BELLMAN FUNCTIONS TECHNIQUE IN HARMONIC
ANALYSIS

VASILY VASYUNIN AND ALEXANDER VOLBERG

1. INTRODUCTION.
2. BELLMAN FUNCTIONS AND MARTINAGALES

We will be working with stochastic integrals. But we do not need subtle facts of
the theory of stochastic integrals. We need just to use some formal rules of working
with them. Basically the only things we will use is It6’s isometry and It6’s formula.
The standard reference is [StInt], [Ve].

We start with two test functions f, g on R?. Let U t,Uy mean the heat extensions
of them into R? x Ry, i.e. Up(z,t) :== Ef(z + W;) (and similarly for Uy), where
(Wi)e>0 is a standard d-dimensional Brownian motion starting at the origin. Hence,
aa% = 1AUy and Uy(z,0) = f(z) for z € R

Let us fix T" > 0. In what follows we will be using a simple key remark:
Fy :=Up(W;, T —t) is a martingale. (2.1)

Also
t
F,—Fy = / V. Ur(Ws, T — s) - dWs. (2.2)
0

Let us abuse the language and call such martingales “heat martingales”, they
are always obtained by the heat extension of a test function.

Next we remark that these are not all possible interesting martingales with which
we will have to work. The fact is that we will sometimes need the martingale
transforms of heat martingales. To explain what is it, let us fix a d X d matrix

A = (ay;) and consider a new martingale
t
(A F); = / AV Up(Wy, T = s) - dW,. (2.3)
0

For convinience denote Z; := (Wy,T — t) (sometimes it is called space-time

Brownian motion, it was used first by Varopoulos [Varol] and later by [BalJal],
[BaJa2].
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Consider the operator
(Taf)(x) := Tlim E(Ax F|Zr = (z,0)) . (2.4)
—00

The first task, to which we want to apply Bellman function technique, is the
estimate of certain polynomials of Riesz transforms. Let us remind that the Riesz

transform R; is given by

Rif=F YN&Ff, j=1,--,d.

Here is a simple but important theorem (see [GMSS]).
Theorem 1. T4 = — ZZ 1—1 kiR Ry, where R; are Riesz transforms on RY.
Proof. By definition
T
Taf(2) = lim Egpps( / AVUH(W,, T — 1) - dW,) .
T—o00 0

Let us denote (temporarily) by (T4 f, g) the bilinear form [ T4 f(z)- g(x)dz. Then
T
(Tafig) = [ do Jim By ([ AVULWLT — ) dWi)g(o) =
00 0
T
/d.ﬁC TIEI;O E{WT:x} (g(WT) /0 AVUf(Wt, T-— t) : th) =

T
Jim [ dpr(z) (QWT)ZE{WT::U}(Q(WT)/ AVUy(Wy, T —t) - dWy) =
0 0

(the dominant convergence theorem as f, g are bounded with compact support,

. e : _l=?
dur is the distribution measure for Wy, that is ( 1 : e~ 2T dx)
2nT)2

T T
= lim [ dyur () (27T)% Bqyy =y ( / VU, (Wi, T—t)-dW, / AVUH(Wy, T—t)-dW,)
as by (2.2)
T
g(WT)—Ug(O,T)—/ VU, (Wi, T — 1) - dW,
0

and limy_,o Uy(0,7T7) = 0.
Then [ dur(2z) Eqy,—g)(-) =: E(-). This and the previous chain of equalities

give us
Therefore,
d T T
(Taf.g) = Jim (277T)2E(/ VUg(Wt,T—t)-th/ AVU (Wi, T — 1) - dWy) .
o0 0 0
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By Itd’s isometry (this is a simple fact, a standard reference is [StInt], [Ve])

(Taf,g)

= lim
T—o0

(2rT)2 /OT]E(AVUf(Wt, T —+t),VU,(W;, T —t)) dt .
Here (-,-) is again a linear form (now on vectors in C?%). Denote

I = (20T)SE(AVU;(Wy, T — t), VU, (Wy, T — t)) dt .
Then

T
Ir = (20T) / / (AU (2, 1), Voly (2, ) dpe () dt
0 R4

where dy; 7 is the law of Wr_;. Now we can easily see that

lim Iy — / (AVL U (2, 1), VoU, (2, t))da dt
T—o0 R

d
+
But the Fourier taransform (FUy)(&,t) = (FF)(€)e te*/2. So, by Parceval’s for-

mula

e i) Fae de.

lim I — /R (A i) F (€ Fa€)e ! de dt = /

T—o00 4 R4 ’6’2

Taking into consideration that bilinear form (Ry Rif, g) = — [za %}"f(ﬁ)]:g(&) d§
just by definition of the Riesz transforms, we finish the proof of the theorem by

inspecting two last equalities. (Il
2.1. Examples. Operator T := R% — R% corresponds to matrix Ay =
0, 1

i, 0]
Ahlfors-Beurling operator T = R? — R2 — 2iR; Ry corresponds to matrix A =

~1, i
i, 1|

Matrix norms are correspondingly

Operator To = —2iR1 Ry corresponds to matrix As =

[ALll = [[ A2l = 1, Al = 2. (2.5)
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2.2. Two useful formulae. While proving Theorem 1 we deduced two useful

formulae. The first one is

/ Ta f(2)g(z) dz =
R4

d
> AVU; - VUdxdt,  (2.6)
¢ k=1

d
/ Z 10z, Us (2, )02, Ug (2, 1) da:dt:/
Rd

& k=1 R

where - stands for the scalar product in C?.

The second formula is

[ T f@ate) do =
Jim E((Ax F)T)G(D)} = lim (2rT)$E(A« F)T)GT)},  (27)

where £ is the expectation not with respect to probability measure dur(z)dP;,
but with respect to pseudo-probability measure dzdP! (dP! is the conditional

probability measure that on Wy = x) and where
T
G(T) = / VU, (W, T — ) - dW, | (2.8)
0
Just separating real and imaginary parts one gets
G(T) = X1(T) +iXa(T), (2.9)

and

T
X,(T) =/0 Hi(s) - dWs,

T
X(T) =/O H(s) - W, ,
—

_+
where X1, X, are real-valued processes, and Hj(s), Ho(s) are R%-valued martingales
adapted to the filtration of d-dimensional Brownian motion W,. We can easily write
== =
components of Hi(s), Ha(s):

Hi(s) = 03,Upg(Ws, T — s), Hi(s) = 05, Usy(Ws, T —5),i = 1,....,d.

Similarly
(Ax F)(T) =Y1(T) +iY2(T), (2.10)

T T
Y1<T>=/O H(s)-dws,n(T):/o Ko(s) - dV,
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— =
where Y1, Ys are real-valued processes, and K1(s), K3(s) are R%valued martingales
adapted to the filtration of d-dimensional Brownian motion W;. We can easily

= =
write components of K (s), Ka(s):

d

d
Ki(s) =R aikde, Ur(We, T — =Y aipdu Up(We, T — 5).
k=1 k=1

Notice that for matrix A (and d = 2)

—

7 _ [0 - smw. T (Rfy + L) (W, T =)

(=Rfy = Sfa) () (Rfe —Sfy)(-0)

After these notations (2.7) can be rewritten as follows:

—
2:

)

(2.11)

T
/R Taf(@)g(a) de = lim & | (K1(s) - Hi(s) + Ka(s) - Ha(s))ds.  (2.12)

Here - means the scalar product of the corresponding d—vectors.

2.3. Local ortogonality. The processes
t
_+
0
t
<Xi7Xj>(t) ::/ ﬁl '}.IJ)'dSa ivj = 1,2
0

(Y, Y5)( /? Kids,i,j=12

are called the covariance processes. We can denote
dX3, Y5) () = Hi(t) - Ky(t), i,5 = 1,2
d(Xi, X;)(t) = Hi(t) - Hy(t) 6,5 = 1,2

AYLY) () = Kift) - K1), 1.5 = 1.2
So (2.12) becomes

T
/RdTAﬂz)g(x)dx:hms (d(X1, Vi) () + d(Xo, Vo) () db. (213)

T—00 0

Important is
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~1.
Lemma 2. Let A= | i . Then
Z’
d(Y1,Y2)(t) =0.
Or
Ro(t) - Kat) = 0.
Proof. 1t is obvious from (2.11). O

3. MONOTONE FUNCTIONALS AND BELLMAN FUNCTION.

So far we introduced martingales X1, X2, Y1,Ys as in (2.8), (2.9), (2.10). This

was done with the aim at estimating (T4 f,g). We will need also
P(t) = U‘flp(Wt, T — t) y (31)

Q) :== U‘glq(Wt, T-1), (3.2)

We repeat that these are martingales.
To estimate (see (2.13))
T
/ Ty f(x)g(z)dr = lim € [ (d(X1,Y1)(t) + d(Xo, Ya)(t))dt
Rd T—o00 0

we will use “a monotone functional” approach.

We want to invent a function B of 6 real variables such that the functional

®(t) = E{B(P(t), X1(t), Xa(t), Q(t), Y1(t), Ya(?)) }

were monotone in ¢. Having in mind (2.13) and having in mind our wish to prove
(with the best possible C(p))

L T4 f@(@) do < O L lalages-
we postulate the following desired properties of B.

Desired properties of B.
1)
—0'(t) > £(|d(X1, Y1) (})] + [d(X2, Y2) (2)]) -

or stronger
1)
—®/(t) > E(|K1(8)|[H1 ()] + | Ko (t)] | Ha(2)]) -
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0 S B(Pa Xla X27 Qa H?YQ) S C(p)Pl/le/q .
Notice that from 1), and 2) it follows that

T
C)Allfllpllgllq = £2(0) = —5/0 O'(t)dt + EQ(T).
And so T
Co) 1Al pllgllq = 5/0 (d{X1, Y1) (t) + d(X2, Y2)(t)) dt .

Taking T to infinity and comparing with (2.13) we get the estimate of our polyno-

mial of Riesz transforms T'4:

CNANApllglle = (Ta £, 9)]- (3-3)

Property 2) is in terms of B. Property 1), on the other hand, is in terms of
expectation rather than in terms of B itself. Property 2) is in terms of B.Can we
find a condition on B that garantees property 1)7? This would be nice because then
we are able to solve for B! Actually we can indeed find condition on B ensuring

1). It is done with the help of 1t6’s formula.

3.1. It6’s formula. We need to change the notations temporarily. This is almost
inevitable as B(P, X1, X2, @, Y1, Y2) becomes awkward, all variables have different
names. In this section we will call them a = (a1, ag, ..., ag).

Here is a It6’s formula (a standard reference is [StInt], [Ve]):

dB(a(t)) = (VB(a(t)),d Z aazaa] d(ai,a;)(t) .

7.]_
Here (-, -) is the scalar product in R%. The beauty of this formula is in particular in
the fact that the first term is a martingale difference process and so its expectation
iz zero.

Therefore,
/ P —_ .
o' (t) = —EdB(a 5 E 8&18% d{a;,a;)(t) . (3.4)

Let us now use the fact that all our maringales a;(t) have the representation

a;(t) —a;(0 /

where ;(s) = (a}, ...,ad).
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We will also use the notations
k. [ k k _
o’ = (aof,...,05), k=1,..,d.

, . = — — —
In the previous notations K = ng, Ky = 07%, Hy = 075, Hy = 073>.

In particular, local orthogonality (2) that one gets for particular case d = 2, A =

implies

ab(s) - ab(s) = 0. (3.5)
Now expectation of It6’s formula can be rewritten
1< @B
/ Erpy E _k
k=11,5=1 k=1
(3.6)

Here (-, -) is the scalar product in RS.

Differential property of B, concavity of B.

From (3.6) it is easy to have a condition on B ensuring property 1) above.
Suppose that B satisfies two conditions:

I) For an arbitrary a € R® we want to have

d’B

(—az ) > 2((a2)” + (a3)*)2((a5)? + (a6)*)/* = 2(|azl|as| + |as|acl) -

We rewrite property 2) in a more precise form: II)
B(a) < (p* — 1)a}/pai/p/textwherep* = maz(p, p’

Theorem 3. Function B satisfying properties 1) and II) exists in the domain
Q = {...}. Factor 2 in the right hand side cannot be increased, constant p* — 1

cannot be decreased.

This theorem will be proved in Section 7.

It has powerful consequences. First let us mix the notations:
d d
d(X1,Y1) :Zaa Xg,Y2>:Zo/§a’g.
k=1

Using this, summing up property I) for o := ok k =1,..,d and applying (3.6)

we get

—@'(t) > E(d(X1, Y1) + d(X2,Y2)) (3.7)
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-1, O 0, i,A: -1, i‘
0, 1 i, 0 i, 1

Consider T4 in R% d > 2, and A being three matrices introduced above. Then

we have Ta, = R? — R3, Ta, = —2iR1Ra, Ta = Ta, +iTa,.
Of course B := T4 is the Ahlfors-Beurling operator.

and we get (3.3), with A := Ay = , A= Ag =

We will prove soon the following result.

Theorem 4.

1Tyl = [ITa, | <p* =1,
ITall < 2(p* - 1).

A natural question arises: how sharp is theorem 4. In Section 11 we will prove
that

[Tay [ = 1Tao || = p* =1, [|Tall 2 p* = 1.

In particular we get an exact norm of R? — R3 and of Ry Ra:

Theorem 5.

IR — R3[| =p" — 1,

*

pt—1

| R1Ra|| = 5

3.2. Estimate from above for || T4|. Calculation of the norm of the quan-
tum combination of R? — R3 and 2R;Rs. Write B as RB + iSB by splitting
its kernel to real and imaginary parts. Of course RB = R} — R3, IB = 2R Rs.
Theorem 5 claims that any convex combination of REB = R% — R% and B = 2R1 Ry
has norm at most p* — 1. However, we wish to prove that any “quantum convex”

combination has norm exactly p* — 1.

cosf, sinf

Given 0 € [0,27) let us introduce the matrix A% = . This is the

sinf, —cos#
reflection with respect to Oz axis followed by the rotation. We saw already that

this matrix A? corresponds to operator
Ty = (R? — R3)cosf + 2R Ry sin

which we call “quantum convex” combination of RB = R? — R} and SB = 2R} Rs.
The word “quantum” honors the fact that coefficients of the combination o =
cos @, 3 = sin @ satisfy the condition o + 5% = 1.
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Theorem 6. 1. For any matriz A we have the estimate from above
I Tallp < [|Al[(p" — 1)

2. For any 6 € [0,2m) we have ||Ty6l|, = p* — 1.

3. In particular (0 =0) |R? — R3|| =p* — 1 and (0 = ) ||2R1 Rs|| = p* — 1.

Proof. The estimate from above.

We introduce real martingales as, as as follows

as(t) —ias(t) == /Ot VU;(Ws, T —5) - dWs = Ug(Wy, T —t) — Ug(0,T) .

Also we introduce real martinagales as, ag as follows
t
as () + iag(t) = / AVUS (W, T — 5) - dW,.
0
We will need also
al(t) = U\f|p(Wt7 T— t) N
a4(t) = U|g|q(Wt, T— t) s

These are martingales too.
To estimate (see (2.13))

T
/Rd Ty f(x)g(z)dr = lim € [ (d{az,as)(t) + d{as,as)(t)) dt

T—o00 0

we will use “a monotone functional” approach.

(3.12)

We have B from Theorem 3. Consider martingale a = (aq, a2, as, aq, as, ag), and

put

®(t) = E{B(a(t))} -

Now B satisfies property I). Summing up property I) for o := o*,k = 1,..,d and

applying (3.6) we get

—'(t) > E(d{az, a5)(t) + d{as, as)(t))
Let us combine (3.12) and (3.13) to obtain

T
/Rd Ty f(z)g(z)dr = lim (—®'(t)) dt < ®(0).

T—o0 0

Now we use property II) to see that

®(0) < lim (p* — 1)€a1(0)Pay(0)/9 = (p* —1) lim
T—o0 T—o0

(3.13)

(27T) 2 Eay (0)/Pa4(0)/7 <
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d
2

|4l = 1) Tim (2072 (U} (0, )7 (U)g1a (0, 1)V = (p* = D) fllpll9llg -

Estimate from above is completely finished. The estimate 2) for quantum com-
binations T4 = (R? — R2) cos 4+ 2R Ry sin 6 follows from the fact that || A%|| = 1.

The estimate from below on |[(R? — R3) cos® + 2R Rosin 0| = || T 4o ||
In Section 11 we will prove that
[Taoll Z p* =1, |Tall 2 p" 1.
U

A famous Iwaniec-Gehring conjecture claims that for the Ahlfors-Beurling oper-

ator the same estimate p* — 1 holds as for its real and imaginary parts in Theorem
5.

Conjecture 7.

|B|| = |R} — R3 + 2iR Ra| = p* — 1.

By theorem 6 (see also Section 11) we know only

1< B <207~ 1). (3.14)
We will give better estimates for ||B|| in Section 6.

4. HEAT FLOW AND BELLMAN FUNCTION.

Here we illustrate the heat flow approach to estimation of operators T4 =
Zi,l:l ag R R;. The first claim of Theorem 6: ||T4|| < ||A|/(p* — 1) will be proved
by the heat flow method without the use of stochstic integration, without It6’s
formula, without any martingales. This will be a a purely analytic proof. However,
the attentive reader will notice that actually what we are doing in this section is
getting read of martingales A F. We will be using (but implicitly, under disguise)
the heat martingales. Heat martingales are stochastic processes Uy(Z;), where
Uy(-,-) is the heat extension of function f on R? into the half-space Rﬂlfl, and

Zy = (W, Ty) is the so-called “space-time” Brownian motion.

Now formula (2.6) is our starting point:

(Ta f, g) = / L AVLU (1) VU (o, 1) ddt, (4.1)
RJF
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where - denotes the scalar product in C¢.

We again use the same function B from Theorem 3. It satisfies properties I) and
II).

Let f,g be two test functions (smooth with compact support). The heat flow

method consists of introducing
O(t) := /Rd B(Ump(l‘, t), Umf(l’, t), Ugcgg(ﬂj', t), Ugg(l‘, t), U|g‘q($, t), Umf(l’, t), Ugf(x, t))dx.

We will see that ®(t) is decreasing when ¢t — 400, so the heat flow dissipates the
energy. Th enargy balance will give us this claim of Theorem 6: ||T4]| < || A||(p*—1).
To do that let us first use the notation

a(x7 t) = (U|f|1’ (SU, t)v U§Rf(¢7 t)v U§Rg($a t)’ U%g(l‘v t)a U|g|q(xv t)a U%f(xa t)> U%f(xv t))

and write the chain of inequalities:

+oo —+00
>
®(0) > / ) dt = / /R 5B )) dadt =

/+°o /Rd ———A )B(a(z,t)) dwdt . (4.2)

The last equality being the manifestation of the fact that
AB(a(z,t))dx =0.
R4

In fact, we need to see (after integration by parts) that VB(a(z,t)) - %a(:n,t)
tend to zero when |z| = R, R — oo. This is so because a(z,t), é%a(:v, t) go to zero
very fast when x goes to infinity (after all f, g, | f|?, |g|? are functions with compact
support), and B(0) = 0, moreover, |VB(a)| < C||al|~ with § < 1. Notice also that
by property II) of B we have

®(0) <
(" =1 /Rd(Uﬂp(an))l/p(Ugq(w,O))l/q dz < (p* = DI fllpllgllq- (4.3)
Let 327523 denote the Hessian matrix of B.
Lemma 8.

1 d’B da Oa
(37~ 3Ba0) =3 3G g ).

d
0
k=1

where (-,-) is the scalar product in C°.
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Taking this lemma for granted for a while we continue by using property I) of B
to have

1< @B da  da . 4. ORU, ORU; 9T, 93U,
= > || I
k=1

oIt )

da? oz’ 8:1:k Oxy, Oxy,

k=1

Now the reader should return to (4.1). If we were able to estimate from above
U

ORU, || OR oOSU, | OSU,
AV, Uy (1) Vo, 1) by A Sy (1] | 58| 4 | 23| 22041, we would ob-
tain
[(Ta f, 9)| < @(0), (4.5)

and in conjunction with (4.3) it would give the assertion 1) of Theorem 6.

Of course, the estimate from above

ORU, Ha&ew . aJUg 1230,

AV, Uf(x,t) - VoUy(2,t) by HAHZ o, |

k=1

%)

oxy,

is false in general even for real-valued f,g. Just | Zz 1—1 Ak1ZEY;| cannot be bounded
by Al S5y [kl

As we cannot improve the estimate from above, may be we should strengthen
the estimate (4.4) from below. In fact, suppose we can prove an estimate of type

(4.4) but much stronger:

~ B oa o
da? Oz’ Oz,

1
—_— >
2 )2
k=1

d
L2 | =22L2)s o
23\ B g g I = NIV 0

Suppose (4.6) is already proved. Then we combine (4.1) with |AV,Us(x,t) -
Uy (@, 0] < [AI[VUS VU, to have

+oo
(@arol <Al [ [ VU@ ol 190yl dede, (@)

Combine this with (4.6) and Lemma 8 to get
Heo d*B Oa
T <A dxdt =
(@arol<ial [ [ - Zdagm ey da

+oo
1] / / (5~ S8 Blala, 1)) drdt < | A|B(0) (48)
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The last assertion follows from our chain of inequalities preceeding (4.3). Now we
use (4.3) and we get from it and (4.8) that

((Ta f5 9)l < AN Ao llgllg -

4.1. Bilinear embedding theorem. We are ready to formulate the following

bilinear embedding theorem:

2N\ V2 K | oRU;
) (2%
Proof. Integrating (4.6) over Riﬂ and using Lemm 8 we can apply (4.2) and then
(4.3). This proves the theorem.

Theorem 9.

d
ORU,
fo (2 (5

k=1

2+ OIU
(%ck

2+ BRI
8xk

]
4.2. The proof of (4.6). To prove (4.6) one needs to show that
% B k - k\2 k213 : k\2 k)27
Z Zgatah) > 20> {(a5)? + (5’12 (D _{(a5)* + (ag)’})z . (4.9)
k=1 k=1 k=1

We have only propert I), which gives that for every individual k =1, ..., d we have

—(Z a0k, ab) > 2((05)” + (a5)*)? (af)? + (af)?)? - (4.10)
Amazingly the latter implies the former (going “against” Cauchy inequality).
Self-improvment lemma for three quadratic forms.

Here is a lemma of Marcus about matrix pencils [M]. Matrix pencil is DA? +
AN+ C, where A,C, D are matrices.

Lemma 10. Let p(A\) = D)2 — A\ + C be a matriz pencil, where A, D,C are
non-negatively defined d x d matrices. Suppose that for every vector h € C% there
exists A = A(h) such that (p(A\)h,h) < 0. Then there exists a universal Ao such
that for all h € C% we have (p(Ao)h, h) < 0.

We will prove this lemma below in a much higher generality. Now let us use it.

2\ \ 1/2
)) dzdt < (p*=1)| £lpllgl -
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Corollary 11. Let A, D, C be three non-negatively defined matrices such that
(Ah,h) > 2 (Dh, h)2(Ch, h)? . (4.11)

Then

trace A > 2 (tmceD)%(tmceC')% . (4.12)

Proof. Let {a*}{_, denote the orthonormal basis of C¢. Lemma claims that inde-
pendently of vector « there exists 7 > 0 such that

(Aa,a) > 7(Da, a) + l<Coz,0z) .

T

Applying this to all vectors o = o, k =1, ..,d and adding in k we obtain
1
trace A > ttrace D + —trace C'.
T
This implies (4.12) by arithmetic mean/geometric mean inequality. ]

Now we want to use Corollary 11 to prove (4.9). To do that consider a real matrix
A with columns ot = (ad,...,a)T,....a? = (of,...,ad)T. Put A = —A*ZQT%’A,

then we see that

trace A = — Z<WO‘ Loy
k=1

Let d be a 6 x 6 matrix for which all elements are 0 except dos = 1,ds3 = 1,
and ¢ such that all elements are 0 except c55 = 1,c66 = 1. Consider D = A*dA,
C = A*cA.

Then

d
trace D = Z{(QS)Q + (0/5)2} )
k=1

d
trace C' = Z{(alg)Q + (af)?}.
k=1
We have inequality (4.11): (Aa, ) > 2(Dq, a>% (Ca, a>% for all vectors o € C9.
In fact, it is just (4.10). Then Corollary claims (4.9).
The proof of Theorem 6 will be finished when we prove Lemma 8 and Lemma
10.
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4.3. Proofs of Lemma 8 and of the three quadratic forms Lemma 10.

Lemma 8 is very easy. It is just the chain rule.

Proof. The chain rule obviously gives

(g — 1A)B(a(a:,t)) = (VB(a), gcp —((VB) oa, %Aza)—i—

Ly~ (@B o da
2 &~ da? Oz}’ Oz’

First two terms disappear just because %‘? — %Aai =0,i=1,...,6. [l

Lemma 10 can be proved in a much more general situation than we need here

[DTV]. It is just a particular case of the following Theorem.

Theorem 12. Let 0y, 01,09 be non-negative non-zero quadratic forms on a vector
space V satisfying
oolz] = 2/o1x] - o2[x], Ve e V. (4.13)

Then there exists a constant o > 0 such that

oolz] = aoy[z] + éag [z], Vo e V. (4.14)

The condition (4.14) clearly implies (4.13). Also, we emphasize that the state-
ment is valid for arbitrary vector spaces, i.e. regardless of them admitting proper-
ties such as completeness, separability, finite or infinite dimension, real or complex
field of scalars, inner product etc.

Proof. Consider the family of quadratic forms o, s € (0,00)
s 1

o° =09 — 801 — 8§ O3.

Assume that the theorem is not true, i.e. that for all s the form ¢° is not non-
negative to get a contradiction.

First of all let us notice, that if for some x € V we have o3[z]/o1[x] = s? then
soi[z] + s tog[z] = 24/ [z] - o2 [z].
Therefore, if we find s > 0 such that
o’lz] <0

for some x satisfying os[z]/01[7] = s, we get a contradiction with (4.13).
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Consider the set S C (0,00) x (0,00) consisting of all pairs (s,t) such that
os[x] < 0 for some z satisfying oo[x]/0o1[7] = t2. We want to show that (a, ) € S
for some « > 0, which gives us the contradiction.

Since all forms are non-zero, there exist vectors x, k = 1,2 such that oy [xg] > 0,
k = 1,2. Therefore there exists a linear combination x = axi + fxzs such that
o1[z], o2[xz] > 0 (to see that one only needs to consider forms on two-dimensional
space L{x1,2z2}). One concludes that o®[x] < 0 for all sufficiently large and for all
sufficiently small s. So, if to := \/o2[2]/o1[z], the points (s, %) belong to S for all
sufficiently small and for all sufficiently large s. Thus S has points on both sides
of the line s = ty3. So, if we prove that the set S is connected, it must contain a
point («, ), which gives us the desired contradiction.

We now prove the following properties of the set S:

(i) For any (so,to) € S we have (s,tg) € S for all s in a small neighborhood
of sq.
(ii) Projection of S onto the s-axis is the whole ray (0, c0).
(iii) For any s € (0,00) the set {t: (s,t) € S} is an interval.

(iv) S is connected.

Property (i) follows immediately from the continuity of the function s — o®[x]
(x is fixed).

Property (ii) is just our assumption that o® is never positive semi-definite.

Property (iii) requires some work. Let s be fixed. Suppose that (s,t;) € S,
k = 1,2, i.e. that there exist vectors z1,29 € V such that o%[z] < 0 and ¢, =

oalxg]/o1|xk], kK = 1,2. Consider the (real) subspace £ C V, € = span, {71, 22},
and let us restrict all quadratic forms onto £.

For a vector x € £ satisfying o°[z] < 0 define

7(x) := /oolx]/o1[].

Notice, that by the definition of ¢® for any x satisfying o%[x] < 0 both o1[z] and
o2[z] cannot be simultaneously 0, so 7 : {x € £ : ¢°[z] < 0} — [0,00] is a well
defined continuous map (we are allowing 7(z) = +00).

Since o®[z] < 0 the quadratic form o* | € has either one or two negative squares.
In the latter case the set K = {z € £ : 0®[z] < 0} is the whole plane without the
origin, so it is connected. In the former case it consists of two connected parts
K = K1 UKs, K1 = —Kjs. In both cases the set 7(K) is connected. Indeed, if K
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is connected, 7(K) is a continuous image of a connected set. In the second case,
7(K1) is connected and since 7(x) = 7(—x) we have 7(K;) = 7(K2) = 7(K). So
the set 7(K) contains the whole interval between the points ¢; and ts.

Since 7(K) N (0,00) C {t: (s,t) € S} we can conclude that for arbitrary ¢,t2 €
{t : (s,t) € S}, t1 < ta, the whole interval [¢;, 2] belongs to the set. But that
exactly means that the set {¢: (s,t) € S} is an interval.

And now let us prove property (iv) (and so the theorem). Suppose we split S
into 2 nonempty disjoint relatively open subsets S = S; U Ss. Let P denote the
coordinate projection onto the s-axis. Property (i) implies that the sets PSy, PSo
are open. Property (ii) implies that PS; U PSs = (0,00) so it follows from the
connectedness of (0,00) that PS; N PSS, # .

Therefore for some s there exist ti,to such that (s,tx) € Sk, £ = 1,2. By
property (iii) the whole interval J = {(s,0t; + (1 — 6)t2) : 8 € [0,1]} belongs to
S. Therefore J can be represented as a union J = (J N .Sy) U (J N .Sy) of disjoint
nonempty relatively open subsets, which is impossible.

(I

5. BETTER ESTIMATES OF ||B|| VIA HEAT FLOW.

We will use Theorem 6 to improve the estimate for Ahlfors-Beurling operator.
So far we know only ||B|| < 2(p* —1). Notice that it is sufficinet to give a better
estimate only for p > 2 because then we use a simple fact that B* looks exactly
like B to get the estimate for p < 2.

The next theorem is not the sharpest we know. The ultimate result of Banuelos-
Janakiraman [BaJal] will be explained in the next Section 6. But the next re-
sult however illustrates the heat flow method and it is asymptotically as sharp as
[BaJal], it gives || B < (v2+0(1))(p* — 1), when p — oc.

Moreover, in the course of proving Theorem 16 below we will prove an estimate

on LP norm of
(B3 — R3)ul® + (R} — R3)v[® + 2R Ryul® + |2R1 Rov|?)3 |
via the LP norm of [u? + 02]% which we consider interesting.

5.1. A theorem of Marcienkiewicz and Zygmund and its extension. Let
RP denotes the class of operators mapping real valued LP(u) to real valued

LP(v) and bounded. Every such operator can be obviously complexified and called
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T.. Moreover, given a real separable Hilbert space H it can be tenzorized to
Ty = T ® Idg that acts from H valued LP(H,u) to (hopefully) H valued
LP(H,v). Denoting [2 the n-dimensional space of square summable real sequences
(of course I? stands for [2 with n = co) we see that T, and Tjz are isometrically iso-
morphic. A simple but important theorem of Marcienkiewicz and Zygmund claims

that tenzorization does not increase the norm.

Theorem 13.
| Tellp = 17Tl -
In particular, ||Tell, = ||T||p-

Proof. We need only to prove inequality || T, < ||T]|,. because the converse is
obvious. Let H be n < oo dimensional separable real Hilbert space. Let {&}7; be
sequence of independent gaussian real random varibles such that E¢&; = 0, E(&)? =

1. Fix an element a = {a;}?_, € [2. Then we have

E() ai&l?) :Ap(za?)ga (5.1)
i=1 i=1

where A, := E[|P. This obvious because the distribution of {§;}7 , is rotation
invariant and so we can think that a = (1,0,0,...).

Now fix a basis in H. Then an element f of LP(H,du) can be viewed as f =
{fx(x)}}_;. Consider a new (random) element of scalar real LP(du): >, & fr(z)

Then Bl 55, 6402, 0y = Ap [0 S di(e) = AT gy by (5:1)
Similarly
EI 6T @), = A / (T i) = AT
k
But

IS GTf@) g = ITC i@ 2 < ITIE NS &efil@2 -
k k k

Comparing this we see that

AT F 12 sty < Al TN 12 51 -

Cancel A, to get the desired inequality. O
In what follows we will need the extension of this theorem to operators from

LP(u) to LP(H,v). Here H as before is a real separable Hilbert space (actually

we will use only H = 13), and LP(u) is again real valued. Class RY, denotes
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all the bounded linear operators from LP(u) to LP(H,v). It can be obviously
extended to T¢, or more generally to operator Tz = T'® Id;z from LP(I2, 1) to
LP(I12(H),v) (with the ususal convention n < oo, and [2 = I? for n = co0). We just
put Tp2 ({ fe(z)}i—1) = {Tfr(x)}}_,. Obviously T; is isometrically isomorphic to
Tjz again. We ask the same question ||Tjz ||, = [|T,? Or simply ||T¢|[, = ||T'[|p?

We are grateful to A. Alexandrov who showed the following result.

Theorem 14. 1. If 0 < p < 2 then |12, = ||T'||p, and, in particular, ||T.[, =
I7lp-
2. If p > 2 then there are bounded operators T such that ||T¢||, > ||T|,-

Proof. 1. Again we need only ||Tjz2 ||, < [|T]|,. Let &, i =1,...,n, and A, = E[&|
be as before. Let a = {a;}!*.; € [3(H). Then for 0 < p <2

E(| ZGZ&H” Z laill7) % . (5.2)

To prove let us denote by {e;} an orthonormal basis of H. Then the LHS is

[e.9] n

EQ" S (an et = B ¢))% .

j=1 i=1
We denoted ¢; = (31 (ai,e;)&)? > 0. We want to use the inverse Cauchy
inequality. Let 0 < a < 1, L*(Q2,dP) is a space with probability measure, and

¢; > 0 be measurable functions. Then

1 6l = Y Il (53)

If we use this inequality for o = £ we get

hSAIN
(NS

DIDER

=
7
(]
8
[
<0
S—
I
\_'/
S~—
[NIS]
Vv
—
Pﬂ
/-\
—~
-
<7
~—
VS|

=1 i=1 j

Using the fact that ¢j% = (31 (ai,€)&)P and (5.1) we get that
222 p 2
(D B(#7)2)7)7 = Ay E E (ai,)%)% = 4p()_ llaill7r)? -
j i

So (5.2) is proved. To finish the first part of the theorem consider f € LP(I2, i), f =
{fi}?—, and write a;(x) = (T'f;)(z) € H. We know that

u Zaz D1y < ITIENS Fiill o
=1
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Apply E and (5.2). Then (5.2) gives

1
A ”TfHLp (2(H)w) APH(Z H%H%{)QHZD( < E Zaz ‘fz”Lp Hy) =

n n 1
ITIRENS fillh = AT 2212, = A TIIA 1
=1 i=1

We cancel A;, to get the desired inequality ||Tj2([, < || Tp- The first part of the

theorem is proved.

2. Let p > 2. Consider du = %e_(”"uyg)da:dy, v being just a point mass.
Operator T : LP(u) — LP(13,v) = I3 is given by

Tf = ([ @ fa) duta,n). [ o fay) dute,) € 5 = B2,

Obviously (with¢:1/¢+1/p=1)

Q=

sup sup /Rz(aaﬂrby)f(x,y)du(w,y)—(/ |2|? dp(z, y)) 03

(a,b)€R2za2+b2:1 Hf”Lp(,u)Sl
because of rotation invariance of . The latter number is the norm of 7. Let us

check the norm of T,.. Of course

1 i
[Tell, > sup /(Hy)f(fc,y)du(m,y):
T W<t R \V2T V2
x+iyl|?

(|52 dutea)

We want to show that C; > ¢,. Notice that

26, = [ (Jalt+ 131" du(o. ),
x+iy|?

20, =
A

So we need to check an elementary inequality

Q=

1
q
= Cf .

x —iy|?

V2

) dp(w,y) .

2|9 + |y|9 < 2'7% (2% + 4?)% for Lebesgue a. e. (z,v).

By homogenuity it is the same as | cos 8|9 + |sin |7 < 2'72 for 0 < ¢ < 2 for a.c.
0 € [0,27). But for every fixed § # £, +£3% we have [v2cos0|? + |v/2sin6]? < 2
as function ¢(z) := z3 + (2 — w)2 attains its maximum 2 only at x = 1 on the
interval [0, 2]. We are done.

]
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5.2. Estimate of ||(|(R? — R%)u|? + |2R1R2u|2)%|]p. Denote
1 2m —-1/p
= = p . A4
% (%/0 |cos| d9> (5.4)

lim 7, =1.
p—>00

Observe that

Lemma 15. Let pu be a positive measure on space X and let A, B be operators

acting on LY (X, u). Denote

real

C = A 0 + Bsind||, .
(p) = max [[Acost + Bsindl],

Then

real

A
I (B) LD — LP(R?)| < 7,C(p), where where T, is defined in (5.4).

Proof. 1t almost repeats the proof of the frequently used Marcinkiewicz—Zygmund
Theorem (5.1). The trick in the proof of Marcinkiewicz—Zygmund theorem can be

reduced to acting by T on on f cosf + gsin#6.

Now instead of acting by T on f cosf + gsinf we fix u € L (1) and apply to

it Acosf+ Bsinf. Take w € [0,27) and write temporarily a = Au(w), b = Bu(w).
Since a and b are real (by the assumption of the lemma), there is 6 = §(w) € [0, 27)
such that

(a,b) = m(cos 5, sind) € R?.
It follows that

acosf + bsinf = v/a? + b? cos(d — 0)

or, in other words,
(Acos + Bsin)u(w) = (JAu(w)|? + | Bu(w)|?)"/? cos(d — 6(w))

for all € [0,27). Consequently,

/X(Iz‘lu(w)l2 + [Bu(w)?)P'? | cos(6 — 6(w))[” dpu(w)

:/X](Acos@—i—Bsin@)u(w)pdu(w) < COPlll.
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Integrate this inequality with respect to the normalized Lebesgue measure (27)~1d6
on [0,27). We get

1/p
([t + BuPr i) - < nc@luly, (53
and Lemma 15 is proved.

U

For A = R} — R3 and B = 2R Ry, this lemma gives for real-valued u

p/2 1/p *—1
([ (108 = Byu + o)™ ) " <« — =Dy,

(% Jo " lcosOlp d@)

(5.6)

5.3. Estimate of ||(|(R2 — R2)u|? + [2R1 Roul? + |(R2 — R2)v|? + |2R; Rov|?)2 .
We want

p/2 L/p
( [ (10 = Bayul? + 12 Rou? + (5 — RSP + 28 R dwdy) <

1 2m —-1/p )
(27T/() | cos 0P d0> (p* — D|(v® +v*)2 . (5.7)

Notice that inequality (5.7) would follow from inequality (5.6) by the complex-
ification of vector operator T' = (R} — R2,2R 1 Ry) from LP(dxdy) to LP(I3,dxdy).
(All spaces are real.) It would follow immediately if Theorem 14 would hold for all
p € (1,00). Let us explain: again all spaces are real, and let T': LP — LP(I3) be
bounded. We would wish to state that then T : LP(I13) — LP(I3 ® [3) has the same
norm. But this is false in general!l The second part of Theorem 14 shows that the
norm can jump up. However, for 1 < p < 2, the norm does not grow and we get

(5.3) for 1 < p < 2. In particular,

</ (182 ~ R3)ul? + 2Ry Roul? + | (B} — R3)of? + |20, Rvl?) da:dy) <

1
(5 +o(0) =10 + )3, when p—> 1+ . (5.8)

But

SIS

|B(u +iv)| = (|[(R? — R%)u — 2R Ryv|? + |(R} — R3)v + 2R Roul?)

This and (5.7) immediately imply
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(/ (5o aoy) ™ < (L2 o) 16 10y, when p 1
(5.9)

We do not know how to get rid of 7 in (5.8). But we will show now how to get
rid of this constant in (5.9)

Theorem 16. For 1 < p < oo one has

V2

(% f027r | cos O|P* df)1/»*

1B < (r" = 1) = (V2 +o(1)) (" ~ 1).

Proof. For the length of the proof we adopt the notations: A := R? — R3 B =
2R Ry. Recall that B = (R +iR2)?> = A+ iB.

First we write
(A+iB)(u+ i) = (|Au - Bu> + |Bu+ Ao]*)P/2.

We will use the same trick as in the proof of Lemma 15, namely, we introduce

cos f,sin 0 as follows. Of course,
R[(A +iB)(u +iv)e ] = (Au — Bv) cosf + (Bu + Av)sinf,
and, therefore, considering a (real-valued) test function 1, we can write

((Au — Bv) cos @ + (Bu + Av)sin 6, 1))

=R [ (A+iB)(u+iv)pe " dedy.
R2

Rewrite the expression by using (2.6). We get

((Au — Bv) cosf + (Bu + Av)sin 6, )

) 0 0 0 0
— 9 —i0 o . O . o . O .
Re /Ri<ax1+Zax2>(“+z”)<am1“ax2>¢

Of course here u, v, are heat extensions of our initial u,v,, that is they satisfy
the equation (% —2A)(-) = 0in R3. Let us fix t > 0 and consider J(u,v), the
Jacobian of the map (z = (71,22)) (u(z,t),v(z,t)) : R? = R2. Then our previous

equality gives us

|{((Au — Bv) cos 0 + (Bu + Av) sin 0, )|



BELLSTER 25

2 LY i) |(2 y
3 8.751 al‘z axl 8LU2

1/2
ou |2 ou |2 ov |? ov |2
< — — —_— — 2det ,
/Ri ( (9:701 8$2 + 8.%1 + 8&?2 ¢ J(u U)
1/2
120 e )
81’1 81’2
v [ (1ouft o ouft oo oo )
Ri o0xy 0x9 ox1 O0xa
2
120 f o)
81‘1 8:152

, , 1/2 1/2
=2 R? <‘81(€9;w‘2 + ’81:9;2@’2) (’8%1 83:2‘ >

We already established in Theorem 9 that the last integral is bounded by (p* — 1)|lu + iv||p||?l4-
Gathering all this together, one obtains

|((Au — Bv) cos 0 + (Bu + Av) sin 0, 1)| < V2(p* — 1)|lu + iv]| ||l -
And so
[ {(Au — Bv) cos 0 + (Bu + Av)sin 0|, < V2(p* — 1)|lu +iv||, . (5.10)
Once again we utilize the trick used in the proof of Lemma 15:
(Au — Bv) cos + (Bu + Av) sinf
= (|Au — Bo|? + |Bu 4 Av|*)"/? cos( — 6(w))..
Therefore, by (5.10),

// (|Au — Bo|?> + |Bu + Av|*)P/?| cos(6 — 6(w))|P
R2

:/ |(Au — Bv) cos 0 + (Bu + Av)sin 6P

22(p" = 1)P|lu +ivlf}-

We integrate with respect to normalized Lebesgue measure dm(6) as we have al-
ready done once before. With 7, as in (5.4) one completes the proof of Theorem
16.

O
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6. BETTER ESTIMATES OF ||B|| VIA STOCHASTIC INTEGRALS AND ITO’S
FORMULA.

So far we did not use local ortogonality (2), (3.5). To use it we address not to
(3.6) but to (3.4):

—P'(t) = 75 a;i)(t). 6.1
5 Maj as,a;)() (6.1)
1,j=1
Notice that local ortogonality forces certain terms in the right hand side to dis-
. . . 92B(a(t)) s o 92B(a(h)
appear. Consider the Hessian matrix “Daida; and let us replace entries Dasdac

azf(g(t)) by zeroe. The new matrix will be called N(B), its entries will be called
60as

Ni;(B).
By the force of (3.5) we will have

Z aaza% (a0 = 3 N Bl a0 -

1,j=1 k=1

(6.2)

)=
=

6.1. Local orthogonality and the Bellster. Suppose that B satisfies property
IT) and

I') For an arbitrary o € RS we want to have
(—N(B)a, o) > 2R|as]|as| + 2R|asl|ag] -

Conjecture 17. Function B satisfying properties I’) with R > 1 and II) exists in
the domain Q@ = {...}.

This conjecture would have powerful consequences. First let us mix the nota-

tions:
d
k _k
Xl,Yl ZO&QCKE) s XQ,)/2> = ZO&gO&G .
k=1

Using this, summing up property I’) for o := o¥, k = 1,..,d and applying (6.2)

we get

—®'(t) > RE(d(X1,Y1) 4 d(X3,Y2))

and we get from (3.3) a better estimate for the norm of Ahlfors—Beurling operator
1, g

i,

|B||. Recall that B = T4 in R ,d > 2, and A = This A gives rise

to local orthogonality condition (3.5) and this is why we can use the estimate on
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—N(B) which is conjecturally better (see (17)) than the estimate on Hessian matrix
d’B(a
T d%a

Theorem 18. If conjecture 17 is satisfied then
ITall < % (0 ~ 1)
All = R p .

6.2. Local orthogonality and Burkholder’s function. The material of this
section is based on [BaJal].

Burkholder [Bul] proposed to consider the following function (p > 2):
1. _
dey)=p =) Hlyl = (o = Dlal)(Ja] + [yhP~
He proved the following

Theorem 19. Ifp > 2, then

¢(x,y) = [yl = (p = VP[], (6.3)

and one has the following estimate for the Hessian Hy of ¢:

(Hy(z,y) m ; m> = p(p=1) (|| +[y[)" 2 (|k* = [n*) —p(p—1) (p=2) x| (|| +|y )P > (h+k)? .
(6.4)

In particular,

dd(z,y) |h| |k

—_— <0, V (hk),|kl <h]|. 6.5

(LS <0, v 1) b < o (6:5)
If a function |y|P — p|z|P has a majorant with property (6.5), then p > (p — 1)P.

This theorem will be proved in Section 10. Its proof there (unlike the original
Burkholder’s proof) will be based on the solution of Monge-Ampére equation.

Now we want just verify (6.4), and actually we calculate a slightly more difficult
thing. For a separable real Hilbert space H let us consider ®(X,Y") = o(|| X ||, ||Y|])-
Let us fix a basis in H and denote the cordinates X = (z1,...), Y = (y1,...),
n = dimH,n € [1,00]. For h € H we denote h' = Projy h, where Projy is
the ortogonal projection onto the one dimensional space defined by vector X, we
also denote h’ = h — I/, it is the projection of h onto the complement of X.
Symmetrically, given k € H, we denote k' = Projy k, where Projy is the ortogonal

projection onto the one dimensional space defined by vector Y, we also denote
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k" = k — K/, it is the projection of k onto the complement of Y. Then the 2n x 2n

h
k]>_
y

p= D)X IV PRI =p o2V XY D =G, )

Hessian of ® satisfies
h

I

(Hp(X,Y)

—p(p = D = DIXNUX] + Y IDP2(EIR )+ £IKD?, Yhik e H.  (6.6)

In fact, by simple calculations

X +th,h)+(h, X +th
d [Ix+en)] [< Chet 1
= | (Y Atk k) (kY -tk
dt |||y + tk|| : +t2||}>’J-ri-<tk|| H
So
oy e L 1K 20 =
T At )Ytk ] f=o [ EIF
Here %(|1/|| = (h, 137;) and £[|k'[| = (k, ). Also
I|h]|% X+th,h)
Cﬁ X +thl[| [||X+t2h|| - |<|X+th||3]
2 - 1%l (Y +tk,k)
A= [V + tk]| VR~ I+
So
2 12
en = T IXFEIN |
’ dt2 ||V + tk| | =0 HIIICY‘\‘\

Recall ey, ., vy, are vectors in R2.
Of course ¢y (z,y) = —p(p—Dz(z+y)P 2, ¢y(z,y) = plp—1)y(z+y)P > —pp—
2)z(z +y)P~ !, and we leave the reader to compute all second derivatives of ¢.
Below (-, -) denote the duality in R2. Direct calculus of derivatives of ¢(z,y) and

the forms of ey, j, vy found above show

d2
S UK+l Y + tkl)l—o = (VO, vnk) + (Hovhk, vnp) =

—p(p = DX+ Y IP2IR 1 + plo = DAXI+ Y IDP2IE1 = p — 2)(1X]] +
Y

Y1)

L

Y]
X

_ -2 Yo X e
+p(p — DX+ [IY)? ((<k’||YH>) (<h’||X\|>))

—plp — 1)(p — XX + IV 12 ({h,

Y

X

)+ (k

2
IR
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Now we plug into the third line of this formula ((k, |I¥H>)2 = |K|? = ||k|I? -
K717, (Chy 3ep))? = IB117 = [|A]]* — [|n"]]? into this formula to get for all b,k € H

(Hy H | H> = p(p—1) (| X ||+ 1Y NP2k 2= 1B —p(o—2) 1Y |21 X |V )P~ 512

X Y

— — — p—3 . T2
p(p — 1) (p = 2)I XX + [V (P, HX!!>+<k’ HYH>)' (6.7)

which is exactly (6.6).

Let f be a test complex valued functions on the plane. Recall that Z; = (W —¢,T —t)
is a space-time Brownian motion on the interval [0, 7], W is 2-dimensional Brow-

nian motion. Recall also that formula (2.7) can be interpreted as
Bf(z) = lim £(AxUs(Zr)| Zr := (Wr,0) = (2,0)). (6.8)

Then of course
1B A5 < lim €A% Uy (W, 0. (6.9)
T—o0

Let as above ®(z1, x2,y1,y2) := qb(\/x% + 22, /y? + y3). Consider now I3-valued
martingales x1; + iz := Xy := Up(Zy), y1t +iyor := Yy = T Ax Uy(Z;), here 7 > 0

will be chosen later. We think about C as real 3. Introduce

at := (a1,a2,a3,a4) = (T1¢, Tat, Yit, Yt) -

Write It6’s main theorem of (stochastic) calculus ((-, -) denote the scalar product

in 2, (-,-) denotes the scalar product in %)

T
‘YT|p_(p_1>p|XT’p S CI)(ERXT, %XT7 §RYT, %T) = (I)(%Xo, %X(), éR}/(), %0)"‘/ (V@,dat)
0

/ Z TiT xlt7 x]t> + q):ciyj d<xitu yjt> + (Dyiyjd<yit7 yjt) =
i,7=1

T 2
d=®
‘I)(%Xo, I Xo, RY), 9)"5/0) + / V(I) dat / (ak, al> . (6.10)
0 da;C da;

Let us recall what is d{ag, a;).
First notations.
Now look at (2.11). Notice that for matrix A (and d = 2)

azs = & =T Rfe = Sf)(Ws, T — s)
Ct% (_ngy - %fz)(WS,T — 3)

Y
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. [a;g] _ | R+ SE)W T = 5) | o1
“ (%fx_%fy)(W&T—S)
Also
s [ed] _ R T - 5)
’ o Rfy) (W, T —s5) |
. [aél . [(%fx)(Ws,T s o
a% (Sfy) (W, T —s)

Recall that we can write a;,7 = 1,...,4 as stochastic integrals via its stohastic

derivatives o, i =1,....4, k=1, 2:

18
t ¢ R
1 2
it = / (i, aig) - dWs = / s - dWs .
0 0

Then by It6’s isometry

¢
(at, aje) = / Qs - js ds,
0

where - means the scalar product in l%.

(ast, ase) = (Y1t Yor) =

(Rfy + Sfa)(Ws, T = 5)

ds=0
(Rfe —Sfy) (W, T — s)

/Ot 7'2 |:(§Rfa: - %fy)(Ws,T — 8); <_§Rfy - %fw)(W&T a 3)}

In particular, we have (3.5):
d{ase, ag) = d(yre, yor) = @3t - @t = 0. (6.13)

Simarly, we immediately see that

d(y1t, yie) = d{ass, azy) = \C¥—31>t’2 = d(as, as) = \@’2 = d(Yat, Yot - (6.14)
Also
ozt |? + et = dlye, yue) + dyor, yor)
= 272(|VU|? + 2det VU;)(Wy,, T — t) < 472 VU |* = (6.15)
Ar%(d {1ty T10) + dxor, 2or)) = 472(|ant|? + |ag)|?) .

Here VUy is understood as 2 x 2 matrix as we have 2 derivatives with respect z

and y and f (being complex valued) is understood as a function with values in real
2,
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Lemma 20. Let ®(ay,as,as3,as) = ¢(\/a? + a3, /a3 +a2) as before. Let o' =

(ad,0d,ad, al) and o? = (2,03, 03, a3) two vectors such that

azag +a30i =0, (a3)" + (a3)” = (aq)” + (01)”. (6.16)

Let P,QQ denote projections on the first two and the last two coordinates in R*.
Then ) )

d“®(a) | d“®(a) 5
(ol al) + (5 a7 a?) <

pp = DUXI+ IYIP2IQa 1 + Qo — [Pal|* — || Pa?|*)~

%p(p =YX+ Y IDP Qe P + |Qa?]?) -
Proof. In fact,
<d2d‘12’51a)a17a1> 4 <d2dq2>ia)a2’a2> <
plo = DIXN+ Y P2 (1Qal|? + |Qa?||* — [[Pat||? — [ Pa?||?)
—plo =YX+ [YIDPH(1Qal 1P + |Qa®(* — (Qat, H;‘)z —(Qa?, IIE{II)Z)
Now, using notations ”%” = (y3,y4) and using (6.16), we get
Y

1Qal[P+Qa22—(@a’, )2 ~(Qa?, )2 = () +(a}) 2+ (ad) (02~ (abys--alys)—

Y
(adyst+odys)” = (03)*+(03)*+(ad)+(0d)* — (03)* +(a3)*)ys — ((03)* +(af)*)yi =

S () + () + (03 + (0D) = 5 (IQa I + Q0.

Y

Lemma 21. If in addition to assumptions of Lemma 20 we have
p
(1)? + (a2)” + (a1)? + (a3)? > m((Q%)Q +(a1)? + (a3)® + (D)%), (6.17)

then
d2<I>(a) 1

1
< 2a ¢ )+ d?a
Proof. Denote H = (a)*+(ag)*+(a7)*+(a3)?, K = (a3)*+(a))*+(a3)* +(af)?).
Then Lemma 20 claims that

dQ‘I’(a) 1 1
< d2(l a7a>+< d2a

#0(a) a?,a2) <0. (6.18)

<-plp—-1)(H-K) - %p(p— 2)K =—-plp—-1)(H - 57—+

We are done. O
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Take the expectation of (6.10). We get then
1 (Ta*e_, _,
E(IYr|P — (p— 1P| X7|P) = (RX0, IXo, RY), SY)) + 3 T3k dt. (6.19)
0
or

E(Yr[P = (p— 1P| X7") =

O (RXo, IXo, RY), SY)) + B / <l2 ol al)dt + B / <l2 o?,a?)dt.  (6.20)
& & . .
07 07 07 O 2 ) 2 )

Choosing 7 : 472 ﬁ =1, that is 7 = ,/%, and examining (6.13)—(6.15),
we see that o, a? satisfy the assumptions of Lemmata 20, 21. Therefore the inte-

grand is non-positive and, taking into consideration that ®(RXy, 3 Xy, RYp, SYp) =
Q(RU(0,T),3U¢(0,T),...) = 0, T — oo, we get

-1 p
( pgp> E|AxUp(Wr,0)[" < (p — 1)PE|UF(Wr, 0)[ + o(1).

Combining this with (6.9) we get the following theorem belonging to Banuelos and

Janakiraman [BaJal]:

Theorem 22.
1Bfllp < v2p(p— 1) f]lp-
7. INTRODUCING THE BELLSTER.
Here is a function By = By(x1,x2,x3,x4) defined in Qy := {(x1,x9,23,24) €

R* : |zofP < 2y, |24|? < 23).

5 _ =D+ (h=p)ysh?" +y1yo(p — D(eh)? + (1= ph]_1/p 174
0= Ty T3
11— (y2h)4|

where y; = ‘mgl/l’i/p, Yo = ]x4|/a;§/q, and h - solves the following equation:

(p— Da? "h2772 4 y1ydh? — p(1 + yriye)yd A9 4y W2 4 (p — 1)y = 0.

Find y; and plug into the formula for By, then one gets another form of By (with

another denominator!):
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(1—h)2ysh?2 — (p— 1)*(1 —y2ht™ )% 1/, 1/
o .'173 .

Bo = sign 1-— ygh
( ) pysht=t —y3hd — (p — 1) !

Let us consider the following map of R® into R*:

S(ala az,as, a4, as, CL@‘) = <a17 \/ G% + a§7a47 \/ a% + a‘%) .

Let
B:=Byos.
Its domain of definition is

ya
2

Q=5"1Q) ={a cR®: (a3 +a2)* <ar,(a? +a2)? <as}.

Let d?By, d>B denote the Hessians of By, B correspondingly. These are 4 x 4

and 6 x 6 matrices.
Theorem 23. Let a be an arbitrary vector in R*, a = (a1, o, a3, ay), then
—(d’Bya, @) > 2 |as||oul,
moreover, at every point x € Qg one of the quadratic forms
f(d2Bo a, ) 209 - ay

becomes ”saturated”, namely, there exists a non-zero vector a, where the last ex-

pression vanishes.
From this theorem it is easy to see the following
Theorem 24. Let a be an arbitrary vector in RS, a = (o, a2, a3, ..., ag), then
~(d®Ba,a) > 2|(az,a3)||(as, a6)]

where |(,)| denotes the Euclidean norm of the vector ().

We will call function B the ”Bellster”.
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8. QUESTIONS ABOUT THE BELLSTER

Notice that p > 2 and Bellster depends on p.

1. Let us perform the following operation on 6 x 6 matrix d?B. Consider the
entries (d2B)a3, (d*B)32 and make them zero. New matrix will be called N.

Question 1. Is it true that
—(Na, ) > 2R (a2, as)|[(as, as)|

with R = R, > 17 What I mean is the following, may be R become bigger than
1 when p — oc0? May be lim, o R, = 27 or at least v/2? Or may be this R, is
always close to /2 or even to 2 when p > 27 The last suggestion is really too

good to be true.
2. Related question. Take two 6-vectors: a' = (0g,... 04

Here is a very outrageous
Question 2. Is it true that

—(d’Bat,at) — (d*Ba?,0?) >

2[(a3)*+(a)*+(03)?+(a3) 2 +2(a303 —ajad)]2 [(ah)*+(ah)*+(ad)*+(ad)*+2(abag—afad)] 7

2a. May be the previous inequality holds when p becomes large?

3. Below we discuss the last inequality and see that may be it is too good to be
true — our Bellster is not still enough of a monster probably to have it in such a
strong form. But we have

Question 3. Does there exists a super-bellster B such that

—(d?*Bat,at) — (d*Ba?,a?) >

2 [(a3)?+(ad) > +(ad) >+ (a3)? +2(adad —alad)]2 [(ad) 2 +(ad) 4+ (a2) 2 +(ad) > +2(abad~

The positive answer to this problem solves p — 1 problem.

4. Is there a simple reason to see that super-bellster cannot exist?

aga

2
5

N2
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9. DISCUSSION OF QUESTIONS

Consider question 2 and plug vectors such that a! = a? =: a. Then the brackets

(ada? — alad)) disappear and we come to the inequality

SIS

~2(Ba,a) > 2-2(a1)? + (a2))]2[(a3)? + (an)?

which is correct by Theorem 21.3.

On the other hand, let us plug vectors o', a? such that

12 1_ 2
Qg = Q3,03 = —0y.

And all other a'’s equal to all other a?’s. Call o = a'. Then in the left hand side
we get exactly —2(Na, a). In the right hand side we get 2-2-\@[a%+a§]%[a§+ag]%,
and we come to question 1 with R > /2 for all p > 2. It would be extremely good.

But if this is false, we still can hope for 2a) above.

What I mean by that is that inequality in question 2 can become correct when
p becomes large.
If our bellster is not good enough for this, one should try to build a super-bellster

of question 3.

10. MARTINGALE TRANSFORMS AND BURKHOLDER FUNCTIONS.

We qoute Burkholder: “It must have been known to Alexander Calder that
it is possible to design a mobile that can be hung initially in a small room but
which, if it is to move freely through all of its possible configurations, will have
to be hung anew in an exceedingly large room. There is a close mathematical
analogue. To each possible configuration of a mobile made with strings, rods, and
weights, there corresponds a martingale with a similar arrangement of successive
centers of gravity and this martingale is the martingale transform of the martingale
corresponding to the initial configuration. It is easy to see, either by looking first
at mobiles or directly to martingales, that there do exist small martingales with
large transforms”.

Burkholder found the exact relations between the sizes of martingales and their
transforms.

Let ri denote Rademacher functions on [0, 1), that is ri(t) = + based on the

decomposition of ¢ in base 2, if the k-th figure is zero, 7 (t) = 1, otherwise, if it is
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one, ri(t) = —1. Notice that r is orthogonal to ¢(r1, ..., 7,—1), for all, say, bounded
o.

Consider the functions ® := ", 7 di(r1,...,7x—1), where sum is finite. Let oy,
be numbers +1. Our first martingale transform is ), ay, ry di(r1, ..., 75—1)-

Here is a celebrated theorem of Burkholder

Theorem 25. Let 1 < p < oo.

sup_ Ik di(re, =)l < (0F = DI rkdi(ry, o ri—1)llp -
W= k k

Here p* := max(p, p%l). Constant p* — 1 is sharp for every p.

In [Bul] the statement is different, and this is why we want to explain the

complete similarity of statements.

Consider the sequence {t,} of real bounded functions, each of which depends only
on finitely many Rademacher functions. Let ti,...,tx_; are functions of ry, ..., 7y,
Let t; be orthogonal to ¢(r1,...,my, ) for every bounded ¢. Then we call {t,,} the
martingale difference sequence and sequence f = {fn}, fo =2 p_qtk, n =1,2,...
is called martingale. (Notice that tx = rid(ry,...,7x—1) above is a particular case
of the martingale difference sequence.) Let vy = wvg(t1,...,tk—1) be a sequence
of bounded functions. The sequnece g = {gn}, gn = D p_q Ukt is called the
martingale transform of f by v. This is the main result of [Bul], [Bu7]:

Theorem 26. Let 1 < p < oo. For every real v such that |vg| < 1 and every n

one has
n n
1D oktrlly < (0F = DI telp-
k=1 k=1

Constant p* — 1 is sharp for every p.

We want to show that Theorem 19 implies Theorem 26. The converse is just
obvoius because the sequence r,d(r1, ...,r,—1) is a particular case of ¢,, and because
transforming by constant functions vy = «ay, is a particular case of transforming by

general functions vy, |vg| < 1. However, it turns out that it is all the same.

1. A trivial remark is that of course functions v; can be considered taking only

two values . In fact, given x € [~1,1], we write z = > 7%, 277¢;(z), where
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¢+ [-1,1] — {—1,1}. Let vi(t) = ¢j(vg(t)). For each j consider martingale

transforms of f by vi, and call it ¢7. If we have

g3 llp < (" = V)ll fullp

we immeditely conclude that

lgnlly < (" = D)lfnllp
because g, = >, 277 gl for every n.

2. We reduced vi to the case of functions assuming two values £. We want
to make them constant functions: either 1 or —1. Consider the new martingale
difference sequence To,—1 = (1 + vy)tn/2, Top = (1 — vy)t,/2. To see that it
is a martingale difference sequence we need to check that 75,1 is orthogonal to
o(Th, ..., Ton—2) and Ty, is orthogonal to ¢(T1, ..., Top—2,Ton—1). Let us check the

latter, for example. Looking at
/(1 — Un)tn ¢(T1, vy Top o, (1 + Un)tn/Z) dt

we see that it is [, (1 — vy (t1, ..., tn—1)®@(t1, .., tn—1) = 0. When v, = 1 both
integrand vanish (and so they are equal), and when v, = —1, (14 v,)t,/2 =0 and
ATy ooy Ton—2, (1 +vp)tn/2) = ¢(T4, ..., Ton—2,0) =: D(t1, ..., tn—1).

Now Fy, = f, obviously. Let us transform martingale {F,} by sequence of
constant functions {1,—1,1,—1,..}. We get {Gp},Gan = Yo (~1)* 1T}, =
> k1 Uktk = gn. Threfore, if we have

[Gnllp < (0" = Dl Fnlly

then the same is true for g,, f,. So we reduced Theorem 26 to the transforms by
constant functions each being either 1 or —1. Moreover, we need only one special

transform: by 1,—1,1,—1,...!

3. So our functions v; are now constant functions vy = 1 or —1. The last
thing we should understand is why arbitrary martingale diffrence sequence {tx}
can be reduced to special sequences {ryd(ry,...,7,—1)}. For this we just need an
obvious approximation remark. Let t1,...,t;_; are functions of ry,...,r,,. Any
function ¢ orthogonal to any ¢(ry,..,7,,) can be approximated as well as we like
by ¥ (Tng+1, -+, Ty ) if ney1 is chosen to be large enough. This is a consequence

of the density of Rademacher functions in L?. Now write V(T 1s oo Trgy) =
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Z;Lf:*flﬁl T A (71, -, Tm—1). This is always possible (look at Haar decomposition

of ¢ for example). Now the estimate

K Nk41 K Nk+1
| Z Z Uk i Ay (715 - Tm—1) [[p < (P = 1) | Z Z T A (11, o Tm—1) [|p
becomes

K K
I ontill < 0" = DI trllp+e
k=1 k=1

with arbitrary € > 0 (which reflects the descrepancy coming from the approxima-
tion). Notice that the sequence of numbers «,,, = vk, m € [ng + 1, ng41] is no more
a simple unique sequence {1,—1,1,—1,...}.

We proved that Theorem 19 implies Theorem 26. In other words the supre-
mum of norm of transforms in Theorem 26 is equal to the supremum of norm of

transforms in Theorem 19.

11. THE ESTIMATE FROM BELOW ON MULTIPLIERS OF THE FORM (T‘éf).

In this section we finish computing the norm of several multipliers in LP. Let
us recall the reader that multipliers whose norm can be computed are very rare.
We know the celebrated Pichorides [Pi] theorems, and a result of Kalton—Verbitsky
[KV]. May be this is all, apart from those found by the combination of works
of Dragicevic, Nazarov, Volberg, Banuelos—Hernandez, Geiss-Montgomery-Smith—
Saksman[NV], [DV1], [DV2], [?] and [GMSS] and treated in this section.

Operator Zz’lzl aw Ry Ry is the multiplier operator

My f = (m(&) f(€))

with m(§) = (Téf) and matrix A = (aj)¢,_;. These multipliers m are real analytic
on the sphere S?!, the only point of discontinuity of function m in R? is the origin,

and they are homogeneous of degree 0:
m(t§) =m(§),t#0.
Thre are two important and simple facts that we have to use about multipliers.

Lemma 27. Let L : RY — R be a linear transformation. Then ||Myll, =
[ Minorlp-
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Proof. By applying the simple identity

Myporf(x) = (M (f o L)) (L") ')
we immediately finish the proof. (I

All functions on the torus T¢ will be assumed to have zero average, and L} (T%)
denotes the functions from LP(T?) with zero average. The second fact deals with
multipliers on LP(T?) versus multipliers on LP(R?). Given m and any trigonometric

polynomial f on T? with zero avaerage, we define
Ty LB(T?) — LP(TY)

by

Tf = 3 mim) fme ).

nezad

0 = (61, ...,0q) € [0,2m)<.
Lemma 28. ||T,,|l, = | M|,

Proof. Let us check < first. Given a trigonometric polynomials F'(0), G(6) we con-
sider f(z) := F(x)e ™21 | g(z) := G(a)e ™/2"  where F(z), G(z) are periodic
extensions of F, G onto R?. Then the following holds

/ F(0)G(0)do = lime? | f(z)g(z)dz. (11.1)
[0,2m)4 R

e—0

It is sufficient to prove this for F = /™) G = ¢i(k:2) Then LHS = k. On the

other hand
1 2|6—m|? 2)6—k|2
——e " = e " =
(e/4)4
2
d 71_4\577n\

= (%)5 Je7™ = if m = k. The last expression tends to 1 when ¢ — 0. If m # k
the expression in display formula obviously goes to zero.
Having proved (11.1) we are done. In fact, then (7,,F,G) = (My,f, g) for any

[Sl[oH

o [ rwt) e = e

two given trigonometric polynomials F,G. We are left to see that (and the same
for G)

HFHL;U(Td = hm5g/ ‘F ’p675”|x|2 dx .

This follows from

/[0 i g(x)der = ;15(1) et /Rd g(ﬂs)e_m‘m|2 dx,
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where g(z) in the RHS are periodic extensions of g. To prove the latter realations

let us write

5‘21/ g(x)e==™ 1 dz = / g(x) Z erememlrnl® gy =
R4 [0,27)¢

nezad

w\n|2 .
e ’L(TL,CC) = / d 1
(& (& T y
/ dg(x)nE 02 )dg( ) dz + o(1)

_ xln)?

as Y pezagor € ¢ =o(l).

We used in the proof the Poisson summation formula:
> f)e = 3" fle—n)
nezd n€ezd

for f = e~=mlel” valid for every Schwarz function f.

Let now
+ — .
mT :=maxm(§), m~ = minm(§),
masxm(€) , m™ = min m(¢)
v, v” vectors where this maximum and minimum are attained ,
+ — + -
mT +m mT —m
c= 5 , L= 5 I =lc—Llic+ 0 =[m ,m"].

Consider martingale transforms as in Theorem 19 but with numbers aj not in
[-1,1] but in [¢c — ¢,c + €] = [m~,m™]|. In other words, introduce (all sums are

finite) operators

MTQ(Z Tk d(?“l, ceey T'kfl) = Z A Tk d(?"l, ...,’I”kfl)

where each oy is a number in I,,.

It would be very interesting to find

B(a,b,p) := sup [[MTy|, =L(p*—1).
ak€la,b]

But for some intervals we know it! We know from Theorem 19 that the following
holds

Theorem 29. Ifc =0 then
B(—¢,t,p) =L(p" —1).

Here is a remarkable result of Geiss—-Montgomery-Smith—Saksman, which some-

times allows us to compute the norm of the multiplier ||My,]|,.
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Theorem 30. |[My,|, > sup,, ¢y, Mol -

Example. This theorem and our Theorem 6 prove

|(R? — R3)cosf + 2R Ry sinf|, = p* — 1

for all 6.
In fact, for m(&) = ((&1)* — (€2)%) cos @ + 261 &2 50 0) (€7 + £3) = (AgE, &) /|&|* we
have I,,, = [-1,1]. We just notice that matrix Ay is a flip followed by rotation, so

it is unitary and there are vectors v, v~ such that
Agvt = o, Apv™ = —v~

11.1. The proof of Theorem 30. The proof will follow an idea of Bourgain [B1]
of augmanting the number of variables.
By Lemma 28 it is enough to estimate

[Tmllp = sup [[MTl|p . (11.2)

OékEIm

First we need Bourgain’s lemma. Let @ := T?. Consider the set 7j of trigono-

metric polynomilas on Q* of the following form
<I>(91,...,9k) = Z @l(Ql,...,Qk,l)ei(l’ek) y
1€74, 1£0

where ®;(01, ...,0;_1) are arbitrary trigonometric polynomials on Q*~1.

Operator T;,, can be naturally extended from usuual trigonometric polynomials
on ) without the free term to this new family 7 of trigonometric polynomials on
Q without the free term with coefficients in trigonometric polynomials on Q*1.

We call this extension B,,:

Bn®(01,...00) = Y B0y, ... 0h_)m(D)e’ ) = N Dy(01, ..., Op—1) T (1))
1€Z4,1#£0 1eZ4,1#£0

Now consider any trigonometric polynomial on QF:

W (b, ..., 0k) = Z Lly,... lkei(ll’el)ei(b’%)...ei(lk”g’“)
(ll,..,lk)E(Zd)k

such that it has zero average. Then obviously

U = ®p(b1,...,0k) + Pr—1(01, ..., 0k—1) + ... + D1(61),
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where @ € T;. We can write this representation clearly in the unique way. Then
B,,, extends to the class P}, of all trigonometric polynomials on Q* with zero avaer-

age by
BV = By @y (01, ..., 0k) + Bpn®i—1(01, ..., 0—1) + ... + By, ®1(01) .

As usual we call

| B @l
||Bme = sup 71; b
PPy, A0 || ”p

the norm of By,. Obviously it is at least as large as ||T),||, as By, extends Tpy,.

Bourgain’s lemma claims that the norm stays the same.
Lemma 31. Let m be continuous on S*t. Then || Bullp = || Tmllp -

Proof. Let N be a very large integer. We will tend it to infinity later. Let n € Q =
[0,27)% be one extra variable, and let f € Px. Consider one parametric family of
trigonometric polynomials f,(61,...,0k) = f(61 + N7, ..., 0, + NFn). Of course
1 p
937y e Vi) =

2m
anHip(Qk)a % 0 d’]”B f77||Lp(Qk =

1Bl -

This is just Fubini’s theorem. Therefore, to compare || By, f||’£p(Qk with || |7, @)

is the same as to compare these averages. Let us compare each individual || By, f, " Lr(QF)

with || f;[I, k- Let us consider the trigonometric polynomial of “one” variable 7
given by (9 = (01,...,9k))
Fyp(n) = [0, ..., 0k) -
Let us compare T, Fy(n) and By, fy (01, ..., 0k).
B f’] 91, ..., Z Z z .. lkm(lk)ei(ll’91+Nn)ei(12’92+N277)_”ei(lk’ekJrNkﬂ) .

k=1 (ly,..lx)e(Z)*

T f9(77) =

K

Z Z xll’m’lkm(]\fl1—f—N2 lo+...+N* lk)ei(ll’91+N’7)ei(12’92+N2m...ei(lk’e’“JrNk") .
k=1 (11,..lg)€(Z4)F

Notice that 0-homogenuity of m implies

m(N 1 4+N2lp+..+ N[}, = (zk+ lh1+...+——11) = m(l;) when N — oco.

1
Nk-1
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In particular, given f for extremely large N we have that B,, f,(01,...,0)) is uni-
formly close to T}, fo(n) as much as we wish. So fQ dnl|Bm foll7, (Qk) 18 8s close to

ka HTme(n)Hip(Q). Hence
| Bm f (b1, ... )HLp CoN /an”Bm fn”Izp(Qk) < /Qk HTmfg(n)Hip(Q) te

< || Tml? /Qk 1fo(MI7oq) +€ = ITmlBIS (Ors oy Okl () + € -

We already said that the last and the first equalitis are just Fubini’s theorem.

Making N — oo we make € — 0 and Bourgain’s lemma is proved.

O
Now we are ready to prove that for m € C(S9!) we have
1 Tmllp = sup [|MTall, -
ap€lm
By Lemma 31 we need to show that
[Bmllp = sup [MTa|p - (11.3)
OckGIm

The nice thing about B,, is that it does not depend on the number of variables.

Let now
m" = max m(¢), m” = min m(§),
gegdfl EGSd 1
+ — . . . . . .
v™7, v unit vectors where this maximum and minimum are attained .

So let us fix K, aq, ..., ak, and functions di(e1),...,dx (€1, ..., ) such that the

supremum S := sup,, ¢z, ||MT,l|, is almost achieved on }, erdr_1(e1,..,ex-1).
Namely,
K+1 K+1
1) - m® epdi—1(e1, - en-1)ll = S| D erdp-r(e1, -y ep1)llp — 0. (11.4)
k=1 k=1

Choose a = (n1, ...,ng) € Z4, b= (n}, ...,n};) € Z¢ such that

Im(a) —m™| <e, m(b) —m7)| <e. (11.5)

Consider functions sgn(f) =3, cz\ 0} pre™ and put
Z pnei(naﬁ) - (9) = Z pnei(nb’e) ,0e@= T?.

neZ\{0} n€Z\{0}
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Consider the sequence aq, s, ..., Q,...,ax+1 as a sequence of + and — (recall
that each aj is &) and correspond to it the sequence of functions on @ = T¢
Vo, (0), s Vay, (0), - Yage,, (0). Callit for brevity 1(0), ..., Y% (0), ..., ¥ +1(6). These
are not trigonometric polynomials, but we will approximate these functions by
trigonometric polynomilas in the future.

Now let us just notice that the joint distribution of

P1(61); - Yk (Ok), oy YR 41 (0K 41)

on Q¥*1 is the same as for Bernoulli random variables €1, ..., ex 1.
Imitating (11.4) we consider the function

K+1

F0r, o 0r11) ==Y (Ok) i1 (V1 (1), - ex—1(Br1)

k=1

Our remark about the joint distribution shows that

K+1
||f(91, ) 0K+1)‘|Lp(QK+1) = || Z Skdk—l(s].? ~-75k—1)||p . (116)
k=1
Consider now
K+1
By f(01,....0k41) == Z By (Vi (Ok)di—1(¥1(61), .., e—1(Ok—1)) -
k=1

Of course, B, T;, were defined only on trigonometric polynomials with zero avaer-
age, but being a bounded operator they can be extended to their closure in Lg(QK ) LP(Q)o
correspondingly. And functions f, vy are of course in LE(QXT1), LP(Q)y corre-

spondingly. Moreover, let us notice that

By (Vi (0r)di—1(¥1(61), s €k—1(0k—1)) = dr—1(11(01), -, €k—1(Ok—1) T (V1 (6.))
and
T (Vr(01)) = m(a)Yr(0k) or m(b)r(0k),

depending on whether a, = 1 or —1 (and correspondinfly ¢ (-) = sgn((a,-)) or

Yr(-) = sgn((b,-))). In fact, let oy = 1. Then

Tm¢k(9) _ Tm( Z pnei(naﬁ)) _ Z m(na)pnei(na,ﬂ) _ m(a) Z pnei(na,e)
nez\{0} nez\{0} nez\ {0}

by homogenuity of m. The same when oy = —1, but with changing a to b.

So we can write (choosing ¢ in (11.5) as small as we wish) that

HBm(f(glv X3 9K+1))||p =
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K+1
1B (D vk (Ok)dip—1 (101.(01), ... ekm1 (Ok—1)) | o (rcsny =
k=1

K+1

1D m® r(6h) di—1($1(61), - k-1 (0k1)lp = 5,
k=1
where 0 is arbitrarily small. By our remark about the distribution the right hand

side here is equal to || S0 m® epdy_1(e1, .., ex_1)||. Use now (11.4) and (11.6).
We get
[ B (f (015, Ok 1)) lp = S f (01, s O 1)l — 26

with arbitrary small §.

Recall that S = sup,, ¢;,, [M7T4|, and, henceforth, we proved (11.3), which
together with Lemma 31 finishes the proof of Theorem 30:

[Mm|lp > sup [[MTallp.
ap€lm

Remark. Of course by Lemma 27 we can think that v* = e,v™ = eo, first two
orts of RY. This simplifies the choice of functions vy, ¢ _: 1, = sgn((e1,0)),p_ =
sgn((eq,0)),0 := (01, ...,04).

12. BURKHOLDER’S BELLMAN FUNCTION

We will show how to get Burkholder’s function from [Bul] by using Monge-
Ampere equation. This method is quite different than the one in the series of

Burkholder’s papers [Bul]-[Bu7], and as we will see, is quite a universal method.

13. NOTATIONS AND DEFINITIONS

Bellman function method in Harmonic Analysis was introduced by Burkholder
for finding the norm in LP of the Martingale transform. Later it became clear that
the scope of the method is quite wide.

The technique, originated in Burkholder’s papers [Bul|-[Bu7], can be credited
for helping to solve several old Harmonic Analysis problems and for unifying ap-
proach to many others. In the first category one would name the (sharp weighted)
estimates of such classical operators as the Ahlfors-Beurling transform (Banuelos—
Wang [BaWal]|, Banuelos—Janakiraman [BaJal], Banuelos-Mendez [BaMH], Nazarov—-
Volberg [NV1], Petermichl-Volberg [PV], Dragicevic—Volberg [DV2]) and the Hilbert
and Riesz transforms (Petermichl [?], [?]). In the second category one can name

all kind of dimension free estimates of weighted and unweighted Riesz transforms
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(see a vast literature in [DV1]-[DV3]). Roughly, Bellman function method makes
apparent the hidden scaling properties of a given Harmonic Analysis problem. Con-
versely, given a Harmonic Analysis problem with certain scaling properties one can
(formally) associate with is a non-linear PDE, the so-called Bellman equation of
the problem.

Let us recall to the reader that in the series of papers [?], [Bul]-[Bu7] Donald
Burkholder investigated Martingale transform and gave the sharp bounds on this
operator in various settings—but by similar methods. The methods were so novel
and powerful that the influence of these articles will be felt for many years to come.
The novelty was a key. One of the leading mathematician working in the domain of
Harmonic Analysis told the second author that these papers of Burkholder “spin
his head”. In the book of Daniel Strook [Str] many pages are devoted to the
technique developed by Burkholder in the abovementioned series of papers, and
the reader can sense the same feeling. It is explained in [Str] that the simplest way
to understand the sharp estimates of Martingale transform obtained by Burkholder
is to operate with one of the so-called Burkholder’s function:

up(z,y) = p(1 - pl*)p_l(lyl = (" = D)) (| + )~ (13.1)
here p* := max(p, ﬁ), 1<p<oo.

However, the main question is of course how to get this function? Where did
it come from? These questions are asked in [Str| as well. Of course, Burkholder
explains in many details the way this function (and several of its relatives) are

obtained. It is almost (but not quite) the least bi-concave majorant of function
[Pt = (" — P[P (13.2)

It is obtained by solving a certain PDE and performing certain manipulations with
the solution after that. The reader will find much more about u,, after reading this
article, in particular in Sections 17, 17.1.

But it seems like the same questions persist even after this explanation. And
a new question can appear: how wide is the applicability of the technique that
Burkholder elaborated in [Bul]-[Bu7]? There is a vague feeling that the area of
applicability is quite wide. To make this feeling more precise one should look at
the function above closer and see that it is a creature from another universe, which,
initially, does not have too much in common with Harmonic Analysis. Burkholder

function is a natural dweller of the area called Stochastic Optimal Control. It
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is a solution of a corresponding Bellman equation (or a dynamic programming
equation) but in the setting, when the differential equations subject to control are
not the usual ones. They are stochastic differential equations.

The reader can find some notes on this in [?], [VaVo], [VaVo3], [SISt]. These notes
explain why Stochastic Optimal Control is the right tool to work with a certain class
of Harmonic Analysis problems. On the other hand, Stochastic Optimal Control
problems generically can be reduced to solving a so-called Bellman PDE (and
proving the so-called “verification theorems”, but this is a second task). Bellman
PDEs belong to the class of fully non-linear PDEs. Often they are PDEs of Monge—
Ampere type. In the present article we would like to show the reader how to obtain
Burkhloder functions (the one above and others from [Bul]-[Bu7]) by reducing the
search for them to solving certain Monge-Ampere equations. The scope of the
application of the methods of Stochastic Optimal Control to Harmonic Analysis
proved to be quite large. After Burkholder the first systematic application of
this technique appeared in 1995 in the first preprint version of [?]. It was vastly
developed in [NT] and in (now) numerous papers that followed. A small part of

this literature can be found in the bibliography below.

We shall say that an interval I and a pair of positive numbers a® (o™ +a~ = 1)
generate a pair of subintervals I* and I~ if [I*| = o®|I| and I = [~ U IT. To

every interval J and every sequence
{onm: 0<anm<1l, 0<m<2" 0<n<oo}

such that a, 2+, 2x+1 = 1 we put in correspondence a family 7 of intervals {I, ,,, }
such that any interval I, ,, generates the pair I, 112, = Iy Int1,2m41 = I,tm
with @™ = apt1,2m, @ = @nt1,2m+1, starting with Ipg = J. The symbol Z = Z(«)
will denote the families of subintervals of .J corresponding to a fixed choice of the
numbers o, ,,. For a special choice oy, = % we get the dyadic family Z = D.

Every family Z has its own set of Haar functions:

at .
—A/ 7 ifte I_,
VieT  h(t)={ V!
\/ acfr—m iftel,.
If the family 7 is such that that the maximal length of the interval of n-th generation

(i.e., max{|L, m|: 0 < m < 2"}) tends to 0 as n — oo, the Haar family forms an

orthonormal basis in the space L?(.J) © {const}.
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Definition. Fix areal p, 1 < p < oo, and let p’ = p* = max{p,p’'}. Introduce

5
p— Y
the following domain in R3:

Q=Q(p) ={z=(21,22,23) : 23>0, |z1|° < x3}.

For a fixed partition Z of an interval J we define two function on this domain

Bmax(x) = Bmax(x;p) = Sj}lg{<’g’p>J}7

Bmin($) = Bmin(x;p) = ;I}g{<|g|p>J}

where the supremum is taken over all functions f, g from LP(J) such that (f), = x1,
(9), = z2, (|f|P), = x3, and |(f, h,)| = |(g,h,)|. We shall refer to any such pair of
functions f, ¢g as to an admissible pair. When |(f,h,)| = |(g, h,)| happens for all
dyadic intervals inside J we call g a Martingale transform of f. We shall call
Biax(z) (and Bpax(z)) the Bellman functions of the problem of finding the best

constant for the Martingale transform inequality:

g) | < 1)1 = glP)r < Clp) (I f1P) - (13.3)

This best constant was found by Burkholder: C(p) = (p* — 1)P, p* := max(p, %).
Remark 1. It is amazing that there is no proof that would find this C'(p) without
finding the function of 3 variables Byax () or some of its relatives (like, for example,
up from (13.1)).

Remark 2. Burkholder proved that the functions B do not depend on the initial
interval J and on a specific choice of its partition. Below we work only with dyadic

partitions.
Remark 3. In the case p = 2 the Bellman function are evident:
Buax(2) = Boin(7) = 23 + 23 — 27

Indeed, since

I£15 = T lws = |T|23 + > | h,) 2,
IeT
we have

| 1
(191), = mHgH% =25 + il > (g, k)l
IeT

1
= b+ YN )P =ah s o
IeT
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Define the following function on R? = {z = (21, 22): 2; > O}:

2] = (0" — DPA], if 21 < (p*—1)22,

) ) ' (13.4)
p(1— I%)p Yzt 20)P 1= (p"—1)22], if 21 > (p*—1)22.

Fp(zl) '22) =

Note for for p = 2 the expressions above are reduced to Fy(z1,22) = 2(27 — 23).

14. THE MAIN RESULT

Now we are ready to state the main result:

1 1

Theorem 32. The equation F,(|z1], |xa|) = F,(x2,B”) determines implicitly the
1 1

function B = Buin(2;p) and the equation Fy(|xal,|z1]) = Fp(B?,22) determines

implicitly the function B = Buyax(x;p).

Remark. The reader can take a look at formulae (5.23)—(5.27) on page 660 of
[Bul] and recognize that this is how Burkholder describes Bax. The same is true

for Buin-

15. How TO FIND BELLMAN FUNCTIONS

We start from deducing the main inequality for Bellman functions. Introduce
new variables y; = %(1'2 + 1), y2 = %(xg —x1), and y3 = 3. In terms of the new
variables we define a function M,

M(y1,y2,y3) = B(x1, 22, 23) = B(y1 — y2, 91 + ¥2,93) ,

on the domain

E={y=(y,y2,u3): y3=>0, [y1 —y2|” < ys}.

Since the point of the boundary z3 = |z1|P (y3 = |y1 — y2|P) occurs for the only
constant test function f = z; (and therefore then g = 2 is a constant function as

well) we
B(x1, 22, [21|7) = |22f”,
or
M(y1,y2, [y1 — y2lP) = ly1 + 32l . (15.1)

Note that the function B is even with respect of 1 and zo, i.e.,

B(z1,22,23) = B(—x1,22,23) = B(x1, —22,23) .
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It follows from the definition of B if we consider the test functions f = —f for the
first equality and g = —g for the second one. For the function M this means that

we have the symmetry with respect to the lines y; = £yo
M(y1,y2,y3) = M(y2,y1,y3) = M(=y1, —y2,93) - (15.2)
Therefore, it is sufficient to find the function B in the domain
Qp = Q4 (p) ={z = (z1,22,23) : >0, |x1|’ < z3}, (15.3)
or the function M in the domain
Er={y=Wuv2y): —mn<y2=<y1, y3=0, (1 —y2)’ <ws}.  (15.4)
Then we get the solution in the whole domain by putting
B(x1,x2,23) = B(| 1], | 22|, 23) -

Due to the symmetry (15.2) we have the following boundary conditions on the

“new part” of the boundary 0=, :

oM oM

AR on the hyperplane ys = 41,

Oy1  Oye (15.5)
oM M '
= on the hyperplane y2 = —y; .
oY1 )

If we consider the family of test functions f = 7f, § = 7g together with f and

g we come to the following homogeneity condition
B(T:L'l, TI2, Tp.%'g) = TpB(ajl, 9, 373) N

or
M(Ty1, Ty2, TP y3) = TP M(y1, Y2, y3) -

We shall use this property in the following form: take derivative with respect to

and put 7 =1
oM oM oM
G My, ya us) - 15.6
™ + Y2 902 +pys oys P (y1, 92, Y3) (15.6)
Let us fix two points = € Q such that |z} — x| = |25 — x5, for the cor-

responding points y* € = this means that either yfr =y, or y; = 95 . Then
for an arbitrarily small number € > 0 by the definition of the Bellman function
B = B,y there exist two couples of test functions f* and ¢% on the intervals I*
such that (f*) . =¥, (¢¥),. = af, (f*PP),, = o, and (|g*P),. > B(e¥) - <.

On the interval I = I'™ U I~ we define a pair of test functions f and g as follows
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fII* = f*, g/I* = ¢gF. This is a pair of test functions that corresponds to the point
r=atrT+a" 27, where aF = |IF|/|I|, because the property |z —27 | = |25 —5 |
means |(f, hr)| = |(g, hr)|. This yields

B(z) > (|g/"), =a(lg" ")} +a (g7 "), 2 a"B(z") +a B(z7) —¢.
Since ¢ is arbitrary we conclude

B(r) > a™B(x") +a B(z7). (15.7)
For the function B = By,;, we can get in a similar way
B(z) <a™Bzt) +a B(z). (15.8)

Recall that this is not quite concavity (convexity) condition, because we have

the restriction |z{ — 27| = |2 — 25 |. But in terms of the function M

Mimax(y) > 04+MmaX(y+) +a” Mmax(y™),
Mmin(y) < a+Mmin(y+) + a_Mmin(y_) ;

when either y; = yf = Yy, Or Yo = y; = y,, we indeed have the concavity
(convexity) of the function M with respect to y2, y3 under a fixed y;, and with
respect to y1, y3 under a fixed yo.

Since the domain is convex, under the assumption that the function B are suf-
ficiently smooth these conditions of concavity (convexity) are equivalent to the

differential inequalities

My3y1 My3y3 -

2
for M = Muax (here M, stand for the partial derivatives oM ) and
' dyi 0y,
(Mylyl Mylyii) Z 07 <My2y2 My2y3> 2 07 vy c E7 (15‘10)
My3yl My3y3 My3y2 My3y3

for M = Mpn.
Extremal properties of the Bellman function requires for one of matrices in (15.9)

and (15.10) to be degenerated. So we arrive at the Monge-Ampeére equation:

MyiyiMysya = (Myiys)Q (15‘11)
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either for ¢ = 1 or for ¢ = 2. To find a candidate M for the role of the true Bellman
function M we shall solve this equation. After finding this solution we shall prove
that M = M.

The method of solving homogeneous Monge-Ampere equation is described, for
example, in [VaVo]. In particular we know that the solution of the Monge—Ampere

equation has to be of the form
M = tiy; + tsys + to, (15.12)
it is linear along the lines (let us call them extremal trajectories)
yidt; + ysdts + dtg = 0. (15.13)

One of the ends of the extremal trajectory has to be a point on the boundary
y3 = |y1 — y2|P, where constant functions are the only test functions corresponding
to these points. Denote this point by U = (y1,u, (y1 — u)?). Note that we write
(y1 — w)P instead of |y; — ulP because the domain = is under consideration. For

the second end of the extremal trajectory we have four possibilities

1) it belongs to the same boundary ys3 = (y1 — y2)?;

2) it is at infinity (y1,y2, +00), i.e., the extremal lines goes parallel to the
Y3-axis;

3) it belongs to the boundary ys = yi;

4) it belongs to the boundary y2 = —yj.

The first possibility gives us no solution. Namely, we have the following

Theorem 33. Function By, cannot be equal to B(x) = M(y), where M is the
solution of the Monge—Ampére equation (15.11) such that one of its extremal tra-

jectory is of type 1) above. The same claim holds for Bpp.

To see that, the reader can think that we are in the plain y; = const (the case
y2 = const is totally the same). Suppose Mpax (or Mpiy) is linear on a segment,
which connects two points of the “parabola” y3 = (y1 — w)P, —y1 < u < yp (see
(15.4)). We will show now that the true Bellman functions (either M ax or Mnin)
cannot be linear on a chord connecting two points of this part of the parabola
ys = (y1 — y2)P (and simultaneously be equal to M, a solution of the Monge—
Ampere equation (15.11)).

To check this it is sufficient verify that the test function f(t) = a+SH (t) cannot

be an extremal function of our problem with the only exception p = 2, when the
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situation is trivial: Bpax(7) = Buin(z) = 23 + 22 — 22, and any test function
is extremal. In fact, if Byax (or Bpy) is linear on a line which connects two

points 2~ and 2, and (as we assumed for the sake of definitivity) y; = y|" = v1,

we consider the middle point = of the interval [z~,x%]. Let z := (1,2, 3),
a = 3(z] —a7). But we consider the case 2 +z5 =y = y; = 27 + 5.

Therefore, a := §(z; — z3). Then

- — + e +
ry =x1—a,r] =x1+a,xry =T2+a, Ty =2 —a.

Let I = [0,1]. We consider the first Haar function H; (by definition it is equal
to 1 on [0,1/2] and to —1 on (—1/2,1]) and we consider

fT=2] =x1—aon|0,1],¢ =z, =x2+aon |0,1],

ff=af=21+aon[0,1], g" =23 =29 —aon[0,1],

f=xz1—aH;, g=z2+aH;.

Notice that g is the Martingale transform of f as defined above.
Let x5 := (|f|P). As before

xr1 + T2 T2 — 1
Y1 = 5 y Y2 = B .
or
T1=Y1—Y2, T2=Y1+Y2.
Let z3 = |z [P, 23 = |z P

x = (x1,22,23), v = (21,245,235 ), xT = (J:f,x;,x;)

As we can consider only the case

+ x4+t
2

(and we may think without the loss of generality that a > 0) we, thus, consider

€ the First quarter x [0, 00), (15.14)

only the case when

a<zi,a<w9,0,21,22 > 0. (15.15)

Also

Yy =y2+a,ys =y2—a, ys are of any sign. (15.16)
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Obviously
Buax(27) = Buin(27) = 23 1= |27 [P, Bmax(2") = Buin (") = 23 = |27 7.

And the extremal pairs of functions are (f~,¢7), (f*,g") correspondingly. The
linearity of Byax (or Buin) on the segment [x~, 2] shows that the pair (f,g) just

defined is an extremal pair for = 2(z~ +z7), and

Bhax(z) = (|ze + aH1|P) . (15.17)
(Or the same (15.17) but with By (2).) We want to bring (15.17) to contradiction.

For this we will need to consider several cases.

Remark. The interesting feature of the reasoning below is that it is not a rea-
soning by small perturbation of (f,g) pair. We will perturb f and g, but by a big

perturbation.

Consider ¢, equal to 1 on [0,1/2 —h]U[1 —h,1] and to =1 on (1/2 — h,1 —h).
We have
(én, Hy) =1 — 4h.

We are interested in ¢ := ¢;/3. Then
(¢, Hr) = 1/2,
and ® = ¢ — Hy has
(©,Hy) =—1/2,(®,Hy) = (¢, H)
for all other dyadic J. So ® is a martingale transform of ¢. It is equal to 0 on
[0,3/8] U[1/2,7/8] and to 2 on two intervals (7/8,1), (3/8,1/2).

The case of Bpax-

Put

fi=x1—a¢, g:=x2+ad.
Lemma 34. ||f], = ||f||p

Proof. Function ¢ is just 1/8 shift of H;. So f and f have the same distribution

function. m

Lemma 35. If p>3 or1 <p<2, then |g|l, < ||gllp-
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Proof. First we will prove an auxiliary lemma:
Lemma 36. Ifp>3 orl1<p<2, andif o € (0,1), then
9(0) == 1((1+ 200" + 20 1) + 5 — (L a)? + (1 - a)?) > 0.

Proof. We will do it for p > 3. For any p > 1 we have g(0) = 0,4'(0) = 0. Also
b=p—22>1,so0
p(pl_l)g”(a) =((1+20)" = (1+@)") = (1 - @)’ = [1 = 2a]).

Consider first o € (0,1/2]. Notice that z — 2% is convex, so the first bracket is
definitely bigger than the second one. This is because the argument increases by
a in both brackets if o € (0,1/2]. If o € (1/2,1) the increase of argument in the
first bracket is still «, but it is 2 — 3« in the second one. This is always a smaller
increase, and we again get that the first bracket is bigger than the second one for

the convex function. So we proved lemma for p > 3. The same proof works for

l<p<2
(I
Now denote a := - and write
aip - L p o 3p_ pl p py 4 3
205 = 7((e2 +20)? + s — 20l?) + Sah = 2B(L (14200 + 1~ 20f) + 3) .
20lgllp = 23((1 + @) + (1 = a)?).
Therefore Lemma 36 gives the desired inequality ||g||5 — [|g|b > 0.
So our Lemma 35 is also proved.
U
Remark. Notice that
for 2 < p < 3 we have: ¢"(a) < 0,a € (0,1/2). (15.18)

Now we are left to work with 2 < p < 3 case. Using exactly the same reasoning as

in Lemma 35-only with (15.18)—we get the following
Lemma 37. Let 2 <p <3 and 0 < a < %, then ||z1 — a®||, < ||z1 — aH ||,

So in the case 0 < a < 3 we can finish our reasoning as follows. Obviously, for

any x,

1 3
t— |z —t®|b = g(\:c —2t|P + |z + 2tP) + 1\$|p, is increasing in ¢ > 0, (15.19)
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and
1
t— ||z —tHf||) = §(|x —t[P + |z + ¢t|P) is increasing in ¢t > 0. (15.20)

And the same with “minus” replaced by “plus”. This is just because x — |z|P is

convex. Using Lemma 37 we can now choose A > a such that

1 = A®lp = [lz1 — aHillp, |22 + A®|lp > |lz2 + aH ]l - (15.21)

Now we have almost as before (but with interchanged ¢ and ®)
f=a1—aH;,g=x2+aHr,f =21 — A®,§ =19+ A.

Then (15.21) means that ||f]l, = || fll, but |3ll, = llza + AH7|, > [|lgllp, and this

is exactly what we need to disprove that (f, g) is an extremal pair for Bpax.

For Byax we almost finished the proof of Theorem 33. We are left with the case
o <a < (that is a(z1,a) = a/x1 € (1/2,1]), 2 < p < 3. In this range of (a,z1)
Lemma 37 may be not true anymore. Namely, ||z; — a®||, < ||z1 — aH[l|, might
not hold anymore. And sometimes it does not hold, for example, if p ~ 3,p < 3,
o =1 we get $(37 + 1) + 3 > 2P because for p = 3 this becomes 34 > 32.

So let 3 < a < x1 (that is a(x1,a) = a/x1 € (1/2,1]), 2 < p < 3, and sup-
pose that we have a chord connecting two points of our parabola, and this chord
represents a characteristic (we called them also extremal trajectories) of the cor-
responding Monge-Ampeére equation (here we use our assumption that Byax(z) =
B(x) = M(y), where M solves (15.11)).

Let us consider the crescent “below” the chord L := [z, 27| and “above” the
parabola. It should be be filled in by chords on which M(y) = B(z) are linear
(this is the property of the solutions of the homogeneous Monge-Ampere equation
expressed in Pogorelov’s theorem, see [Pog]), which can have with our chord L at
most one common point (one of the ends). Two cases may happen: 1) there is a
chord in our crescent which has no common point with L, 2) chords form the fan
exiting from one end point (say) z~ of L. In the first case we necessarily will have
a chord £ := [z7, 2] such that

it O e (15.22)
2 2 2

But this is the case we draw to a contradiction just a second ago.

0<c:=

Suppose now the fan occurs. Again if 2a) 7 = 21 — a > 0, the same ¢ can be

found. Finally, if 2b) 7 = 21 — a = 0, then we can of course have a very small
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chord £ := [27,27], 2~ = 27,27 — 27, and again we can achieve (15.22). In this
case the second claim of (15.22) is achieved with equality (clearly if ;7 = 0 then
aciF # 0, otherwise z~ and 2™ cannot both lie on the parabola without being the
same point).

Theorem 33 is completely proved for the case Bpax.
The case of B,

We will use the same ® and ¢ as in the case of Byax above, but we will build

f, g differently. More precisely, our choice will be dual to the one above. Let first
2 < p < 3. Then we use Lemma 37 to conclude that if 0 < a < % then

|lze + a®l, < ||lz2 + ag||p - (15.23)

Then we put

fi=a1—ap, §:=x2+ad.
We obtain immediately

1Fllp = 11£1lp

just by looking at the fact that their distribution functions are the same, and we

obtain
l9llp < llgll
by (15.23). So By cannot be linear on such a chord.

2
2

Bin is equal to B(z) = M (y), where M is a solution of a Monge-Ampere equation
(15.11), then there is another small chord [X ~, X | such that

XXX XXy
2 - 27 ' 2 ’

and we can repeat the previous considerations with the new data.

If we have 22 < a < x5, we reason as around (15.22). Namely, in this case, if

0<c: (15.24)

Now we are in the situation when either p > 3 or 1 < p < 2. By Lemma 35 we

have then
a1 — a®lly > a1 — adll, = e — alirlly = [1£]lp > loa P (15.25)

By (15.19) we can choose 0 < b < a such that

[z1 = b®[lp = |1 — aHrllp = [If]lp-



58 VASILY VASYUNIN AND ALEXANDER VOLBERG

Using (15.20) we obtain that
22 + b8llp = |2 + bH |y < [lz2 + aHill, = llgllp-

Now put

f=x1—0®, g:=29+bo.
We have just seen that
1fllp = £ llps Ngllp < llgllp-
So in this range of p B, cannot be linear on a chord connecting two points of the

parabola. Theorem 33 is completely proved.

Now we check the second possibility among the possibilities 1)—4) listed right
before Theorem 33. Since the extremal line is parallel to the ys-axis, the Bellman

function has to be of the form

M(y) = A(y1,y2) + C(y1,y2)y3 -

Any pair of inequalities both (15.9) and (15.10) implies My,y, My, — (My,y5)? > 0.
Since My,,, = 0, this yields M,,,, = g—; = 0, i.e., C is a constant. From the
boundary condition (15.1) we get

A(yr,y2) + Cyr — y2)P = (y1 + y2)P,

whence
A(y1,y2) = (y1 +y2)” — Clyr — y2)?,
and
M(y) = (y1 +y2)’ +C(yz — (y1 — 2)) (15.26)
or
B(z) = 2b + C(z3 — oY) . (15.27)

Let us note that this solution cannot satisfy necessary conditions in the whole
domain =, except the case p = 2. The constant C' must be positive (otherwise
the extremal lines cannot tend to infinity along ys-axes, because M must be a

nonnegative function). Therefore, the straight line

_1 1
y1 +y2 = Cr2(y1 —y2), or xo = Cr=2y,
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splits Z4 in two subdomains, in one of which the derivatives

M M
oy? ay2 p(p =) ((y1 +y2) (y1 —y2)P™7)
is positive (i.e., it could be a candidate for B,,), and in another one is negative

(i.e., it could be a candidate for Byax).

Thus, this simple solution cannot give us the whole Bellman function and we need
to continue the consideration of the possibilities 3) and 4) (listed right before The-
orem 33). Till now we have not fixed which of two matrices in (15.9) or in (15.10)
is degenerated, i.e., what is ¢ in the Monge-Ampere equation (15.11), because for
the vertical extremal lines both these equations are fulfilled. Now, when consid-
ering possibility 3) or 4), we need to investigate separately both Monge-Ampere
equations (15.11). We shall refer to these cases as 3;) and 4;).

Let us start with simultaneous consideration of the cases 31) (we recall that this

means that y» is fixed). and 4;). We look for a function
M =tiyr + t3ys + to
on the domain =, which is linear along the extremal lines
yrdty + ysdts +dtg = 0.

Now one end point of our extremal line V' = (v,ys, (v — y2)P) belongs to the
boundary yo = |y1 — y2/P and the second end point W = (|yz|,y2,w) is on the
boundary y; = |y2|, where we have boundary condition (15.5). Due to the sym-

metry (15.2), on the boundary y; = yo (this means that our fixed yo > 0) we

have
orr oM _,
Oy Oy1
and
o _ v _
Y2 oy b
on the boundary y; = —y9 (this means that our fixed y2 < 0). In both cases
oM oM

_— = _— = t
Y2 e n E |y2lty
and therefore (15.6) and (15.12) imply

2t1|ye| + pwts = pM (W) = pt1|y2| + pwts + pto,
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whence
2
to=(=—1)talyz|.
2
This gives the formula for to(t1) (remember that ys is fixed as we consider the cases

31), 41) now). Thus, we get

M) = [m+ (-1

Since dtg = (% —1)|y2| dt1, the equation of the extremal trajectories (15.13) takes

)‘2/2’}t1 +y3t3. (15.28)

the form
2
[yl T (13 -1 Iyzl}dtl +ysdts =0, (15.29)
and we can rewrite (15.28) as follows
dts
M(y) = (t ¢ —) .
(y) 3=ty )vs

We see that the expression M (y)/ys is constant along the trajectory and we can
find it evaluating at the point V', where the boundary condition (15.1) is known:
v+y2\
M(y) = < >y3, (15.30)
VY2
where v = v(y1, y2, y3) satisfies the following equation:
yi+ (5= Dlyel v+ (5 1)yl
Y3 (v — y2)P
because the point V' = (v, y2, (v — y2)P) is on the extremal line (15.29). We even

: (15.31)

shall not check under what conditions equation (15.31) has a solution and when it
is unique. Later we show that in any case the function M we have found cannot
be the Bellman function we are interested in, because neither condition (15.9)
nor (15.10) can be fulfilled: the matrix {My,, .} j=2,3 is neither negative definite
nor positive definite. We postpone this verification, because the calculations of
the sign of the Hessian matrices is the same for this solution and another solution
of the Monge-Ampere equation that supplies us with the true Bellman function.
And these calculations will be made simultaneously a bit later. And now we only

rewrite our solution in an implicit form more convenient for calculation.

Y <M<y>>%, (15.52)

Y3

We introduce

then (15.30) yields
w+1

w—1

Yo (15.33)
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Since v > 0 (in fact, recall that we consider now only y: y1 > |y2| domain now, and
that v is just the first coordinate of the point V' = (v, y2, (v — y2)? in this domain),

we have
signys = sign(w —1). (15.34)

After substitution of (15.33) in (15.31) we get

( 21 )p[yl_i_(Q

2 w41
w—1 p

el = E.
)y2]—y3[w_1y2+(p—

Jlwel]

or

2y P pyr 4+ (2 = p)lw2l] = yslw — 1P (w+ )p + (2 — p)|w — 1]

For the case 31) we have yo > 0 (i.e., xzo > x1, we look for w > 1 or B > y3) and

the latter equation can be rewritten in the initial coordinates as follows

1

(22 — 2Pz + (p— ma] = (B” — 23 P [B” + (p— 1)a}].

For the case 41) we have yo < 0 (i.e., z2 < x1, we look for w < 1 or B < y3) and

the equation takes the form

1 1

1 1 1 1
(21— 22)P 1 + (p — Vo] = (2§ — B")P "' [af + (p — 1)B”]
Introduce the following function
G(z1,22) = (21 + z)P ! [zl — (p—1)29]

defined on the half-plane z; + z2 > 0. Then in the case 31) we have the relation

1 1

G(xq, —11) = G(B”, —2%), (15.35)
or
G(y2 +y1,92 — 1) = y3G(w, —1).
In the case 4;) we have
G(x1,—x9) = G(:cé, —B%) , (15.36)
or

G(y1 —y2, —y1 — y2) = y3G(1, —w) .

Now we have to consider the Monge-Ampere equation (15.11) in the cases 39)

and 45). This means that we fix y; now. Let us begin with the cases 35), when an
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extremal line starts at a point U = (y1,u, (y1 — v)P) on our parabola and ends at
a point W = (y1,y1,w). Again, the symmetry condition at the point W is
oM  OM
- =t2 )
Oy1  Oya
and the homogeneity condition (15.6) plus condition (15.12) at W yield

2y1ta + pwtz = pM (W) = pyite + pwts + pto ,

whence
2
to = (5 — Dyita,

and therefore

2
M(y) = [yz + (]—) - 1)y1]t2 + yst3. (15.37)
Since dtg = (% — 1)y1 dts, the equation of the extremal trajectories takes the
form
2
Lo+ (= D]t -yt =0, (15.38)

and we can rewrite (15.37) as follows

Again, from here the expression M(y)/ys is constant along the trajectory and we

can find it evaluating at the point U, where we the boundary condition (15.1) is

M(y) = <y1 a u)pyg, (15.39)

known:

Yyr—u
where u = u(y1,y2,y3) can be found from (15.38):
wp+(E-Dn u+(E -y

" - (15.40)

We see that if our extremal line starts at point U = (y1,u, (y1 — u)? on our
parabola u = —(% — 1)y1, then yo = —(% — 1)y1 = u = const, i.e., it is a line
parallel to the x3-axes. This means that no extremal line that ends at the points of
the boundary y; = y2 can intersect the plane yo = —(% - l)yl. This follows from
the property that extremal trajectories do not intersect. Therefore, the starting
points U with u < — (% — 1)y1 cannot be acceptable for the case under consideration
(since these trajectories do not intersect the plane yo = —(% — 1)y1, they cannot

have the second end point on yy = y1, see Fig. 1).
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L Y2 Y2 =M1

Y2 = -1

FIGURE 1. Acceptable sector for the case 35).

Let us check that equation (15.40) has exactly one solution u = u(yi,y2,y3) in
the sector —(% — l)yl < y2 < y1. Indeed, the function

)yl]

is monotonously increasing for v < y; and it has the negative value — (%yl)p [yg +

UHy:a[qu(;—l)yl} —(y1—u)p[yz+(;—1

(% — 1)y1] at the point u = —(% — 1)y1 and the positive value %ylyg at the point
U =Y.

Now we rewrite the solution (15.39) in an implicit form using notations (15.32):

1
w = (%) . From (15.39) we have

w—1
= ) 15.41
" w—i—lyl ( )

therefore, from (15.40) we obtain

27Pys(w + )P [p(w — 1) + (2= p)(w+ 1)) = 9] [py2 + (2~ p)yi]
or
2" s+ 1P N w—p+ 1) =9 e + 2 - pw]
which is (using again notations (15.32): w := (M(y)>’1’)

1

(B? + a::,%)p_l [B% —(p— 1)x§] = (z1 +22)P o — (p— V1] .
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In terms of function G this can be rewritten as follows
1 1

G(l‘g,ﬂ?l) = G(B57$?§) s

or

Gy +y2, 91 — y2) = y3G(w, 1).

It remains to examine the possibility 49). Assume that an extremal line starts

at a point U = (y1,u, (y1 — u)P) and ends at a point W = (y1, —y1,w). Again, the

homogeneity property (15.6) at the point W and the symmetry gTA{ = —‘37]‘/2[ = —ty
yield
—2y1ty + pwtz = pM(W) = —pyits + pwts + plo,
whence
to=(1— 2)yﬂtz,
p

and therefore 5

M(y) = [yz + (1= p ) yl}tg + y3ts. (15.42)

Since dtg = (1 — %)yl dty, the equation of the extremal trajectories takes the

form )
[92 +(1- » ) yl}dh +yszdts =0, (15.43)

and we can rewrite (15.42) as follows
dts
M(y) = (t —t —) .
(y) 82y £ Y3
Again, the expression M (y)/ys is constant along the trajectory and from the bound-
ary condition (15.1) we get the same expression
+u)’
M(y) = (y ) s, (15.44)
Yy1—u

Now u = u(y1,y2,y3) is a solution of the equation

2 2
-G -Yyn _u-(G-Yun
Y3 (y1 —u)P
that we get from (15.43). As before, we get trajectories ending at the plane yo =

(15.45)

—y1 not in the whole domain =, but only in the sector —y; < ys < (% — 1)y1

(see Fig. 2), and equation (15.45) has a unique solution for every point from this
sector. As before, relation (15.41) allows us to rewrite the equation of extremal
trajectories (15.45) as an implicite expression for w (and hence for M):

1

11
G(z1,22) = G(x3,B"),
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L Y2 Y2 =M1

Y2 = -1

FIGURE 2. Acceptable sector for the case 49).

or
G(yr —y2, 51 +12) = 3G (L, w).

Now we start the verification which of the obtained solutions satisfies condi-

tions (15.9) or (15.10). We need to calculate D; := My, My, — M2, ., i = 1,2,

Yiy3’
in four cases
31) G(y1 +y2, —y1 + 42) = y3G(w, —1);
41) G(y1 — yo2, —y1 — y2) = y3G(1, —w);
32 G(y1 +v2,y1 — ¥2) = y3G(w, 1); (15.46)
49) G(y1 — y2, 11 + y2) = y3G(1,w), (15.47)

where M = y3wP. In all situations we have a relation of the form

P(w) = 7H(y1,y2) .
Y3
Till some moment in the future we will not specify the expression for ® and H,
as well as for their derivatives, and plug in the specific expression only in the final
result after numerous cancellation. In particular, we introduce

1 @//
Ry = Ri(w) := 1 and Ry = Ry(w):= R} = R
We would like to mention here that this idea, allowing us to make calculation

shorter, is taken from the original paper of Burkholder [Bul].
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First of all we calculate the partial derivatives of w:

H R\H
CID/wy3 =—— = Wy, =-— 12 ,
Y3 Y3
H, RiH, RH'
Vw, =24 — w, = Vi o =12,
¢ Y3 ¢ Y3 Y3

Here and further we shall use notation H’ for any partial derivative Hy,, i = 1,2.

This cannot cause misunderstanding because only one ¢ participate in calculation

of Hessian determinants D;. Moreover, we shall not mention anymore that the

index ¢ can take two values either ¢ = 1 or ¢ = 2.

R2wy3H R1H R1H
w = — + 2 = (RoH + 2y3),
Yo Y3 Y3 Y3
RQUJy.H RlHl RlHl
w L= = ! - = — (R2H+y3)7
v y3 y3 y3
Rywy, H  RH' R
Wy y = i+ = = (Ro(H")? + y3H") .
Y.y, s ” 2 (Ra(H') )

Now we pass to the calculation of derivatives of M = ysw?:
My, = pysw?lwy, + o

— —1 .
My, = pysw’ wy, ;

My3y3 - py?’wpilwy:syzs + 2pwp71wy3 +p(p — 1)y3w1’*2w§3
pwP*QRlHZ
=——5 —[wRa+ (p— )R],
Y3
My,y, = Pyswp_lwywi + pwp_lwyi +p(p — 1)y3w7’_2wy3 wy,
pwP 2R HH'
= ——— ——[Wwhy+(p—- DR,
Y3
My, = Pyswp_lwyiyi +p(p — 1>93Wp_2wyi
wp_2R1
= pT (WwRy + (p — DR (H')? + wysH") .
3

This yields

2 2p—3R2H2H/l
2 prw 1
Di = My,y, My,y, — Mygyi = 3
3

Notice, that H disappeared completely.

Now we need to calculate second derivatives of

H(y1,y2) = G(a1yr + ooy, B1y1 + P2y2),

[sz + (p — l)Rl] .

(15.48)

(15.49)
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where oy, 3; = £1. And

2
oy
= G, + 20i3;Gs o+ BG.
— Gt Gt G,

H" G(ary1 + azy2, B1y1 + Baye)

2%2

where the “4” sign has to be taken if the coefficients in front of y; are equal and
the “—” sign in the opposite case.

The derivatives of G are simple:

Gy = p(z1 + 22)P 72 (21— (p—2)22],
Goy = —p(p — 1)z2(21 + 22)P 72

12y = D0 = D21+ 22)P 7 [21 = (0 = 3)22] ,
%2 _p(p - 1)(p - 2)Z2(Zl + ZQ)p_g )
Gepey = —p(p — 1) (21 + 2)P P21+ (p— 1)22) .

G.
G:

Note that G, . +G. 2G. ., and therefore, H" = 4G, -, if a; = B; and H"=0

if aj = —f;. The first case occurs for H,, in cases 31), 41) and for H, . in cases 39),

2?2

45). The second case occurs for Hy , in cases 31), 41) and for H,,, in cases 39), 49).
In fact, we know that the equality D; = 0 has to be fulfilled in the cases 3;) and 4;),
because it is just the Monge-Ampere equation we have been solving.

So we have

31) 21 =y1+ Y,

20 = —y1 + 1, Gy = p(p— 1) (0 —2) (11 — v2)(202)"
41) 21 =y — v,

z2 = —Y1 — Y2, Gy = (P — 1)(p = 2)(y1 + y2)(—202)"
32 z1=y1+ Y2,

22 = Y1 — Y2, G2y = —pp— 1) (0 — 2) (1 — v2) 201)P
do) 21 =1y1 — v,

2= y1 + 2, Gz, = —p(p—1)(p — 2) (1 + y2) (251)" >,



68 VASILY VASYUNIN AND ALEXANDER VOLBERG

In the first pair of cases we have signG.,,, = sign H” = sign(p — 2) and the
opposite sign in the second pair of cases. In the first pair of cases we have that this
sign is the sign of the Hessian determinant Dy up to the sign[wRs(p — 1)R;] (and
D, = 0 identically); in the second pair of cases we have this sign is the sign of the

Hessian determinant D up to the sign[wRa(p — 1)R1] (and D2 = 0 identically).

By the way, we call the attention of the reader to the fact, that, for example, in
41) above we have necessarily y2 < 0 (here y; is fixed and our extremal trajectories
in the plane (y1,ys3) here hit y; = —y2 = |y2| as we are always under restrictions
—y1 < yo < y1, that is y1 > |y2|), so (—2y2)P~2 makes a perfect sense. The same

type of observation holds for all other cases.

To complete the investigation of sign D; we need to calculate the sign of the

expression in the brackets in (15.49):

wWRy 4+ (p— )Ry = Ri[(p — 1)®' — wd” (15.50)
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31) P(w) =G(w,—1),
' (w) = G, (w,—1) = p(w — 1P 2(w+p—2),
"(w) = Gz (w,—1) = p(p— 1) (w — 1P (w+p—3),

(p—1)® —wd” = —p(p - 1)(p - 2)(w — )",
1) B(w) = G(1,—w),
() = -G, (1,~w) = —pp — Dw(l —w—1)P2
" (w) = Gz, (1, —w) = p(p — 1)(1 — w)?*[1 — (p — L)u],
(p— 1D —wd" = —p(p - 1)(p — 2)w(l —w)P™%;
39) P(w) = G(w, 1),
G, (w, 1) =p(w+ 1) (w—p+2),

(W) =G, . (w,1)=pp—1)(w+ l)p_3(w —p+3),

171

e
£
I

(p—1)® —wd” = —p(p— 1)(p — 2)(w + 1)P~%

49) P(w) = G(1,w),
(W) = G, (Lw) = —p(p ~ Dw(w + 1),
(W) = Gepe, (w,—1) = —p(p = D(w = P+ (p — Duw],

(p— 1)@ —wd” = —p(p— 1)(p — 2)w(w + 1)P73.

By the way, we call the attention of the reader to the fact, that, for example, in 4;)
above we have necessarily y2 < 0, so by (15.34) w < 1, so (1 — w)P~3 is fine there.
The same type of observation works for other cases above. We see that in all cases
sign[(p—1)®’' —w®”] = —sign(p—2). Therefore in the first two cases we have Dy < 0
and this solution satisfies neither requirement (15.9) nor requirement (15.10). In
the second two cases we have D; > 0, and the function M can be a candidate
either for Mupax or for My, depending on the sign of the second derivative ]\Jy3 Us -
Recall that (see (15.48))

wP~2 R, H?
My3y3 = pi?pl[WRQ + (p - 1)R1]
Ys
Since in the case 3) we have signjwRs + (p — 1)Rq] = —sign(p — 2) we need only

to know sign Ry = sign ®’ = sign %G(w, 1) Since this solution is considered only
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in the sector ”].%2341 < y2 < y1 (see Fig. 1), we have

Gy + 2,91 — y2) = (201)" ' [py2 — (p — 2] > 0, (15.51)

and w, being the unique positive solution of the equation
_ 1
Gw,1)=(w+ 1P w—p+1]= yng(m + Y2, 91 — Y2), (15.52)

satisfies the condition w > p — 1. Therefore, sign Ry = sign %G(w, 1) = signp(w +
1)P2(w—p+2) > 0, and so sign My, = —sign(p — 2), i.e, for p > 2 this is
candidate for M.« and for p < 2 this is candidate for M;,.

We are still considering the case 33). Recall that this function is defined not in
the whole domain =, but only in the sector 1’]'%23/1 < y2 < y1. To get a solution
everywhere we need to “glue” this solution with that we obtained considering the
case 2) (see (15.26)):

M(y) = (y1 +y2)’ + Cys — (y1 — v2)"). (15.53)

To glue this solution along the plane y» = ”P%le with that we just obtained, let
us require from the resulting function to be continuous everywhere. From (15.52)
and (15.51) we see that G(w,1) = 0 on this plane. Therefore, w = p — 1 and
M = wPys = (p — 1)Py3. The same value has solution (15.53) on this plane for
C=(p—-1)7r.

Now we need to check that we get correct continuation in the sense that if the
solution satisfies (15.9), then its continuation satisfies the same condition as well, if
the solution satisfies (15.10), then the same is true for its continuation. The Hessian
determinants will have the right sign automatically (actually Dy = 0 identically).

We need only to check the sign of

My1y1 = My2y2 = p(p B 1)((y1 + y2)p—2 - (p - 1)p(y1 - yZ)p_Z)

p—

in the domain —y; < yo < p2y1, or in the initial coordinates 0 < zo < (p — 1)z7.

For p > 2 we have

(g + 9l 2 =ah " < (p— 1) af 7

<(p—1)Pa ™ = (p— 1P (1 — )P 7,
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and for p < 2 we have

_ _9 o o
(4 y)P > =ab " > (p—1)P %t

> (p— Pal? = (p— DP(y1 — y2)? 2.

This means that M is a candidate for M.« if p > 2 and a candidate for My, if
p < 2, as it has to be.

2

Let us rewrite expression (15.53) in the same form, as it was made in (15.52).

M = Cyz = (y1 +y2)? — C(y1 — y2)’ = x5 — Caf. (15.54)
Therefore, if we change a bit the definition of G defining it on the quadrant z; > 0
as follows
22— (p—1)PLL, if 21 < (p—1)2g,
Gplz1,22) =4 (=10 1< -z (15.55)

(21 + 22)P~1 [zl —(p— 1)22}, if 21 > (p—1)z2,

then we can write two our solutions M on =, in an implicit form as before:

Gy +y2, 51 — y2) = y3G(w, 1) .
or solutions B on €4
11
G(z2,21) = G(B",z%), (15.56)

In the case 42) we again consider exactly the same G), from (15.55). In a similar

way we can glue continuously the solution in case 49) found in the sector —y; <

Y2 < 2%1’,%
_ 1
GlLw)=(w+ 1P 1—(p-1w = &G(yl —y2,y1 +¥2), (15.57)
which is the same as
11
G(x1,22) = G(x3,B"), (15.58)
with the solution (15.53) along the line yo = %yl. Here we have to take C' =
(p’ — 1), because on the line y2 = Q%I’yl we have G(1,w) = 0, i.e., w = p/ — 1.
Now, in the sector —y; < yo2 < 2%3/1 we have
Y _ pwP 2 R2H? P 2 '
vsb 7

Therefore, sign My, = sign(p — 2), i.e., for p < 2 this is candidate for Mpax and
for p > 2 this is candidate for Miy.
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In the “dual” sector zo > (p' — 1)z (or yo > 2%"!7;1) for p > 2 we have
- -2 2 p—2
(y1+y2)P 2 =ah " > (0 = )PPy
>~ 1P = 1P —
and for p < 2 we have
_ -2 — —2
(v +y2)P 2 =af " < (p' = 1)P%af
<@ =P = (0 - )Py — )P

This means that M is a candidate for M.« if p < 2 and a candidate for M, if
p > 2.
Using the same “generalized” definition (15.55) of the function G we can write

our solutions M on Z; in an implicit form as before:

Gy — Y2, y1 + y2) = y3G(1,w).

or solutions B on €4
1 1

G(21,9) = G(x5,B"), (15.59)
which should give, as we said above, the candidate for Byax for p < 2 and By,
for p > 2. Notice that for p > 2 the candidate for, say, Bmax is given by equation
(15.56).

It is a bit inconvenient to use one equation for, say, Bpax if p > 2 (this will be
(15.56)), and another one (this will be(15.59)) for the same By if p < 2. We
note that after interchanging role of 2; and replacing p by p’ we get the scalar
multiple of the original expression in both lines of (15.55). This allows us to give
one expression for By for all p using notation of p* = max{p,p’}. In such a way
we come to formula (13.4) for F),, where we introduce additional scalar coefficients
to make this function not only continuous but C'-smooth everywhere in Q. This

smoothness guarantee us that the solution B is C'-smooth as well.

16. PROOF OF THEOREM 32. VERIFICATION THEOREM.

Exactly in the spirit of Stochastic Optimal Control theory we wrote the PDE
(15.11), we solved it in the previous section by building B which solves the equations
of Theorem 32 (these are the same equations as (15.56), (15.58)). Now continuing
in the spirit of general results of Stochastic Optimal Control theory [FR], [WF] we

need to prove that these solutions in fact are equal to Byax, Bmin. In Stochastic
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Optimal Control theory such proofs are called verification theorems, and they state
roughly that if the solutions have a certain smoothness (often even slightly less
than C?), and if the domain is convex, then we are fine.

From now on WeldeI}ote by Bmax the unique positive solution of the equation
F(|xa],|x1]) = F(B?,22) and by B, the unique positive solution of the equation
F(|z1|, |z2]) = F(a:?%,B%), where the function F' = F), is defined in (13.4). Exis-
tence and uniqueness of the solution follows from the fact that F'(z1, z2) is strictly
increasing in z; from —p*(pfl)(p* — 1)P2b till +00 as z; runs from 0 to +o0o and it
is strictly decreasing in zo from p(p* — 1)P7128 till —co as 29 runs from 0 to +oo.

Indeed, the first partial derivatives of F' are

pey !, if 21 < (p* —1)22,

B b= 21+ 20 2o — (0= D" 1) — 1)), 1O

if z1 > (p* — 1)z22;

—(p* — 1)Ppzb !, if 21 < (p* —1)22,

FZQZ —p(1 — I%)p—l(zl + ZQ)p—Q [(p* —p)z1 + p(p* — 1)22]’ (16.2)

if 21 > (p* —1)22.

\
Note that both derivatives are continuous everywhere (even at the origin, where
they vanish). Moreover, F,, > 0 if z; > 0 and F,, < 0 if 29 > 0, i.e., F is strictly
increasing in z; and strictly decreasing in 2.

In the case of Bpax we look for a solution of the equation

1

1
F(B” z3) = F(|z2|,|71])

or

1
F(@.1) = —F(Jaal ).

Thus, we get a continuous solution w(x) everywhere except the plane x3 = 0,

where w is not defined. But we can easily estimate the behavior of w nearly the
1

line 3 = 1 = 0. Since F' is decreasing in zp and 0 < |z1] < x4, we have

|22 R e sl |2
F( xé/p,l) < F(w,1) = F( L1 a:;/”) < F( xé/p’o)'
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Since F' is increasing in z1, we get

|72
1/

Swa():

where wy is the solution of the equation

p
(o + 1P (e — 7 +1) = 2

3
Whence wy > p* — 1 and

P
(wo—p* +1)P < (wo+ 1P Hwy—p* +1) = ’:;2|,
3
ie.,
. |z2]
wo Sp _1+ xl/p7
3

Therefore, for B = wPx3 we have the following estimate
22 < B < (feal + (p° — Day")”,

which gives the continuity near x3 = 0. Thus, the solution Bj,.x is continuous in
the closed domain ().

Similar considerations gives us the continuity of Buy. In that case we have the

equation
1
F(l,w) = —F(|z1],[22]),
x3
and hence
|2 lz1] |z |2
F(0, <F(l,w)=F , < F(1, .
( x;/p) ( x:l))/p xé/p) ( mé/p)

Now F(1,w) is decreasing in w, therefore,

|72

1/p
L3

SWS(UO?

where wy is the solution of the equation

- (= 1P .

_(p )
Le, wh = (p* —1)7P + |z2[P /x5 and for B = wPx3 we have the following estimate

|x2P < B < |za|P + (p* — 1) Pxg,

which gives the continuity near x3 = 0. Thus, the solution B, is continuous in

the closed domain (2 as well.
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First step of the proof is to check that the the main inequality (concavity (15.7)
for the candidate Bpax and convexity (15.8) for the candidate B,y ) is fulfilled if

the points ™, 2™ satisfy the extra condition on their coordinates:
oy — a7 | = |23 — 23] (16.3)

This was almost done in the preceding section, when constructing these candidates.
We know that the Hessians of our candidates have the required signs everywhere
in our convex domain €2 except, possibly, the planes x1 = 0, xo = 0, and, either
|z2| = (p*—1)|x1| for Bmax or |z1] = (p*—1)|z2| for Bmin. On these hyperplanes our
solutions are not C?-smooth, but this does not prevent them from being correctly
concave (for the 32), p > 2 and 43), p < 2 cases) and correctly concave for the rest
of the cases (namely, for the 32), p < 2 and 42), p > 2 cases). This one checks
just by calculating directly the sign of the jump of the derivative. Namely, one
fixes the line L; = a + bt in the direction of the vector b = (b1, be, b3) such that
|b1]| = |ba|. We need to prove the concavity of B, the candidate for By,x, and the
convexity of B, the candidate for By, on L;. At any point of L;, which is not the
intersection of L; with the abovementioned hyperplanes, this concavity (convexity)
follows from the previous section, this is how the candidates for Biax, Bmin were
built in (15.56), (15.58). At the points of intersections of L; with the hyperplanes
one can check the sign of the jump of the derivative of B(a + tb). We leave this as
an exercise for the reader.

Now we have in the cases (15.56), p > 2, and (15.58), p < 2, the following main

inequality
B(z™) + B(z™
B(x) — (z7) + B(z7) >0,V ,z:
_ _ _ _ xt+a”
27 —ay| = |zg —ay|,2d > |z P2y > |2y P = — (16.4)
And we have in the cases (15.56), p < 2, and (15.58), p > 2, the following main
inequality
B B(x™
B(x) — (= );— (=) >0,V ,zt
_ _ _ _ b+~
o —ar| = a3 —aglag > Ja Poag 2 oy | e = —— (16.5)

Theorem 38. If B satisfies the main inequality (16.4) then B > Bpax. If it
satisfies (16.5), then B < Buip.
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Proof. Let I =[0,1] and J denote the lattice of its dyadic subintervals. As always
J—,J_ are two sons of J. Let f,g be any two bounded measurable test functions
on [ such that |(g,hy)| = |(f,hy)| for any J. Put

z = ((f),(9)5: (F1P).0),

zt = (<f>J+7 <.g>J+7 <‘f|p>J+>a
z= = {(flo (g (f)s)-

The fact that |(g, hy)| = |(f, hs)| exactly guarantees that x*, 2~ satisfy the assump-
tions of (16.4). So use (16.4) with such z, 2%, 2~ for J = I, thenfor J = I_, J = 1_,
et cetera... We continue doing that for all dyadic J’s, |J| > 27!, The sons of
these smallest J’s will be called J™,i =1,..,2™.

Adding up all our inequalities we get

2777.
1
g 2 BUA I @) s (1 F1P)a) < Blx).
i=1
Notice that |(f) m [P — (|f|P)m when m — oco. We observed that then

B(f)am, (@) ams ([ fP)m) = Kg)am|P

In other words we can write the left hand side as fol F,,(t) dt, where non-negative

F,,’s converge almost everywhere to |g(¢)|P. By Fatou’s lemma we obtain

(lg/")1 < B(x),

which means exactly that Bpax(z) < B(z).

For the case of (16.5), and By, we can use Lebesgue dominant convergence
theorem instead of Fatou’s lemma. We will get Bpin(x) > B(x) for B satisfying
(16.5).

(I

We are left to prove the opposite inequality
Bmax > B(l')

for B from (15.56), p > 2, and (15.58), p < 2. (And similarly for By, with obvious
changes.) This one can do by reversing the reasoning in the theorem above using
the fact that domain Q = {z = (21, x9,x3) : 3 > |x1|P} is foliated by the straight
line segments (extremal trajectories). The reader can see how this type of reasoning

is done in [?]. The main idea is to travel along the extremal trajectories starting
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from z € Q to build a net N := {zT,z~ 2T, 2t 27", o=, . = ﬁ%,:ﬁr =
%, rT = %, .... All points of the net should belong to €2, and we
put them on the same extremal trajectory on which x lies for a while. If one of
them, say, z hits the boundary: 9§ (parabola) we stop building children 21, z~.
But then one of them, say, ( can hit (or approach) the special hyperplanes z; = 0
or x5 = 0. In this case we choose arbitrary (T,(~ to have ( = ﬁ% but in such
a way that they lie in different quadrants. We also choose them very close to (,
say 0c close. Then we start anew a building of the net for (¥ and (~ separately.
The reader can address to [VaVo2] to understand how the net A/ generates a pair

of functions (f, g) such that
Bnax(z) > B(z) — €,

where € can be chosen as small as we wish by the choice of small d;’s above.
This is a rough description of the way to prove By.x > B(x), but essentially it

is a shadow of a certain general verification theorem.

17. FUNCTION u, FROM FUNCTION B

We found Burkholder’s functions Bax and B, as claimed in Theorem 32. As

a corollary we immediately we get the sharp constant in Burkholder’s inequality:

Theorem 39. Let I = [0,1], (f)r = z1,{9)1 = 2, g is a Martingale transform of
f, |z2| < |z1|. Then

(lgl")r < (" = DP(fP)r-

The constant p* — 1, where p* := max(p, ]%) 1s sharp.

Proof. We just analyze the form of function Byax from Theorem 32 and immedi-

ately see that
B(xy, 22,
sup By, vz, 13) 3):(p*—1)p.
T€Q, |w2|<[m1] L3

O

Theorem 40. Let I = [0,1], (f);1 = z1,{g)1 = x2, g is a Martingale transform of
f7 |l‘2| > ‘xly Then

(LFP)r < (0" = DP(lgl")z -

The constant p* — 1, where p* := max(p, I%) is sharp.
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Proof. We just analyze the form of function By, from Theorem 32 and immedi-
ately see that
. B(z1,72,73)
inf —_—

_ * -p
=@ -1)"".
z€Q, |z2|>|21 | T3

O

Remarks. 1) The same analysis shows that (|g|P); < (p* — 1)P(|f|P)s if and only
if |x2| < (p* — 1)|z1| in Theorem 39, and in Theorem 40 (| f|P); < (p* — 1)P(|g|P)1
if and only if |zo| > (p* — 1)~ x|

Notations. Below we use 3, := (p* — 1). Put

¢max($17 -TQ) = sup [Bmax(xla €2, 56‘3) - /Bpx?)] s
x3:(z1,72,23)EN

Pmin (21, T2) 1= inf [Buin(21, 2, 23) — 8, 'x3] .
z3:(21,22,23)EN

These functions are defined on the whole R2.

Definition. We call the function ¢ on R? zigzag concave if

é(z) w > 0,Va,o 2t €R? : |ot —a]| = |2f — 250 = L2
(17.1)
And we call the function ¢ on R? zigzag convex if
- + +
¢(x)_¢(l')—;—¢($) < O,VJJ,ZL‘i,[L‘Jr c R2 . |xii-_$1—| _ |3§';—1‘2_‘,Jj _ T —;—IE
(17.2)

The next theorem gives an independent description of ¢pnax and ¢min.

Theorem 41. Function ¢max 1S the least zigzag concave magjorant of function
hp(x) = |z2fP — Bplz1|P. Function ¢min is the greatest zigzag convexr minorant

of function hy(x) := |xaP — B, |21 P

Remark. Notice that this is slightly counterintuitive: Byax(z) — Bpxs is sort of

“concave”, and the supremum of concave functions is not usually concave.

Proof. Let x~, ;. € R? are such that |z] — 27| = [z — 25| Let x = ﬁ% It is
obvious that ¢ ax is zigzag concave. One verifies this just by definition. In fact, if
for = € R? the supremum in the definition of ¢max is almost attained for x5 and
correspondingly if for z+ € R? the supremum in the definition of ¢nay is almost

— ot
attained for a certain x3, we can define z3 = *3 ;m?’ , and use (16.4) to write

B(zy, x5, x5 ) — Bpxs +B($f,x;,x§’) — ﬁpr,f >0

B(x1, 72, 23) — Bpr3 — 5
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Using the facts that ¢(z1,22) > B(z1, 22, 23) — Bpxs, and ¢(x™) = B(x] , x5, 25 ) —
By, ¢(xT) ~ B(af,23,23) — Bpzg, we conclude (17.1). Inequality (17.2) is

totally similar.
As sup is bigger than lim we conclude

Gmax(T1,2) > lim  [Bpax(21, 22, 23) — Bpas] = |22P — Bplz1|P =: hy(x) .
I3—)|:C1|p

As inf is smaller than lim we get analogously

¢min(x17 x?) < 1_1>I|Il |p[Bmin($1a x2, $3) - 5;0333] = |x2|p - /8p|x1|p = hp(x) .
r3— |1

This is because the boundary values of By,ax and By, are |xzafP.

We are left to see that ¢max is the least such majorant (and a symmetric claim

for ¢min). Let 1 be a zigzag concave function such that
¢max > w > hp . (173)

Consider function V(x1, z2, 3) := ¥(x1, £2)+ Bpxs. It is immediate that W satisfies
(16.4). On the boundary of 2 we have ¥(x) > |z2|P, this is just by the right hand
side of (17.3). Then exactly as in Theorem 38 we get that

U(z) > Bpax(x).
Then, obviously,

Y(x) = sup  [¥(z) = Bprs] > sup  [Bumax(®) — Bprs] = dmax(z) .
z3:(x,23)EN z3:(x,23)EN
So we proved that ¢nax is the least zigzag concave majorant of h,. Symmetric
consideration will bring us the fact that ¢, is the largest zigzag convex minorant
of hy,.
O

The reader should look now at function F, from Theorem 32. It would be
interesting to obtain the formulae for ¢max and ¢min, especially using this F,. It

would be also interesting to understand the role of function
1., — *
up(1,22) := p(1 = 2;)” Hlza] + |7~ (2ol = (0% = D)), (17.4)

mentioned in the introduction and used repeatedly by Burkholder. May be it is

equal to ¢max?! The answer is “no”, but we can prove the following
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Theorem 42.
¢max(xlal‘2) = Fp(SUQ,l'l)- (175)
Also
Theorem 43.
Gmin(®1,2) = —(p* — 1) P Ep(21, 22) - (17.6)

It is sufficient to prove only Theorem 42.

Proof. Let us consider the case p > 2. Functions ¢max and F), are both p-homogeneous
and symmetric with respect the change of z1 to —z; and x2 to —z9. So it is
enough to look at them on S := {z; > 0,29 > 0,21 + xzo = 1}. We know
the formula for By, from Theorem 32. It follows from this formula, that on
SN{xs < (p— 1)z} function ¢max can be easily written down (for such (xy,z2)
function B is 25 — (p—1)P(x3 —2) by our construction in Theorem 32). In fact, we
get on SN{z2 < (p—1)z1} that dmax (1, 22) = 25 — (p—1)Pa}. The last expression
coincides with Fp(z2,21) on SN {xe < (p — 1)x1}. On the rest of S function F, is
linear. On the other hand we can calculate (¢max)y, s, — (Pmax)p,z, O0 the rest of
S by using the fact that we know B« from Theorem 32.

In fact, fix z € SN{zy > (p—1)z1}. Let x3 almost ensures the supremum in the
definition of ¢max(x): B(z,z3) — Bpx3 > Pmax(x) — €. Point (z,z3) by construction
lives on an extremal trajectory of By, on this trajectory (which is not vertical)
function Bpax is linear. Choose a:ﬂ:c‘,xéﬂx;} in such a way, that (:1:+,a:§f) and
)™, x5 are on the same trajectory, they are not the same as (z,z3) but they are
very close to it. This is Eossible as trajectory is not vertical. Also we can guarantee

Ty +Tq

that x = %, xrg = =452, We know three things:

B(I‘,[L’g) - /Bpx3 Z (bmax(x) — €,

B(er? .%;) - /Bpx;; < ¢max(x+) ’

Bz, 23) = Bprz < fmax(z7).
But also the linearity of B on this trajectory gives

B(z,z3) — Bprs — %[B(w*,xf{) — ﬁpng +B(z7,235) — Bpr3] =0.

Combining all this we get

¢max(x) - %[(ﬁmax(x—’—) + (Z)max(x_) <e.
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We already saw in Theorem 41 that ¢pax is zigzag concave. The previous in-
equality (with € — 0) gives that ¢mayx is linear on ST := SN {zy > (p — 1)x1}.
This exactly how F),(z2, 1) behaves on this interval. Both functions are obviously
continuous. Function Fj,(z2,21) is a concave smooth function majorazing h, on
S. This is immediate from its formula. Functions ¢max and Fj,(z2, 1) are equal
on S\ ST. And they are both continuous on S and linear on S*. If suddenly
Gmax > Fp(xa, 1) on ST then these knowledge shows that it is not concave on S.
This is a contradiction. If suddenly ¢max < Fp(z2,21) on ST then the smoothness
of Fp(z2, 1) shows that ¢max becomes below h, near the point z3 = (p — 1)z on
S. But it is a majorant of h,. We come again to contradiction. Therefore, we
proved ¢max(z1,22) = Fp(z2,21).

O

17.1. Function u,. Burkholder often used function w, from (17.4). To demystify
it let us notice that it is also p-homogeneous and as such can be considered only
on S. On this segment function u, becomes linear. It is a majorant of h,, and it
is tangent to hy, exactly at point 3 = (p — 1)x; on S, where h, vanishes. It is not
the least zigzag concave function greater than h, (of course not, ¢max is such), but
it is the least zigzag concave function larger than h, and such that on segment S
(and all segments obtained by dilation ¢S and symmetries © — —x1, 29 — —x2) it

is not only concave, but also linear.

This is already proved, and we leave the detailed reasoning to the reader. One
more thing we want to mention is that we could have considered a slightly more
general problem. Namely, instead of majoraizing function h,(z1, z2) = |z2/P — (p* —

1)P|x1|P we could have started with any function
H(x1,x2) := |x2|P — c|z1]P .

The reader can easily see that we have proved the following theorem (of course

Burkholder already proved the most of it long ago).

Corollary 44. The smallest ¢ for which there exists a zigzag concave function
®. majoraizing H. is equal to (p* — 1)P. For this ¢ the least zigzag majorant is
Fy(x1,22). The smallest ¢ or which there exists a zigzag concave function ®, ma-

joraizing H, such that it is linear on the segment S, symmetric and p-homogeneous
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is equal to (p* — 1)P. For this c the least zigzag magjorant linear on S, symmetric

and p-homogeneous is u,(x1,x2).

Remark. Notice an interesting thing which we do not know how to explain. Given
function Bpax from Theorem 32 we can easily diminish the number of variables
and construct ¢mq.. But amazingly we can also find By if only ¢pmax is given.
In fact, Theorem 42 gives the formula for ¢max via Fj,. Then F), allows us to find

Biax. If we now combine Theorems reftl and Theorem 42 to conclude that

Corollary 45. Given a point © € Q we can find Byax(z) by solving equation:

1 1
¢max($17 112) = (bmax(xg s Bglax) .

Symmetric formula allows to find Bumin if ¢dmin s known:
1 1

¢min(x2a ZL‘1) = ¢min(B§Iin7 $§) .
18. AHLFORS-BEURLING OPERATOR. CALCULUS OF VARIATIONS. MORREY’S
AND SVERAK’S PROBLEMS.

“Everything has been thought of before, the task is to think about it again” said
Goethe. We want to take another look at Ahlfors-Beurling operator T, it is the
operator that sends Of to df for smooth functions f with compact support on the
plane C. Here

or =2 (22 52 (% 20),
0z or Oz 0z ox Ox
We intentionally omitted %, this will not bring complications.

This operator was much studied in the last 30 years. There are several reasons
for that.

a) Operator T and its multidimensional analogs play an important part in the
theory of quasiregular mappings.

b) Attempts to calculate (estimate) the norm of T are closely related to im-
portant conjectures in the Calculus of Variation: Morrey’s conjecture of 1952 and
Sverak’s conjecture of 1992. Morrey’s conjecture states that “rank one convex
functions are not necessarily quasiconvex”, so in essence it asks for a series of
counterexamples, of rank one convex functions that are not quasiconvex. Sverak’s
conjecture asks about a concrete rank one convex function whether it is quasicon-

vex.
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c¢) There is a deep connection of Ahlfors—Beurling operator to stochastic calculus
and stochastic optimal control.

Saying all that let us state several very innocent looking problems.

19. SOME PROBLEMS FROM THE CALCULUS OF VARIATION

We mostly follow in this section the exposition of A. Baernstein—S. Montgomery-
Smith [BaMS§].
Define a function L : C?> — R as follows

|22 = fw]?, if 2]+ w] <1,
L(z,w) =
2|z =1, if |z|+ |w| > 1.

Sverak’s problem: Let f € C§°(C). Is it true that

/ L(0f,0f)dzdy > 07 (19.1)
C

We can restate this problem in the language of quasiconvex functions of matrix
argument. Then we will explain Morrey’s problem.

Let M(m,n) be the set of all m x n matrices with real entries. A function
U : M(m,n) — R is called rank one convezx if t — V(A + tB) is a convex function
for any B € M(m,n) that has rank 1 and any A € M (m,n).

Function W is called quasiconvex if it is locally integrable, and for each A €
M (m,n) and each bounded domain 2 C R™ and each smooth function f : R” — R™
one has

|19|/Q\11(A+Df)d:z > WU(A). (19.2)

Here Df is the Jacobi matrix of the map f.
For n = 1 or m = 1 quasiconvexity is equivalent to convexity (which of course
is equivalent for this case to rank one convexity). Always convexity implies quasi-

convexity that implies rank one convexity.

Morrey’s problem: If m > 1,n > 1 rank one convexity does not imply quasicon-
vexity. This was conjectured by Morrey in 1952 in [Mo]. Sverak [Sv2] proved that
problem if m > 2. If m = 2 this is still open even in the case n = 2. Morrey’s

problem enjoyed a lot of attention in the last 57 years.

We can translate easily Sverak’s problem to this language (this is how it appeared

in the first place).



84 VASILY VASYUNIN AND ALEXANDER VOLBERG

In fact, for A € M(2,2), A =
c

Z] . Put z = a—d+i(b+c), w = a+d+i(c—D).
We see that

A i Lz, ) — | 10 (|114|g —2det A)Z + (JA} +2det A)2 < 1,
2(]AJ3 —2det A)2 — 1, otherwise.

(19.3)

This function is rank one convex on M(2,2). A very simple proof is borrowed
from [BaMS]. We fix A,B € M(2,2),rank(B) = 1. Let (z,w) cooresponds to A
and (Z,W) to B. The fact that rank(B) = 1 means that the map ¢ — Z¢ + W(
maps the plane to the line, so |Z| = |W|. Then |z+tZ|?—|w-+tW|* = a+tb for some
a,b € R—there is no quadratic term. Also W(A+tB) = |2 +tZ|*>—|w+tW |* = a+tb
if and only if [z +tZ]| + |w+tW| < 1. As all z, Z,w, W is fixed and t — |a+tf] is
convex for any complex «, 3, we conclude that {t e R: |z +tZ|+ |[w+tW]| < 1} is
an interval (may be empty). On the other hand outside of this interval V(A+tB) =
2|z 4+ tZ] — 1, that is a convex function. Now continuity of W(A + ¢B) implies that

it is convex.

Let f : R? — R2, smooth, and with compact support. Write f = u + iv,

Uy U
® Y|. Then using the notations above z = u, — v, + (v, + u,) = 9f,

Df =

Up Uy
w = Uy + vy + i(vy —uy) = Of.
This means that W(Df) = L(0f,0f) and Sverak’s conjecture states that

/\I/(Df)dxdy > ¥(0)=0.

In other words, (19.2) means that ¥ from (19.3) is quasiconvex at A = 0. We
conclude that would Sverak’s conjecture not be true, then ¥ would give an example
of rank one convex function which is not quasiconvex. This would solve Morrey’s

conjecture which exactly asks for such an example for the case n =2, m = 2.

However, (19.2) is probably true. Everybody who worked with these questions

believes in it. We will explain this belief.

20. CONSEQUENCES OF SVERAK’S INEQUALITY (19.2).

In what follows

* p
p* = max(p, 71) = max(p,p’) .
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Here is one other function on M (2,2) which is rank one convex but for which it
is unknown whether it is quasiconvex. It is also on M(2,2). Several such functions
are discussed in [Sv1], [Sv2], but the function ¥ above and W, below are especially

important for us.

\I’p(A) =
(p*—1)(JA2—2det A)2 —(|A[2+2det A)2)((|A]2—2det A)2+(|A|2+2det A)2)P~L.

Repeat our correspondence between real matrices M (2,2) and C?: for A €

b
M(2,2), A= ¢ J ,put z=a—d+i(b+c¢), w=a+d+i(c—b). We see that

c

Up(A) = Lp(z,w) = (0" = Dz| = [w])(|2] + [w])*~". (20.1)

See now e. g. [BaMS] for the following formula
2
p(2 = p)
Obviously, for any z,w,Z,W,|Z| = |W]| the function t — L,(z + tZ,w + tW) is

convex because of the formula and because we just proved such a property for L.

F o1y F W .
Lp(Z,'UJ): . t L(E,?)dt, lf].<p<2

Then, automatically,
o A
T,(A) = / tp’llli(?)dt, if1<p<2.
0

And then ¥, is a rank one convex function in an obvious way, if 1 <p < 2.

But for 2 < p < oo another formula holds (see again [BaMS]): put
M (z,w) = L(z,w) = (|2* = [w]*) = (Jwl* = (|2] = 1)*) Lz gt -

Obviously, for any z,w, Z,W,|Z| = |W]| the function t — M(z + tZ,w + tW) is
convex because we substract the linear term a + bt from L(z +tZ,w + tW).
Let us define
2
pp=1)(p-2)
then it is such that for any z,w, Z, W, |Z| = |W| the function t — M, (2+tZ, w+tW)

My(z,w) = /0 tp_lM(? %)dt, if 2 < p< oo,

is convex.

And, automatically,

w,(4) = [ e

t
is a rank one convex function on M(2,2).

A 4
f)+tf2detA)dt, if2<p<oo,
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Banuelos-Wang problem: Is it true that for any smooth function with compact

support on C
/ Ly(0f,0f)dzdy > 07 (20.2)
C

If (20.2) were not true we would have that ¥, is not quasiconvex at A = 0 and
Morrey’s problem would be solved in the remaining case.

If (20.2) were true than we would have solved Iwaniec’s problem of 1982.

Twaniec’s problem: Ahlfors-Beurling operator T which sends df to df has norm

p* — 1. Essentially it is the following inequality for all f € C3°(C):

/ O Pdady < (p* — 1) / 8 Pdady? (20.3)
C C

In equavalent form (20.3) is stated as follows

/ T fPdady < (p* — 1)° / \f[Pdady, for all f e CS(C)? (20.4)
C C

In fact, (20.2) = (20.3) follows from a pioneering research of Burkholder, who
in [Bul], [Bu3], p. 77, noticed that

1\? !
p(1p*> Ly(z,w) < (0" — 1P|f? — . (20.5)

Now it is clear why (20.2) implies (20.3).

Remark. What is subtle and interesting is the whole theory of inequalities of
the type like Burkholder’s inequlity (20.5). What really is going on in (20.5) is the
search of function (in this case the left hand side), which posesses ceratin convexity
properties, and at the same time posesses the ”obstacle” property expressed by
inequlity (20.5). We are looking for the 'somewhat convex” envelope of the right
hand side. This is actually the essence of the so-called Bellman function approach.
The literature is now extensive, and it relates (20.5) to Monge-Ampere equation
and stochastic control, see e. g. Slavin-Stokols’ paper [SISt] or Vasyunin and
Volberg [VaVo2].

Sverak’s conjecture (19.1) and, as a result, Banuelos-Wang’s conjecture (20.2)
were proved in the paper of Baernstein and Montgomery-Smith [BaMS] in the case
of so-called “stretch functions” f. A stretch function (in our notations, which differ

slightly from those in [BaMS$]) is a function of the form

f(re?®) = g(r)e
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where ¢ is a smooth function on R4, g(0) = g(co) = 0, and g > 0. We will call
such ¢’s stretches.

Therefore,

/ T f[Pddy < (p*—l)p/ [f[Pdady, for all fe C(C), f(z) = f(z),f: C—=R
(& C

(20.6)
holds for all real valued radial f. This was a question in [BaJa2] whether this

inequality holds for complex valued radial f.

We show how to do that using Bellamn function techniques. The advantage
of this method is that it is applicable to other situations. It also illustrate how
genuinely convex functions can sometimes be involved in a rather sophisticated

way in proving quasiconverity statements.

21. BELLMAN FUNCTION AND AHLFORS-BEURLING OPERATOR ON RADIAL
FUNCTIONS.

The kernel of T'is K(z) = 2% =: e7%k(r) ,z = re?. So for radial ¢

/K g(|z — pe'?|)dA(2) _2“0// e W E(r)g(|re’ — p|) rdrdy =

00 2
_2’“”/K w+ p)g(jw])dA(w) = _2’“”/0 ( ; K (Jwle" + p) dt)g(|w]) wl|dtd|w] .

21.1. Symmetrization If we denote n(p,r) = fo% K(re® + p)dt, and Ng(p) =
IS n(p,r)g(r) rdr we get

Tg(pe'?) = e™2% / n(p,r)g(r) rdr =: e *?Ng(p).
0

Hence to check the norm of Tg(pe?®) in LP we can take a function f € LP'(C),

write bilinear form
(1.T9) = [ srgan= [([ ¥ fre)a) No(r) v

Let us notice that the family F of functions having the form

N

fre®y= 3" e p(r),

k=—N
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where f, are smooth compactly supported functions, give us a dense family in
L (C), ,1 < p < oo. Also let us call e~ f;.(r) a k-mode function. The set of

k-modes is called Fr. Continuing the last formula we write

(f.Tg) = /@ JTgdA =

27 [ Fa(INo(r) e = [ F-a(2DNg(2) dA) = (@ f(el). Tg) . (21.0)
Let us notice that projection Il : F — Fj has norm at most 1 in any LP. In fact,

let R, is a rotation of C by ¢. Then

1 2r
W=y [ e Rz dp.
m™Jo

So projestion Il is just the averaging-type operator, and thus has norm 1.

Conclusion: to estimate ||T'g||,, g € Fo, it is sufficient to estimate the bilinear
form |(f, Tg)| only for f € F_5 (and in the unit ball of L' (C)). We proved actually
the following

Lemma 46. For g € Fy,

1Tgllp = sup (£, Tg)l-
FELP' NFi_o,|Ifll <1

We actually repeated also the following well-known simple calculation.

Lemma 47. Let a complex valued kernel K (re?) = e 0k(r). Let Kf := Kxf be a
convolution operator. Then it maps Fi to Fr—; and for every g = e*ikegk(r) € Fi

we have -
Kg(pe) = ei(kl)‘p/ Ni(p, ) g (r) rdr,
0

where
27

Ni(p,r) = K(re' 4 p)e** dt .
0

For I =T one can compute the kernel of N,,:
1 1

It is not very nice, but let us denote by h : Ry — R, the map h(t) = t2. Let us
define the operator A,, (see [BaJa2] for this)

m

Amg(u) = glau) — (m + 1)1;;2 / 0% glo) do.
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For m = 0 this is Ag = Id — H, where H is Hardy’s averaging operator on

half-axis:

Hg(u) := 1/0ug(v) dv.

U
Famous Hardy’s inequality is practically equivalent to computing

IH @) »rrmy)y =P, f 1 <p<2.

Curiously, we can see now that the question about complex valued radial func-

tions from [BaJa2] is equivalent to
[H =1l )srr@y) <P =1, if 1 <p<2. (21.2)

21.2. A Bellman function. We will use a certain interesting convex functions on
R% and R* to approach our “quasiconvexity” inequality (20.3) for complex valued
radial functions.

Suppose we have function B(u,v,&,n, H, Z) of 6 real variables defined in
Q= {|(u,0)]P < H, (&, < Z},

and satisfying two conditions:
I) For an arbitrary a € Qa € R® we want to have

d’B

(-5 a,0) 2 20} + 03)2(af + ad) V2

and

IT) Everywhere in 2

H Z
0<B(a) <(p*—1) <p + p’) , where p* = max(p,p'),

For the sake of future convenience we prefer to work with the following trans-
formation of B (a = (u,v,&,n, H, Z)):
H Z
Bluvsn = sw (5@~ -5+ 5).
H,Z:(u,0,&n,H,Z)EQ p p
Then it is not difficult to check that this B is still concave (inspite of being the

supremum of concave functions): In fact,

—d*B > 2|(du, dv)||(d&, dn)|, (21.3)
—(p" - 1)<|(“’p”)|p + |(5’;)|p > < B(u,v,,1) < 0. (21.4)

The existence of such B was proved in [PV],[DV1].
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21.3. Heat extension. Let f, g be two test functions on the plane. By the same
letters we denote their heat extensions into Ri. This is a simple lemma observed
in [PV]:

Lemma 48.

/ fTgdA = —2/ (0 +10y) f - (0 +10y)g dxdydt .
C R

3
+

Let us use below the following notations:

f=u+1v,21 = Up + Uy, 22 = Vg + 10y,

g:§+i777€1:§r+i§yac2:771+iny.

Now we can read Lemma 48 as follows:

Jrro==2 [ Girim@rio)l [ ra <2 [ ool @)

T ¥
And from here we see

. 2 o 271/2 . 2 _ 271/2

Property (21.3) of B can be rewritten
Lemma 49.
—(d*B(z1,22,€1, )" (21, 22, G1, C)T) > 2[|za [ + |22 12 (G0 + G2

This lemma gives now

21+ iz 21 —iz2 (1 +1C2 (1 — (2
2 ’ 2 ’ 2 ’ 2
2{|21+iz2|2+|21—i22|2}1/2[|41+i62|2+|61—iCz|2 12

—2(d*B( )T, (the same vector)T) >

2 2

After integration and using (21.6) we get

I/Cng\ S/Rg LHS. (21.7)
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The rest is the estimate of ng LHS from above. First of all simple algebra
+
(a = (u,v,&n):

/ LHS = —1/ (d®B(a)(z1, 22, (1, )T, (the same)T)—
R% 2 R%

1

- / <d2B(CL)(ZQ, —Z1, CQ, —Cl)T, (the same)T>—|—
2 Ri

/ auxilliary terms =: I + 11 + I11.
RS

It has been proved in [PV], [DV1] that (the convention is that u,v,,n are heat

extensions of homonome functions on the plane)

121/ <gtA> (u,v,€,m),
II_l/ (;—A> (v, —u, 7, —xi) .

An estimate of I from above. Let H denote the heat extension of function

|f|P" = (u? + v?)P'/2, Z denote the heat extension of function |g[P = (£2 + n?)P/2.
In Ri consider ¥(x,y,t) = B(u,v,&,m) + (p* — 1) (5 + g) Then

0
21 = ——A
o Gim2)w
Then obviously (integration by parts)

21_/ Sw = Jim \I/(-,t)—/ U(,0) < lim | Wl 1).
RS R2 R2

t—o0 t—o0 R2

Using (21.4) (B < 0) we get

p/
1<~ 1) tim (H(;,t s Z(-,t) Ly 1)<||f|/|1,,, +||m|)
R2

2 t—00 D D D p
Similarly,
1 _ Zf p: s P
IT < =(p* ) I Hp + | —igllp .
2 4 p
So

fIE liglp
p p
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We are going to prove next that
1171 <0.

!
11,
p/

Combining we get | [ fTg] < (p* — 1) + ||gp£> and the usual polarization

argument proves out final statement:

| /C FTgl < " = Dl £l gl

21.4. Why III = ng auxilliary termsdzdydt < 07 First of all the symmetry
+
implies that

B(u,v,&,n) = ®(Vu? + 02, /€ +12).
So far we did not use the fact that
g(z) =&(r) +in(r), f(z) = e (m(r) + ik(r)) . (21.8)

Let as before a(z,y,t) = (u,v,&,n) with heat extension functions. Automati-
cally, with afixed ¢

®(a),d®(a),d*®(a), depend only on r 4 /22 + y2. (21.9)

Remark. In proving that I1] = 0 we are going to use this fact a lot. But 111 =0
seems to hold under some other assumptions on f,g.

All auxiliary terms are in
(d®B(a) (21,22, 1, )T, (22, =21, G2, (1)) —{d* B(a) (22, =21, G2 —C1) T, (21, 22, G, G2) )
This expression = A + Dy + Dy + C', where

A = (B11 + B22)S2271,C = (Bss + Bu1) 321 -

Also
Dy = B133¢21 + Ba3S(aza + B14S21(1 + B24S22(s -

Dy = B13S20(1 + Ba3S(121 + B1aS22(2 + B24S(a71 .

Why [z Di(2,y,t) dedy = 07
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In Dy the smaller index of By, k € 1,2, € 3,4 coincides with the index of z;.
In D5 this is not the case. This is the explanation why integrating each term of

Dy returns 0. For exmple, (the last equality uses ng = 0)
Ug, Uy,
Sz =det | © el det r T = —nyup/T.
Uy Ty u@/r’ 779/7"

But (recall f =u+iv,g =& +1n)

Biz = mg@m(’ﬂv lg1) -

u §
|

Then the first term of D,
= ¢(r)uuyg ,

and its integral along any circle is zero. Similarly,

né& —&ny (|11, 19])

Dy = (uug + vuvg) ) (21.10)

| fllgl

and so Dy = ¢1(r)uug + ¢2(r)vvg. Hence for each fixed ¢

Dy (z,y,t)dxdy =0.
RQ
Coming to Dy we can simalarly see that
0]

D2 — (U'U@ _vu9)§§r+n7lr lQ(’f‘7|g| (2111)

£ 11l
Recall that from (21.8) it follows that u = m cos 20—k sin 20 , v = m sin 20+ k sin 26,

and from this
UVihetq — VU = 2(m2(7') + kQ(r)) = 2(u2(7") + 1)2(7')) = 2]f\2(r) =: 2M2(r) )

Using similarly the notation N(r) = |g| we can see from (21.11) and the previous
equality that
2
Dy = ;@12(M(r), N(r))N'(r)M(r).

Now we compute

1
A= (B11 + BQQ)%ZQZl = (‘I’H + MCIH)(UT’UQ/T — UTU/Q/T) .

Using (21.8) we get u,vgp — vyug = 2M (r)M'(r). Therefore
2 1 2
A= (P + Mcbl)MM/ = (& MM + O M').
r r

Notice (again (21.8)) that in

C = (Bss + B14)3¢:G
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the expression (al1 = &mg/1 — n:&9/7 = 0. So C = 0.

Adding the expressions for A, Dy we obtain after integration over R?:
[ (4G50 + Dat ) dody = 47 [ (@120, M)M)N'()+
R2 0
Oy (M, NYM (r)M'(r)) dr + 47r/ Oy (M, N)M'(r)dr =:a+b.
0

Integrating b by parts we get —a and —®4 (M (0), N(0))M(0). Function ¢ grows in
the first varible. So
/ auxilliary termsdxdydt < 0,

R

3
+

and we are done.

Actually, in our particular case 111 = 0. Function f = v+ v on C has the form
f = e®®(m(r) + ik(r)), therefore, its heat extension f(x,y,t) obviously satisfies
f(z,y,0) =0. So M(0) =0. As we saw

IIT = —®1(M(0), N(0))M(0) =0.
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