative
(i.e., it could be a candidate in Bmax)-
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Thus, this simple solution cannot give us the whole Bellman function and we
need to continue the consideration of the possibilities 3) and 4). Till now we have
not fixed which of two matrices in (15.7) or in (15.8) is degenerated, i.e., what is i
in the Monge-Ampére equation (15.9), because for the vertical extremal lines both
these equations are fulfilled. Now, when considering possibility 3) or 4), we need
to investigate separately both Monge-Ampére equation (15.9). We shall refer to
these cases as 3;) and 4).

Let us start with simultaneous consideration of the cases 3;) and 47). We look
for a function

M =t1y1 +t3ys + 1o

on the domain =5, which is linear along the extremal lines
y1dty + yadiz + dtg = 0.

Now one end point of our extremal line V' = (v, 2, (v — y2)P) belongs to the
boundary y, = |y1 — y2|° and the second end point W = (|yz|,y2, w) is on the
boundary y1 = |y2|, where we have boundary condition (15.3). Due to the symme-
try (15.2), on the boundary y1 = y» we have

oM _ OM _
87;2 - Tyl -1,

and
oM oM
F- = TF - = t,
Y2 dy1
on the boundary y1 = —y>. In both cases
oM oM
= |3/2|t1 ’

yzﬁiyz - ylﬁiyl
and therefore (15.4) implies
2t1|y2| + pwts = pM(W) = pt1|yz| + pwis + pto,

whence

]
to= ——1 ti|yo].

SRS

Thus, in result we get

O 3 o O
M@y)= pn+ ];—1 ly2| t1 + yats. (15.20)
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]
Since dtg = %I— 1 |y2| dt1, the equation of the extremal trajectories takes the

form
I o R R
y1+ ——1 |yo| dt1 +ysdiz =0, (15.21)
p
and we can rewrite (15.20) as follows
1 dts 1
M(y) = t3 o s
t1

We see that the expression M (y)/ys is constant along the trajectory and we can
find it evaluating at the point V, where the boundary condition (15.1) is known:

1 ]
vty
M(y) = — ys, (15.22)
VT Y2
where v = v(y1, y2, y3) satisfies the following equation:
+ 5 1||:l | + ! 1||:I |
z_ v+ 2 —
Y1 P Y2 _ P Y2 ’ (15.23)
Y3 (v —y2)P

because the point V = (v, 42, (v — y2)P) is on the extremal line (15.21). We even
shall not check under what conditions equation (15.23) has a solution and when it
is unique. Later we show that in any case the function A we have found cannot
be the Bellman function we are interested in, because neither condition (15.7)
nor (15.8) can be fulfilled: the matrix {My,y; }ij=23 is neither negative definite
nor positive definite. We postpone this verification, because the calculations of
the sign of the Hessian matrices is the same for this solution and another solution
of the Monge—-Ampére equation that supplies us with the true Bellman function.
And these calculations will be made simultaneously a bit later. And now we only
rewrite our solution in an implicit form more convenient for calculation.
We introduce

SN
P
= 2 r (15.24)
Y3
then (15.22) yields
+
b=l (15.25)
w—1
Since v = 0, we have signy, = sign(w — 1). After substitution of (15.25) in (15.23)
we get
L3, M @ o Oy @ odd
= 1+ ——1yp| =yz ——y2+ ——1 |y
w—1 p w—1 p
or

o o1l . A O
12" pyr + 2 = ly2l =y3lw =1 (w+ Dp+ (2 —p)lw—1]
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For the case 3;) we have y» > 0 (i.e., 2 > x1, we look for w > 1 or B > y3) and
the latter equation can be rewritten in the initial coordinates as follows
1] 1 1 11 1]
(v2 —21)P " 22+ (p— Daa] = (B® —af)P™H BP + (p—1af .
For the case 4;) we have y», < 0 (i.e., 2 < x1, we look for w < 1 or B < y3) and
the equation takes the form
1] 1 1 (I 1]
(1 —22)° @+ (p— Vo] = (@f —B°)P™H 2§ + (p—1)B°
Introduce the following function
p—1 o
G(z1,22) = (1 + 22)" 7 21— (p— D) 2]

defined on the halfplane z1 + 2o = 0. Then in the case 3;) we have the relation

Tl

1
G(IIZ‘Z, _l'l) = G(B ,—l‘:’;) )
or

G(y2 + y1,y2 — 1) = 13G(w, —1).

In the case 41) we have
1 1
G("Ela _372) = G(x?r,) ) _Bp) )
or
G(y1 —y2,—y1 — y2) = y3G(1, ~w).
Now we have to consider the Monge-Ampére equation (15.9) in the cases 3y
and 4,). Let us begin with the cases 35, when an extremal line starts at a point

U = (y1,u,(y1 — u)P) and ends at a point W = (y1,y1,w). Again, the symmetry

condition at the point W is
OM _ M _
oyr Oy
and the homogeneity condition (15.4) at W yields

t27

2y1to + pwtz = pM (W) = pysta + pwtz + pto,

whence
2 [
to = --1 yltz 3

3

and therefore O - -
M@y)= y2+ o 1y ta+ysts. (15.26)
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1
Since dtg = ?— 1 4 dt,, the equation of the extremal trajectories takes the

form
0 z gd
yo+ ——1y dip+ysdtz =0, (15.27)
p
and we can rewrite (15.26) as follows
1 dis 1
M(y)= ts—to - vs.
2

Again, the expression M (y)/ys is constant along the trajectory and we can find it
evaluating at the point U, where we the boundary condition (15.1) is known:

1
y1tu o
M(y) = Y3, (15.28)
where u = u(y1, y2, y3) can be found from (15.27):
1|:I = 1
Y+t -1y u+ 5—1wny

P = P . (15.29)

Y3 (y1 —uw)?

. . Ll L N

We see that if our extremal line starts at u = — 51w, then iy, = — 51y =
u = const, i.e., it is a line parallel to the xz3-axes. This means that no extremal Ii__nle
ended at the points of the boundary y1 = y, can interse&lt the plane y, = — 5—1 Y1.

Therefore, the starting points U with v < — £ — 1 y; cannot be acceptable for

p

L Y2 Y2=1u1

Y1

[
ya=— 51wy

el

Y2 = -\

FIGURE 1. Aceptable sector for the case 3)).

the case undelrjconsideration (since these trajectories do not intersect the plane
Yy2=— 5 1 41, they cannot have the second end point on y, = 1, see Fig. 1).
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Let us check thalt:?quation (15.29) has exactly one solution u = u(y1,y2,y3) in
the sector — 5 1 y1 < y2 < y1. Indeed, the function
wBysut =1y —(—wP e+ , Tl

1
is monotonously increasing for u < y1 and it has the negative value —I:;lyl)IO Y2 +
O] == "
5 1 y1 at the point u = — 5 1 y1 and the positive value %ylyg at the point
U= Y1.

Now we rewrite the solution (15.28) in an implicit form using notations (15.24).

From (15.28) we have
y=Y_- 1
- w+ 1 Y1,
therefore, from (15.29) we obtain

(15.30)

~ IR
y3w + P Hw—p+1) = 2P0 + 2 — P

or 1 1 21 1] ] 1
(BP + 2P 1B —(p—Dab =(z1+x)" P aa—(p— L1 .

In terms of function G this can be rewritten as follows
1

101
G(z2,71) = G(B®,23),
or
Gy +y2,y1 — y2) = y3G(w, 1).
It remains to examine the possibility 4;). Assume that an extremal line starts
at a point U = (y1, u, (y1 — w)P) and ends at a point W = (y1, —y1,w). Again, the

homogeneity property (15.4) at the point W and the symmetry % = —% =—t
yield
—2y1ty + pwtz = pM (W) = —pyrts + pwis + pip,
whence
1 20
to= 1—— wtz,
p

and therefore

(| 2 (|

M@y)= y2+(1— » )y1 t2 +ysts. (15.31)

Since dtg = (1 — %)yl dto, the equation of the extremal trajectories takes the

form O O

2
Y2+ (1 — =)y dta +ysdtz =0, (15.32)
b
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and we can rewrite (15.31) as follows
1 dis 1
M = i{3—tr— .
(v) 3= tag U3
Again, the expression M (y)/ys is constant along the trajectory and from the bound-

ary condition (15.1) we get the same expression

—1
y1tu o
M(y) = — Y3 . (15.33)
Yy1r—u
Now v = u(y1, y2, y3) is a solution of the equation
L L,
Yo— 5Dy u— 5-1wm
P = P (15.34)
Y3 (y1 —u)P
that we get from (15.32). As before, we get trajectories ending at the plane ygI:I=
—y1 not in the whole domain =., but only in the sector —y1 < yp < £2—1 1

P
(see Fig. 2), and equation (15.34) has a unique solution for every point from this

sector. As before, relation (15.30) allows us to rewrite the equation of extremal

L Y2 Y2 =Y

v;.\{]
=0

Y1

Y2 = —1

F1GURE 2. Aceptable sector for the case 4,).

trajectories (15.34) as an implicite expression for w (and hence for M):

1 1

G(x1,12) = Gz}, BP),
or

Gy —y2,y1 + y2) = y3G(L,w).
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Now we start verification which of the obtained solutions satisfies conditions (15.7)
or (15.8). We need to calculate Dj := My,y, My,y, — M2

yiys?’

30 G(y1 +y2, —y1 + v2) = y3G(w, —1);

4) G(yr — 2, —y1 — y2) = y3G(L, —w);

32 G(y1 +y2,v1 — ¥2) = y3G(w, 1);

4) G(y1 — y2,y1 +y2) = y3G(L,w),
where M = y3wP. In all situations we have a relation of the form

O(w) = H(y1,y2)
Y3

Till some moment we will not specify the expression for ® and H, as well as their

1 =1,2, in four cases

derivatives and plug in the specific expression only in the final result after numerous
cancellation. In particular, we introduce
1 ot
Ry = Ri(w) := ol o2
I would like to mention here that this idea, how to make calculation shorter, is

and Ry = Ry(w):=R;=-—

taken from the original paper of Burkholder [B1].
First of all we calculate the partial derivatives of w:

_ H _ RyH
Ohy, =—= =y, =——5,
Y3 Y3
H, R1Hy, HO
Oy = = py, = =y
' Y3 ! Y3 Y3

Here and further we shall use notation H"for any partial derivative Hy,, i = 1,2.
This cannot cause misunderstanding because only one ¢ participate in calculation
of Dj. Moreover, we shall not more mention that the index 7 can take two values
either s =1 or i = 2.

RZWy H R1H R1H
Wyyy, = =5 — +2—5— = ——(RH + 2y3)
Y3 Y3 Y3
R2wy. H RlHD RlHD
W .= ! - = - (R2H+y3)>
Ys¥i v3 v3 v3
Rowy H RyHY R
Wyy, = —— + T = TH(Ry(HYP? + g HY
Y3 Y3 Y3

Now we pass to the calculation of derivatives of M = yzwP:
My, = pygwp_lwy3 + WP,

— -1 .
Myi - py3wp wyi ’
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= -1 -1 -2 2
My,y, = pyaw®“wyyy, +2pwP " wy, + p(p — DyswP ™ wi,
_ pwP 2Ry H?
vi

[wRa + (p — D R4], (15.35)

— —1 —1 —2
My,y, = pyswP Wy,y, + pwP wy, +p(p — DyswP Wy, Wy,

_pP 2Ry HH"

=————(wRe + (p—DR4],
Y3

_ —1
My.y, = pyawP wyy, T +p(p — Dysw
_ pwPT2Ry
Y3

2,2

I%Idl'%z +(p— DRJ(HY + wysﬂtﬂ:-I

This yields

=P 2w2p—3£%H il m][sz +(—-1)R].  (15.36)
3

Now we need to calculate second derivatives of

— 2
Di = MyaysMyiyi - My3yi -

H(y1,y2) = G(aay1 + a2y2, fry1 + B2y2),

where «j, 8 = £1. And

82
H"= — G(ary1 + azyz, By + Baya)

Gyiz
= 0 Gyyz,+ 20i3iGyyz,+ B Gry,
= Gyp,+ Gp 2 2G5,
where the “+” sign has to be taken if the coe cients in front of y; are equal and
the “—" sign in the opposite case.

The derivatives of GG are simple:
0—2 1 1
Gy =p(1+22)" " 21— (p—2)22 ,
Gy, = —p(p — Dz2(21 + 22)P72;

0 ]
Gz, =p(p— D1+ 2" 21— (=322,
G21Z2 = _p(p - 1)(p - 2)22(21 + ZZ)p_3 )
O O
Grz,=—p(@— (21 + 22 21+ (p— Dz .
Note that Gy ; +Gy 2, = 2G; 2, and therefore, H'= 4G, ,  if a; = § and H"'=0

if i = —pi. The first case occurs for Hy,  in cases 31), 47) and for Hy , in cases 3y),
47). The second case occurs for Hy y in cases 31), 41) and for H,y, in cases 3p), 4).



BELLSTER 63

In fact, we know that the equality D; = 0 has to be fulfilled in the cases 3;) and 4;),
because it is just the Monge—-Ampére equation we have been solving.
So we have

3) z1=y1+y,

z2 =~y + Y2, Gryz, = pp — V(P — 2 (1 — y2)y2)" 2,
4) 21=y1—y2,

22 = —y1— 2, Grz, = p(0 = 1)(p = 2)(y1 + y2)(—2y2)° 2,
3) 21 =y1+ e,

22 = y1— Y, Grz, = —p(p — D) = 2(y1 — y2)uy1)* 2,
4 1=y~ y2,

22 =y + s, Gryz, = —p(p — V(P — 2) (1 + y2) 2y1)" .

In the first pair of cases we have sigh H™= sign(p — 2) and the opposite sign in the
second pair of cases.

To complete the investigation of sign D; we need to calculate the sign of the
expression in the brackets in (15.36):

wRy + (p— )Ry = R3[(p — 1) — wo' (15.37)
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37) O(w) = Gw, 1),
Ow) = Gy, (w,—1) = p(w — 1P *(w +p—2),
OHw) = Gy, (w,—1) = p(p — D(w — P 3w +p—3),
(r — DO wo™= —p(p — 1)(p — 2)(w — 1)*~%;
4) O(w) = G(1, —w),
OHw) = =Gy, (1, —w) = —p(p — Dw(l —w — P72,
Ofw) = Gz, (1, —w) = p(p — 1)(1 = w)*[1 = (p — D],
(= D™= wo™= —p(p — D)(p — 2w (l — w)*~>;
3) O(w) = G(w,1),
Oiw) = Gy, (0, 1) = plw + 1P 2(w—p +2),
OHw) = Gz, (w,1) = pp — D(w + P 3w —p+3),
(p — DO~ wod™= —p(p — 1)(p — 2)(w + 1)P3;
47) O(w) = G(1,w),
OHw) = Gy, (L,w) = —p(p — Dw(w + 1P,
Ow) = Grz, (w,=1) = —p(p — D(w = DP*[L + (p — D],

(p — D)= wo™= —p(p — 1)(p — 2)w(w + 1)P3.

We see that in all cases sign[(p — 1)®"— wdT = —sign(p — 2). Therefore in the
first two cases we have D, < 0 and this solution satisfies neither requirement (15.7)
nor requirement (15.8). In the second two cases we have D; > 0, and the function
M can be a candidate either for Max or for Mpin depending on the sign of the
second derivative My y_ . Recall that (see (15.35))

pwPT2 Ry H?
3
pwp_ZRsz [ CDDII:I

Y3 O
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Therefore in the case 3, we have

_pP PR =@+ DR —p+3)

My, =" A7 p—1—
Ya¥s B T T e 2w —p+2)
__pPPREE? (p—D(p—2)
2 @+ 1)(w—p+2)

Since this solution is considered only in the sector p—gzyl < y2 < 1 (see Fig. 1), we
have

Gyr + 2,51 = y2) = Qu1)° Hpy2 — (p — 2)pa] > 0, (15.38)
and w, being the unique positive solution of the equation
_ 1
Gw,)=(w+1)P w—p+1]= RGeS DR (15.39)
satisfies the condition w > p — 1. Therefore, sign My_y. = —sign(p — 2), i.e., for

p > 2 this is candidate in Mmax and for p < 2 this is candidate in Mujn.

Recall that this function is defined not in the whole domain =, but only in
the sector p%'zyl < y2 < y1. To get a solution everywhere we need to “glue” this
solution with that we obtained considering the case 2) (see (15.18)):

M(y) = (y1 +y2)° + C(ys — (y1 — 12)°) . (15.40)

To glue this solution along the plane 3y, = p;pZyl with that we just obtained, let
us require from the resulting function to be continuous everywhere. From (15.39)
and (15.38) we see that G(w,1) = 0 on this plane. Therefore, w = p —1 and
M = wPy3 = (p — 1)Py3. The same value has solution (15.40) on this plane for
C=((p-—1P".

Now we need to check that we get correct continuation in the sense that if the
solution satisfies (15.7), then its continuation satisfies the same condition as well,
if the solution satisfies (15.8), then the same is true for its continuation. \We need
to check the sign of

— - ] p—2 p p—2
Myy, =My,y, =p(p—1) (11 +42)"" = (@ =D (y1 — 32)

in the domain —y; < y» < p%’zyl, or in the initial coordinates 0 < z7 < (p — 1)z1.
For p > 2 we have

- -2 -2 _p—2
(r+ )P 2 =ah% < (p—1)P%f

<(p—1)Pai 7 = (0= 1)P(y1 — )P 2,
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and for p < 2 we have
-2 _  p-2 —2_p-2
(+y)P 2 =ah " > (p— 1P %ad
_2 —_
>(p—=1)P2) " = (p = 1P (g1 — y2)P 2.

This means that M is a candidate for Mpmax if p > 2 and a candidate for M if
p < 2, as it has to be.

Let us rewrite expression (15.40) in the same form, as it was made in (15.39).

M = Cys = (y1 +32)° — C(yr — y2)° = 2 — Caf. (15.41)

Therefore, if we change a bit the definition of GG defining it on the quadrant z; =0

as follo

S WS
L2l () —1)p28, if 21 < (p—1)22,
] [
I%I'F Zz)p_l z1—(p— Dz, if 22 =2(p—1)z,

then we can write two our solutions M on =4 in an implicit form as before:

Gp(21, 22) = (15.42)

G(yr + y2,y1 — y2) = y3G(w, 1).
or solutions B on Q4
G(x2,21) = G(B%7$§)7
In a similar way we can glue continuously the solution in case 4,) found in the
sector —y1 < y2 < Z_prl

GLw) = (w+ 1Pl — (p— 1] = ;G(yl 2+ ), (15.43)

with the solution (15.40) along the line y, = Z%Ppyl. Here we have to take C' =
(p"— 1)P, because on the line y, = Z—Epyl we have G(1,w) =0, i.e.,, w = p~— 1.
Now, in the sector —y; < yo < Z—Epyl we have
pwP2RZH2 p—2

v3 w+1l’

Mys Y3 —

Therefore, sign My_y, = sign(p — 2), i.e., for p < 2 this is candidate in Mmax and
for p > 2 this is candidate in Mmjn.
In the “dual” sector z, > (p"— 1)z1 (or yo > Z%Ppyl) for p > 2 we have

- -2 -2 _p—2
(1 + )P 2 =2b% > (p"= 1)P %}

> (p"— )P 7% = ("= 1)P(y1 — 42)P 2,
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and for p < 2 we have
G+ y)P 2 =ay f < = )Pl
<O = 0T DG -0

This means that M is a candidate for Mpn if p > 2 and a candidate for M« if
p <2

Using the same *“generalized” definition (15.42) of the function G we can write
our solutions M on =4 in an implicit form as before:

Gy —v2,y1 +y2) = 13G(1L,w) .

or solutions B on Q4
1 1

G(x1,22) = G(z§, BP),

It is a bit inconvenient to use one expression for, say, Bmax if p > 2 and another
one if p < 2. If we note that after interchanging role of z; and replacing p by p“we
get the scalar multiple of the original expression in both lines of (15.42). This allows
us to give one expression for Bmax for all p using notation of p=~= max{p, p}. In
such a way we come to formula (13.1) for F},, where we introduce additional scalar
coe cients to make this function not only continuous but C'-smooth everywhere
in Q4 except, maybe, the origin. This smoothness guarantee us that the solution
B is Ct-smooth as well.

16. PROOF OF THEOREM 32

From now on Weldeqote by Bmax the unique positive solution of the equation
F(lz2|, |x1]) = F(Ba,x:f) and by Bmin the unique positive solution of the equation
F(|z1], |z2]) = F(:z:é,B%), where the function F' = Fj is defined in (13.1). Exis-
tence and uniqueness of the solution follows from the fact that F'(z1, z») is strictly
increasing in z; from —p™®=D(ptL 1)P2P till +00 as z; runs from 0 to +oo and it
is strictly decreasing in z; from p(p™L 1)P~12D till —oo as z; runs from 0 to +oo.

Indeed, the first partial derivatives of F' are
C1

7 _hp— —1 .
) 1pz§) , if 21 < (0™t 122,

(16.1)

1 L1 1
U B DM et )P P e (- D) -1 2,

if 21 = (p"L 1)z
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L1
—1 —1 .
= Y(ptL 1)Pp2b, if 20 < (p™+ 1)z,

K
I

(16.2)

] 1
)Pz + 22)P72 (0L )z + p(pt D22
if 21 = (p[:L 1)2:2 .

Note that both derivatives are continuous everywhere (even at the origin, where

they vanish). Moreover, F7, > 0if z1 > 0 and Fz, < 0if 22 > 0, i.e., F is strictly
increasing in z; and strictly decreasing in z;.

e

In the case of Bmax We look for a solution of the equation

11
F(B®,z§) = F(|zal, |zal)
or
1
F(w,1) = —F(|z2], |21]) -
x3
Thus, we get a continuous solution w(z) everywhere except the plane z3 = 0,
where w is not defined. But we can easily estimate the behavior of w nearly the
1

line z3 = x1 = 0. Since F' is decreasing in z; and 0 < |z1]| < :U:E we have

1 1] 1]
quf/' 1 =F(,1)= i ml i 0.
p 1/p 1/p 1/p
T3 T3 T3 T3
Since F' is increasing in z;, we get
x2
| 1/|p SsSw=uwp,
T3
where wy is the solution of the equation
p
(o + P o —p k1 = 12
x3

Whence wg = p~+ 1 and

p
(o= pF 1P < (o + DP o —pTH 1) = 2
x3
i.e.,
x?2
woSpD—1+ | 1/|p’
X

3
Therefore, for B = wPx3 we have the following estimate

L] /
|22 < B < [za| + (0™ 1)y oo

)

which gives the continuity nearly z3 = 0. Thus, the solution Bmax is continuous in
the closed domain Q.
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Similar considerations gives us the continuity of Bmin. In that case we have the
equation
1
F(l,W) = 7F(|x1|7 |l’2|),
3

and hence
1] 1 [ [1]
F o, Ixf/' 2 o) = p ol el B ph el
p 1/p 1/p 1/p
L3 L3 L3 L3

Now F'(1,w) is decreasing in w, therefore,

|2]

1/p
T3

Sw=uwp,

where wy is the solution of the equation
P
0 “r3
i.e., wh = (p"+1)7P + |22|P/x3 and for B = wPx3 we have the following estimate
|l22|° < B < |22|° + (0" 1) Pas,

which gives the continuity nearly 3 = 0. Thus, the solution B, is continuous in
the closed domain Q as well.

???

???

and the right-hand side is not less than —p™@=D(ptL 1)P|z;1|P. But the range of

the increasing function F(-,xg) is the segment
[=p" (" 1)Pas, +o0) LEP T (" 1) P, +eo).

Note that B = 0 can be a solution only if [-p™@ D (ptL 1)Pzs [[Fp @D (ptL
1)P|z1|P, +o0), i.e., this occurs for the only point z = (0,0,0). The similar argu-
ments work for Bmin.

Since LE_E 0 inside Q., continuity of F' implies continuity of the solution B.
So, we have to consider more carefully only the planes x1 = 0 and z, = 0 (recall
that z3 = 0 occurs only for z1 = 0).

First step of the proof is to check that the the main inequality (concavity (15.5)
for the candidate Mmax and convexity (15.6) for the candidate Myn) is fulfilled.
This was almost done in the preceding section, when constructing these candidates.
We know that the Hessians of our candidates have the required signs everywhere
in our convex domain Q except, possibly, the planes x1 = 0, x» = 0, and, either
lz2] = (p™+ 1)|z1| for Bmax or |z1| = (p™L 1)|22| for Bmin.
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17. AHLFORS-BEURLING OPERATOR. CALCULUS OF VARIATIONS. MORREY’S
AND SVERAK’S PROBLEMS.

“Everything has been thought of before, the task is to think about it again” said
Goethe. We want to take another look at Ahlfors-Beurling operator T, it is the
operator that sends 5f to 0f for smooth functions f with compact support on the

plane C. Here

] 1 1 1
of af .of = af of of
—= ——i—= ,0f=—= =—+i= .
0z oz oz 0z Oz Oz
We intentionally omitted % this will not bring complications.

This operator was much studied in the last 30 years. There are several reasons
for that.

a) Operator T and its multidimensional analogs play an important part in the
theory of quasiregular mappings.

b) Attempts to calculate (estimate) the norm of T are closely related to im-
portant conjectures in the Calculus of Variation: Morrey’s conjecture of 1952 and
Sverak’s conjecture of 1992. Morrey’s conjecture states that “rank one convex
functions are not necessarily quasiconvex™, so in essence it asks for a series of
counterexamples, of rank one convex functions that are not quasiconvex. Sverak’s

conjecture asks about a concrete rank one convex function whether it is quasicon-

of =

Vex.
¢) There is a deep connection of Ahlfors—Beurling operator to stochastic calculus
and stochastic optimal control.
Saying all that let us state several very innocent looking problems.

18. SOME PROBLEMS FROM THE CALCULUS OF VARIATION

We mostly follow in this section the exposition of A. Baernstein-S. Montgomery-
Smith [BaMS].
Define a function L : C?> - R as follows
L1
Lot — |wf?, if 2| +Jw| <1,
Lot — 1, if 2]+ |w] > 1.

L(z,w) =

Sverak’s problem: Let f Ijlg(i’jl(C). Is it true that

L(Of,0f)dxdy =02 (18.1)
C
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We can restate this problem in the language of quasiconvex functions of matrix
argument. Then we will explain Morrey’s problem.

Let M(m,n) be the set of all m < n matrices with real entries. A function
W : M(m,n) - R is called rank one convex if t — W(A + tB) is a convex function
for any B [CM (m,n) that has rank 1 and any A M (m,n).

Function W is called quasiconvex if it is locally integrable, and for each A [1
M (m,n) and each bounded domain Q [CRY and each smooth function f : R" - R™
one has 1

L WA+ Df)dz = W(A). (18.2)
Q] o

Here Df is the Jacobi matrix of the map f.

For n = 1 or m = 1 quasiconvexity is equivalent to convexity (which of course
is equivalent for this case to rank one convexity). Always convexity implies quasi-
convexity that implies rank one convexity.

Morrey’s problem: If m > 1,n > 1 rank one convexity does not imply quasicon-
vexity. This was conjectured by Morrey in 1952 in [Mo]. Sverak [Sv2] proved that
problem if m > 2. If m = 2 this is still open even in the case n = 2. Morrey’s
problem enjoyed a lot of attention in the last 57 years.

We can translate easily Sverak’s problem to this language (this is how it appeared

in the first place). 1 O
b
Infact, for A [CI(2,2), A= |- Putz = a—d+i(b+c), w= a+d+i(c—b)
C
We see that
1

L—aldet(4), if (JA2—2det A)z + (JA]2 +2det A)z <1,
W) = L(z,w) =
I%IA@ —2det A)z —1, otherwise.

(18.3)
This function is rank one convex on M (2,2). A very simple proof is borrowed
from [BaMS]. We fix A, B [ (2,2),rank(B) = 1. Let (z,w) cooresponds to A
and (Z,W) to B. The fact that rank(B) = 1 means that the map ¢ - Z( + WE
maps the plane to the line, so |Z| = |W|. Then [z+tZ|>—|w+tW|?> = a+tb for some
a,b [CR—there is no quadratic term. Also W(A+tB) = |z+tZ|?—|w+tW|> = a+tb
ifandonly if |z +tZ| +|w+tW|<1. Asall z, Z,w, W is fixed and t - |a+tj] is
convex for any complex «, 3, we conclude that {t [RI: |z +tZ| + |w +tW]| < 1} is
an interval (may be empty). On the other hand outside of this interval W(A+tB) =
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2|z +tZ| —1, that is a convex function. Now continuity of W(A + ¢B) implies that
it is convex.

Let f— R?* p5R? smooth, and with compact support. Write f = u + iv,

Ux Uy

Df = . Then using the notations above z = uyx — vy + i(vx + uy) = 5f,

Ux Uy
w = ux + vy +i(vx —uy) = 0f.

This means that W(D f) = L(5 f,0f) and Sverak’s conjecture states that
1

W(Df)dxdy =W(0) =0.

In other words, (18.2) means that W from (18.3) is quasiconvex at A = 0. We
conclude that would Sverak’s conjecture not be true, then W would give an example
of rank one convex function which is not quasiconvex. This would solve Morrey’s
conjecture which exactly asks for such an example for the case n = 2,m = 2.

However, (18.2) is probably true. Everybody who worked with these questions
believes in it. We will explain this belief.

19. CONSEQUENCES OF SVERAK’S INEQUALITY (18.2).
In what follows
p"E max(p, ) = max(p. ).
p—

Here is one other function on M (2, 2) which is rank one convex but for which it
is unknown whether it is quasiconvex. It is also on M (2,2). Several such functions
are discussed in [Sv1], [Sv2], but the function ¥ above and W, below are especially
important for us.

LIJp(A) =
(02 1)(JA]Z—2det A)z —(JA3+2 det A)2)((JA]2—2 det A)2 +(|A[2+2 det A)z)P~L.
Repeat ourpeqrregpgndence between real matrices 1/ (2,2) and C2: for A [

b
M@2,2), A= PUtz=a—d+ib+ o), w=a+d+i(e—1). We see that
C

Wp(4) = Lp(z, w) = (0" Dzl = lw)(l=] + [P~ (19.1)
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See now e. g. [BaMS] for the following formula
2
p2—p) o
Obviously, for any z,w, Z,W,|Z| = |W| the function ¢t - Lp(z +tZ,w + tW) is
convex because of the formula and because we just proved such a property for L.
Then, automatically,

Lo(z,w) = tp_lL(? %)dt, ifl<p<2.

W, (4) = ) tp_lw(é)dt, ifl<p<2.

And then W, is a rank one convex function in an obvious way, if 1 < p < 2.
But for 2 < p < oo another formula holds (see again [BaMS]): put

M(z,w) = L(z,w) = (12* = [wl?) = (Jwl* = (|z] = D)*) L+ w1 -

Obviously, for any z,w, Z, W,|Z| = |W]| the function t - M(z + tZ,w + tW) is
convex because we substract the linear term a + bt from L(z + tZ,w + tW).
Let us define

) L4,
M =062 o

then itis such that for any z,w, Z, W, |Z| = |W| the functiont — My(z+tZ, w+tW)
is convex.

tp_lM(? %)dt, if2<p<oo,

And, automatically,
1A 4 .
Wo(4) = tP (W(?) + 2 det A)dt, if2<p< oo,
0
is a rank one convex function on M (2, 2).
Banuelos-Wang problem: Is it true that for any smooth function with compact

support on C 1
) Lp(0f,0f)dzdy =072 (19.2)
If (19.2) were not true we would have that ¥, is not quasiconvex at A = 0 and
Morrey’s problem would be solved in the remaining case.
If (19.2) were true than we would have solved Iwaniec’s problem of 1982.
Iwaniec’s problem: Ahlfors-Beurling operator T which sends 5f to df has norm
p=L 1. Essentially it Iis:’fhe following inequalityé)r all f Cdg°(C):

10fPdzdy < (p"L 1P [0fPdxdy? (19.3)
C C

In equavalent form (19.3) is stated as follows
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] ]
|Tf|Pdzdy < (p"+ 1)P | f|Pdzdy, for all f CCE>(C)? (19.4)
C C

In fact, (19.2) [ (19.3) follows from a pioneering research of Burkholder, who
in [Bul], [Bu3], p. 77, noticed that

I:I1I;!L

P 1= L(zw) <@ DR - o (19.5)

Now it is clear why (19.2) implies (19.3).

Remark. What is subtle and interesting is the whole theory of inequalities of
the type like Burkholder’s inequlity (19.5). What really is going on in (19.5) is the
search of function (in this case the left hand side), which posesses ceratin convexity
properties, and at the same time posesses the obstacle* property expressed by
inequlity (19.5). We are looking for the 'somewhat convex envelope of the right
hand side. This is actually the essence of the so-called Bellman function approach.
The literature is now extensive, and it relates (19.5) to Monge-Ampére equation
and stochastic control, see e. g. Slavin-Stokols’ paper [SISt] or Vasyunin and
Volberg [VaVo2].

Sverak’s conjecture (18.1) and, as a result, Banuelos-Wang’s conjecture (19.2)
were proved in the paper of Baernstein and Montgomery-Smith [BaMS] in the case
of so-called “stretch functions” f. A stretch function (in our notations, which di er
slightly from those in [BaMS]) is a function of the form

Fre®) = g(r)e™,
where ¢ is a smooth function on R4, g(0) = g(e0) = 0, and g = 0. We will call

such ¢’s stretches.

Therefore,
] ]

ITfPdedy < (p™1)° | fPdzdy, forall f COE(C), f(2) = f(l=]),f:C - R

c c (19.6)

holds for all real valued radial f. This was a question in [BaJa2] whether this
inequality holds for complex valued radial f.

We show how to do that using Bellamn function techniques. The advantage
of this method is that it is applicable to other situations. It also illustrate how
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genuinely convex functions can sometimes be involved in a rather sophisticated
way in proving gquasiconvexity statements.

20. BELLMAN FUNCTION AND AHLFORS-BEURLING OPERATOR ON RADIAL
FUNCTIONS.
The kernel of T is K(2) = 2% =: e 29k(r) , 2 = re®. So for radial g
1 [
Tg(pe'®) =  K(2)g(|z — pe'®|)dA(z) = e 4? e W) g(Ire" — p|) rdrdip =
c

e K(w+p)g(lwl)dA(w) =2 ( K(lwle" + p) dt)g(jw])wl|did|w] .
0 0

20.1. Symmetrization. If we denote n(p,r) = %}T K(re't+ p)dt, and Ng(p) :=

o nlp,m)g(r)rdr we get

. L .
Tg(pe'®) = e ®  n(p,r)g(r) rdr =: e #®Ng(p).
0

Hence to check the norm of Tg(pei?) in LP we can take a function f CZP(C),

write bilinear form
1

(f.T9)= [TgdA= ( e 2Wf(re")d)Ng(r)rdr.
C
Let us notice that the family F of functions having the form

flre®) = e_'i!ej"k(?“) :

k=—N
where fi are smooth compactly supported functions, give us a dense family in
LP{C), ,1 < p < oo. Also let us call e *®f(r) a k-mode function. The set of

k-modes is called Fx. Continuing the last formula we write
1

(f,Tg) = CngdA=
[ 1 _
2r  f-2(r)Ng(r)rdr = Cf—z(lZl)Ng(IZI) dA(2) = (e2® f_o(|2]), Tg).  (20.1)

Let us notice that projection My : F - Fi has norm at most 1 in any LP. In fact,
let Ry is a rotation of C by ¢. Then

1 .
Mef = > e'k¢f(R¢z) dp .
T 0

So projestion M is just the averaging-type operator, and thus has norm 1.
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Conclusion: to estimate [Tly[y]g [Hy, it is su cient to estimate the bilinear
form |(f, Tg)| only for f [E» (and in the unit ball of LPE(C)). We proved actually
the following

Lemma 37. For g [ H,
[Ty o= sup (£, T9)|.
f O ARy, FL =<1

We actually repeated also the following well-known simple calculation.

Lemma 38. Let a complex valued kernel K (re'®) = e "9k(r). Let Kf := Kxf bea
convolution operator. Then it maps Fy to Fx— and for every g = e K¢, () (B
we have

Kg(pe'®) = 7' &De Ny (o, )i (r) i,
0

where
L, _ _
Ni(p,7) = K(re't + p)e ™t qt.
0

For K = T one can compute the kernel of Np:
1 1

It is not very nice, but let us denote by » : R+ — R4 the map h(t) = t*. Let us

define the operator A, (see [BaJda2] for this)

]

Amg(u)=g(u)—(m+1)i2+z RSy ors

For m = 0 this is A\g = Id — H, where H is Hardy’s averaging operator on
half-axis:
=)

1
Hg(u):= - g(v)dv.
u o
Famous Hardy’s inequality is practically equivalent to computing
[(Hlplr,)- Lo, =05 ifl<p=2.

Curiously, we can see now that the question about complex valued radial func-
tions from [BaJa2] is equivalent to

[H - 1dGalr,) ey <p 1, ifl<p=<2. (20.2)
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20.2. A Bellman function. We will use a certain interesting convex functions on
R® and R* to approach our “quasiconvexity” inequality (19.3) for complex valued
radial functions.

Suppose we have function B(u,v,&,n, H, Z) of 6 real variables defined in

Q={|(w, )P < H,|(&,IP < 2},

and satisfying two conditions:
1) For an arbitrary ¢ Ol [CRP we want to have

2

d°B
E}ﬁa, a2 2(02 + a3)2(a + a2)Y?.
a

and

I1) Everywhere in Q
1 1

H 7
0<B(a) < (p-+1) > + o0 where p=£ max(p,p" ,

For the sake of future convenience we prefer to work with the following trans-
formation of B (a = (u,v,&,n, H, Z)):

w_z
B(uvvvéan) = sup {B(a)—(pm— 1) o+ = }
H,Z:(u,v,&n,H,z2) 1 p D

Then it is not di cult to check that this B is still concave (inspite of being the
supremum of concave functions): In fact,

—d?B = 2|(du, dv)||(d¢, dn)], (20.3)
.
—(p"L1) H—Tzlb}jv)lp + Kg’;@'p < B(u,v,£,m) <0. (20.4)

The existence of such B was proved in [PV],[DV1].

20.3. Heat extension. Let f, g be two test functions on the plane. By the same
letters we denote their heat extensions into R3. This is a simple lemma observed
in [PV]:

Lemma 39.
1 1

fTgdA = —2 (Ox +i0y) f - (Ox + i0y)g dxdydt .
c RS
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Let us use below the following notations:
f=u+iv, 21 = ux +iuy, 22 = vx + ivy,

g=E&+in, Q=& +ily, @ = nx +iny.
Now we can read Lemma 39 as follows:

[1 1 1 1
fTg=—2 \ (z1 +iz)((1 +i2),| fTgl<2 \ |21 + i22]|C1 + 2| . (20.5)
R3 R

+

And from here we see
1

| fTg|<2 izl +izg|® + |2 — izl it I?Cl +iGo? + |G — iGf? a2

. (20.6
Property (20.3) of B can be rewritten

Lemma 40.

—@PB(21, 22, C1, )" (21, 22, C1, ()T T2 2[|21 % + |22)2121 )2 + 112

This lemma gives now

y . y .
—2@?B(2 2122, A 2122, G 21C2’ G ZZCZ )T, (the same vector)" (=
2%1 +izg|? + |21 —izp)? e %1 +iQ|* + ¢ — i) s
2 2 '
After integration and using (20.6) we get
1

| fTgl= LHS. (20.7)
C RS
. . (I : :
The rest is the estimate of s LHS from above. First of all simple algebra
(a = (u,v,&n):
1 1 1
LHS=—3 (@’ B(a)(z1, 22, C1,(2) ", (the same)’ 3
RS RS
1 1
5 (@7 B(a)(z2, —71, (2, —C1)", (the same) ' &
R
L1
auxilliary terms = I + 1T + 111 .
RY
It has been proved in [PV], [DV1] that (the convention is that u, v, £, n are heat
extensions of homonome functions on the plane)
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L1 L1
Q—A B(u,v,&,m)
at Y Y ?/’77

- A B(v,—u,n,—xi).

An estimate of | from above. Let H denote the heat extension of function
IfIP7= (u2 + v2)P72, Z denote the heat extensionef-functjem|g|° = (62 + n?)P/2.

In RS consider W(z,y,t) = B(u,v,&,1) + (p=+ 1) %'D“L % . Then

I:II:allzl

21 = ——A VY
Ri at ’
Then obviously (integration by parts)
1 P 1 1 1
2] = —W¥Y=lim W(,t) — W(-,0) < lim W, ).
Ri 3t too R2 R2 t- oo R2

Using (20.4) (B < 0) we get
— 1 0 1

1 (] H
< — =
[= (1) Jim

re  p p 2 7 p
Similarly,
I% .o pD 1
i .
m=tpty fﬁHEEW$.
2 p" p
So
[ &[fj 1
I+I1I< (L1 D+E@.
p p
We are going to prove next that
111 <0.
. = T o
Combining we get | . fTg| = (L 1) ﬁp% + = and the usual polarization

argument proves out final statement:

[1
| Cngl < (p" 1) JLpigly]
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1
20.4. Why III = .3 auxilliary termsdxdydt < 0? First of all the symmetry
implies that

i N —
B(u,v,§,m) = ®( u?+02, Z+1?).

So far we did not use the fact that

9(z) = &(r) +in(r) , f(z) = € (m(r) + ik(r)). (20.8)

Let as before a(z,y,t) = (u,v,&,n) with heat extension functions. Automati-
cally, with afixed ¢

1
®(a), dP(a), d*®(a), depend only on r + 22 +¢2. (20.9)

Remark. In proving that 777 = 0 we are going to use this fact a lot. But 7/7 =0
seems to hold under some other assumptions on f, g.
All auxiliary terms are in

[df B(a)(z1, 22, (1, ()", (22, —21, G2, —C1) " B AP B(a) (22, 21, (2, —C1) ", (21, 22, (1, (2) T I
This expression = A+ D1 + D, + C, where
A= (Bu + B) [k ,C = (Bss + Bas) (ol .
Also
Dy = Bi3 [T + Bas [Gak, + Bug [zaly + Bos [zl -
Dy = Bus [zaly + Bos [(aky + Bua [zalp + Bog [T .

Why El Di(x,y,t) dedy = 0?

In D4 the smaller index of By, & [1J2,1 [3]4 coincides with the index of z;.
In D, this is not the case. This is the explanation why integrating each term of
D returns 0. For exmple, (the last equality uses g = 0)

1 1 1 1
_ Ux, Ur,
1 =det * = det e T = —nrug/r.
u)/7 77y ’U,Q/T’, ne/r

But (recall f =+ iv, g = &+ in)
u §

T P2(l1 1g1) -

Bz = —
|f] gl

Then the first term of D,
= ¢(r)uug ,
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and its integral along any circle is zero. Similarly,

né&r — Ene O f1, gl)

D1 = (uug + vvg) , (20.10)
| /119l
and so D1 = ¢1(r)uug + gbg(r?%l)g. Hence for each fixed ¢
Di(z,y,t)dxdy =0.
R2
Coming to D, we can simalarly see that
+ ®

r /119l
Recall that from (20.8) it follows that © = m cos 20—k sin 20 ,v = m sin 20+k sin 20,
and from this

uvtheta — vug = 2(m?(r) + k(1)) = 2(u?(r) + v*(r)) = 2P (r) =: 2M?(r) .

Using similarly the notation N(r) = |g| we can see from (20.11) and the previous
equality that )
D, = ;¢12(M(7‘)7 N(@r)NCr)M(r).
Now we compute
_ 1
A= (B + Ba) [zl = (P11 + M(Dl)(urve/?” — vrug/T).
Using (20.8) we get urvg — vrug = 2M (r)MYr). Therefore
2 1 2
A= S(Py + —=D)MM = Z(@ MM+ o MY .
r M r
Notice (again (20.8)) that in
C = (B33 + Bas) [Gly
the expression E@fl =&mo/r —nr&e/r =0. So C =0.
Addinl%lthe expressions for A, D, we obtain after integration over R?:

(A(w,y, 1) + Da(z,y, 1)) dedy = 4n (®12(M, N)M(r)N {r)+
R2 0
Ld,
Q1 (M, N)M@)MYr)) dr +4n O1(M, NYMCr)dr =:a+b.
0
Integrating b by parts we get —a and —®1 (M (0), N (0))M (0). Function ® grows in
the first varible. So 1
auxilliary terms dxdydt < 0,
3

T+

R
and we are done.
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Actually, in our particular case 111 = 0. Function f = u +4v on C has the form
f = e@9(m(r) + ik(r)), therefore, its heat extension f(z,y,t) obviously satisfies
f(z,y,0) =0. So M(0) =0. As we saw
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