A; CONJECTURE: WEAK NORM ESTIMATES OF WEIGHTED
SINGULAR OPERATORS AND BELLMAN FUNCTIONS

FEDOR NAZAROV, ALEXANDER REZNIKOV, VASILY VASYUNIN, AND ALEXANDER VOLBERG

ABSTRACT. We consider several weak type estimates for dyadic singular operators using the
Bellman function approach. We disprove the A; conjecture, which is a weaker statement
than Muckenhoupt—Wheeden conjecture.

1. INTRODUCTION

Recently Maria Reguera [4] disproved Muckenhoupt—Wheeden conjecture. Here we strengthen
her result by disproving a weaker conjecture: the so called A; conjecture. The reader can
get acquainted with the best so far positive result on A; conjecture in the paper [I]. Then
Maria Reguera and Christoph Thiele disproved Muckenhoupt—-Wheeden conjecture [5], which
required that the Hilbert transform would map L!'(Mw) into L% (w). It has been suggested
in Pérez’ paper [3] that there should exist such a counterexample, also [3] has several very
interesting positive results, where Mw is replaced by a slightly bigger maximal function, in
particular by M?w (which is equivalent to a certain Orlicz maximal function).

We disprove a weaker conjecture that required that the Hilbert transform would map
LY(w) to LY*°(w) with norm bounded by constant times [w]4,~the A; “norm” of w. Recall

that [w]a, := sup Muw(z) Therefore, A conjecture is weaker than Muckenhoupt —~-Wheeden
1 w(z)

conjecture. And, in fact, in [4], [5] the A; norm of the weight is uncontrolled.

It is called a weak Muckenhoupt—Wheeden conjecture. We prove that the linear estimate
in weak Muckenhoupt ~-Wheeden conjecture is impossible, and, moreover, the growth of the
norm of the the Hilbert transform from L!(w) into L*°(w) is at least ¢[w]4, log"/"[w] 4, .
Paper [1] gives an estimate from above for such a norm: it is < C'[w]4, log[w]4,. We believe
that this might be sharp and that our estimates from below can be improved.

Acknowledgements. This work is much indebted to the Summer School-2010 at Lake
Arrowhead and the discussions during this very stimulating event.

2. UNWEIGHTED WEAK TYPE OF 0 SHIFT

We are on Iy := [0,1]. As always D denote the dyadic lattice. We consider the operator
o= > el h)hy,

ICIo,I€D

where e; = 1. Notice that the sum does not contain the constant term.
Put

F={l¢\)r, f:=1{e)r,
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and introduce the following function:
1
B(vaa)‘) ‘= sup meEI Z GJ((P,hJ>hJ($>>)\}’,
JCI,JeD
where the sup is taken over all €;,J € D, J C I, and over all ¢ € L'(I) such that F :=
{elr, f:= (@)1, hr are normalized in L?(R) Haar function of the cube (interval) I, and |- |
denote Lebesgue measure. Recall that

1

7,l’€[+
ma =V
\/m,éb —

This function is defined in a convex domain Q C R3: Q:= {(F, f,\) € R3: |f| < F}.
Remark. Function B should not be indexed by I because it does not depend on I. We will
use this soon.

2.1. Main inequality.

Theorem 2.1. Let P,Py,P_ € Q,P = (F,f,\), P = (F+o,f+8,A+3), P~ = (F —
a,f—B,A—B). Then

1
)
At the same time, if P,Py,P_ € QP = (F,f,\), Py = (F+a,f+ 8,A—=03), P- =
(F—a,f—pB,A\+ ). Then

(2.1) B(P) — =(B(Py) + B(P_)) > 0.

(2:2) B(P) ~ S(B(Py) + B(P_)) 2 0.

In particular, this means that denoting M (F,y1,y2) := B(F,y1+y2,y1—y2) defined in domain
G :={(F,y1,y2) : |[y1 + y2| < F}, we get that for each fized ya, M(F,y1,-) is concave and for
each fized y1, M(F,-,y2) is concave.

Proof. Fix P,P,,P_ € Q,P = (F,f,\), Py = (F+a, f+8,A+8), P- = (F—a, f—B,A—B).
Let ¢4, p_ be functions giving the supremum in B(P;), B(P-) respectively up to a small
number 7 > 0. Using the remark above we think that ¢ is on I and ¢_ is on I_. Consider

o) p(z), z €L}
pla): {go(:c),a:é[

Notice that then

(2.3) (ph1) - —— =B

vl

Then it is easy to see that

(2.4) (lehr=F="h, (pr=f=".

Notice that for = € I using (2.3]), we get if e; = —1

1 1

mHﬂU €l > el hphy(x) > A} = m’{ﬂf €l Y eslphahy(x) > A+ 8}
JCI,JeD JCI4,JeD

1 1
=-———Hrzeli: > ey, hp)hs(z) > Prs} > -B(Py) 1.
3| 2
JCIyJeD
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Similarly, for = € I_ using (2.3)), we get if e; = —1

] |{$ el > eslphp)hs(x) > A} = ] |{93 el > eslphahy(x) > =B}

JCI,JED JCI,,JeD
1
I _,hp)h P_ > -B(P_)—n.
= grleelos 3 elemhohs@) > P}l = 3B(P) <
JCI_,JeD

Combining the two left hand sides we obtain for e; = —1

1
FE el 3 elahnhile) > M = 5B + BP-) ~ 2.

JCI,JeD

Let us use now the simple information : if we take the supremum in the left hand side
over all functions ¢, such that {|p|); = F,{¢); = f, and supremum over all ¢; = +1 (only
e; = —1 stays fixed), we get a quantity smaller or equal than the one, where we have the
supremum over all functions ¢, such that (|¢|) = F, (¢);r = f, and an unrestricted supremum
over all e; = £1 including e; = +1. The latter quantity is of course B(F, f,\). So we proved

£1).
To prove we repeat verbatim the same reasoning, only keeping now ¢; = 1. We are

done.
O

Denote
T(p = Z GJ(QD, hJ)hJ(x).
JCI,JeD
It is a dyadic singular operator (actually, it is a family of operators enumerated by sequences
of £1). To prove tha it is of weak type is the same as to prove

(2.5) B(F,f,)\) < CTF A>0.

Our B satisfies 2.2). We consider this as concavity conditions. And they are if we
change variables from (F, fyA) to (Fyy1,y2), B to M, where

1 1
yri= 5O )y = 50 1),
Abusing the language we will call by the same letter B (correspondingly, M) any function

satisfying (1), (2)

We need one more condition, the so-called obstacle condition:
(2.6)
If A < F then B(F, f,\) =1 or, in terms of M we have M (F,y1,y2) = 1if y1 + yo < F.

Theorem 2.2. Let B > 0 satisfy (2.1), (2.2). (Equivalently, let the corresponding M > 0 be
concave in (F,y1) and in (F,y2).) Let B satisfy (2.5), or, equivalently,

CF
2.7 M(F,y1,y2) < ———, y1 + 142 > 0.
(2.7) (F,y1,v2) Y

Let B (or M) satisfy (2.6). Then we have the weak type estimate with constant at most C
for all T uniformly in e = £1.

Proof. Just by reversing the argument of Theorem 2.1 OR BEAUTIFULLY BY INDUC-
TION!
O
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3. UNWEIGHTED CASE. THE EXACT BELLMAN FUNCTION

Consider finding the unweighted Bellman function on the boundary F' = f. It means that
we are working with positive functions . If we denote as before

p= A+ ), =5 (f )

then we need 0-homogeneous function in yi,y2, that is a function B(
defined for ¢ € (—oo, —1] such that

), such that B(t) is

(3.1) (B(%)H <0, <B(y1)>” <0
Y2/ i Y2/ yays

and knowing that when A — co we have z% — —1, we obtain that

(3.2) B(-1)=0.

On the other hand, we want to show that

(3.3) B(t) = 1,t— —o0.

To prove (3.3) consider first a positive function ¢ with fol wdxr =1, which looks like almost a
delta function. Then ¢ =1 — H, where H is the linear combination of Haar functions which

is equal to 1 on almost the whole interval [0, 1], say on a subset E. Then let us consider
p1 = 1+e+H. It corresponds to point (fo, \g) = (1+¢,1), for which ¢t = Z—; = —i—j = —%.
But we know that H =1 > X\g on E, |E| > 1—4. We conclude that B(—2E¢) > 1—4, therefore
(13.3) is proved.

From we derive
B" <0, t*B"(t) + 2tB'(t) < 0, t € (—o0, —1].
Make the second inequality an equation. Then we have its concave solution
B(t)=c1 + %2,02 >0,

the last assumption follows from concavity requirement on B. Now (3.2]) and (3.3) give us
our desired biconcave function:

1 Y2 A—f 2f
(t) ; (y1,92) " Atf A+

4. FuLL BELLMAN FUNCTION FOR UNWEIGHTED WEAK TYPE INEQUALITY

Amazingly one can also find the full Bellman function, not just on the boundary f = F:

(4.1) B(F, f,\) LifA<F,
‘ R N D

As always above we denote

1 1
(4.2) A=yt f=yi = =5+ ) pg(A = 1)
We are looking for a function M

B(F, f,\) = B(F,y1 — y2,y1 + y2) = M(F,y1,v2),
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which is defined in Q := {(F,y1,y2) : F > |y1 — y2|}, bi-concave in variables (F,y;) and
(F,y2), satisfies the first boundary condition:

2
(43) HF=fimy—pp>0= BEAN) = —d o M(Fyrye) =122
At f (0
This we know from Section [3l
It also satisfies the second boundary condition:

(4.4) A< fthatisifys <0= M =1.

In fact, fix A9 and € > 0, let ¢ be a positive function on [0, 1] such that it looks like (Ag+€)dp,
and F = f = fol pdr = Mg+ € > Xg. As it looks as a multiple of delta function it can be
written down as Ag + € + H, where H is a combination of Haar functions, and —H = A\g + €
on a set of measure 1 — 7 with an arbitrary small 7 (the smallness is independent of A\g and
€). Then the example of ¢ shows that

B()\o—i-e,)\o—i-f,)\o)Zl—T.

Now let us modify ¢ a bit. Consider ® := ¢ + S, where S has very small support (say, of
measure smaller than 7), contained in where ¢ is small, and [ Sdz =0, and [|S|dz = N,
which we choose as large as we want. Then the example of ¢ shows that

1
B(/ || dx, Ao +€,N9) > 1—27.
0

By varying S we can reach [ |®|dz = F' for any F > )\g + €. Therefore, making first 7 — 0
and then € — 0, we prove (4.4]).

Now let us consider the section €, of the domain of definition Q := {(F,y1,42) : F >
|ly1 — y2|} by the hyperplane y; = fized. We want to find M satisfying concavity in this
hyperplane-we are going to look for M (and we will check later that 1t is concave) that
solves Monge-Ampere (MA) equation in €,, with boundary conditions and (4.4). In
Qy,, there is a point P := (y1,¥1,0). Let us make a guess that the characterlstlcs (and we
know by Pogorelov’s theorem that they form the foliation of €, by straight lines) of our
MA equation in €2, form the fan of lines with common point P = (y1,y1,0). By Pogorelov’s
theorem we also know that there exists functions 1, to, t constant on characteristics such that

(4.5) M=t1F+tys +1,
such that t1 = t1(t;y1),t2 = t2(t;y1) (we think that y; is a parameter), that
(4.6) 0= (t)F + (t2)iy2 + 1,
that
8M(F7'>y2) 8M(mez)
4.7 t == s t = .
(4.7) ! OF ! dys

Let us call characteristics L;. Extend one of them from P till yo = y;. The latter is the
vertical line in €2,,, which is the intersection of €y, with f = 0. Our function B is even
with respect to f, being (as we will see this will be true) smooth it has one more boundary
condition: %—?(F, 0,\) = 0, that is

oM oM

Oy2 Oy

Or if we denote the intersection of L; with yo = y1 by (F(t),y1,y1) we get

(48) If Y2 = Y1 =
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oM
(4.9) ta(t;y1) = T(F(t)vyla Y1) -
Y1
We want to prove now that
(4.10) On the whole L; we have F(t)t1 + 2y1t2 = 0.

In fact, our M is 0 homogeneous. So everywhere F'Mp. +y1 M, +y2M,,, = 0. Apply this to

point (F'(t),y1,y1), where we can use and get F(t)t1 + tay1 + toyr = 0, which is
in one point. But then all entries are constants on L., therefore, follows.

Now use our guess that L; fan from P = (y1,%1,0). Plug this coordinates into 0 =
(t1);F + (t2)jy2 + 1, which is (4.6). Then we get the crucial (and trivial) ODE

1 1
(4.11) thit)=——=t(t) = ——t+ Ci(n1) -
U Y1
Let boundary line F' = y; — u corresponds to t = tg. Then we use (4.5 and (4.3):
1 U
(——to+ Ci(y1))(y1 —u) +tau+tog=1— —.
Y1 A
Using (4.10]) we can plug to expressed via F'(t). But by definition F(tg) = 0. So we get

1 U
(——to+Ci(y1))(y1 —u)+to=1——.
U Y1
Or
u u
Ci(y)yr — (to+ Crly)yr) — =1 — —.
Y1 Y1

Varying u we get C1(y1) = y%, to = 0. Now from (4.11]) we get
1

(4.12) ti(t)=—(1—1).
)1

After that (4.6) and (4.10) become the system of two linear “ODE”s on F'(t) and t5(t):

1 /
——=F(t to(l 1=0
(413) Y1 ( )+y1 2(1)
2y1t2(t) + F(t)yfl(l — t) =0.
We find ¢ty = —1 (1 —t)t. We find the arbitrary constant for ¢, by noticing that the second

Y1
equation of (4.13) at top = 0 implies that t2(0) = 0 as F(tp) = F(0) = 0 by definition.
(.6

Hence (4.6 becomes
1 1
(4.14) ——F+—2t-1)y2+1=0.
n Y1

Given (F,y1,y2) € @y, N{0 < y2 < y1}, we find ¢ from (4.14) and plug it into (4.5)), in which
we know already ¢t) and #3(t). Namely, we know that

1 1
(4.15) M(F,y1,y2) = —F — —t(1 —t)yo + t.
U1 Y1
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Plugging t = %w ( notice that in (F, F,\) coordinates we will get ¢ = %_JJ;) from

Y2

(4.14) into this equation we finally obtain

(A —F)?

(4.16) B(F, f,\)=1- St

It is not difficult to check now that M(F,y1,y2) = B(F,y1 — y2,y1 + y2) is bi-concave
and satisfies all boundary conditions. So we verified that actually that this is exact Bellman
function of unweighted weak type estimate.

5. BACK TO WEIGHTED ESTIMATE. A; CASE

We keep the notations—almost. Now w will be not an arbitrary weight but a dyadic A;
weight. Meaning that

VI e D (w); < Qirllfw.
The best @ is called [w]4,. Now

F:<|f’w>17f:<f7>[7)\:)\7w:<w>17m:ir}fw'

We are in the domain

(5.1) Qi= {(Fyw,m, f,0): F = |flm, m<w<Qu}.
Introduce
1
(5.2) B(F,w,m, f,\) := sup Tw{x el: Z ej(p,hy)hy(z) > A},
1 JCI,JeD

where the sup is taken over all €y, |e;| < 1,J € D, J C I, and over all f € L'(I,wdx) such

that F:= (| flw)r, f:=(f)1, w= (w);,m < inf; w, and w are dyadic A; weights, such that

VI € D (w); < Qinfrw, and @Q being the best such constant. In other words @ := [w]dAyladic.

Recall that h; are normalized in L?*(R) Haar function of the cube (interval) I, and |- | denote
Lebesgue measure.

5.1. Homogeneity. By definition, it is clear that
sB(F/s,w/s,m/s, f,\) =B(F,w,m, f,\),

B(tF,w,m,tf,t\) = B(F,w,m, f, \).
Choosing s = m and t = A~!, we can see that

(5.3) B(F,w,m, f,\) = mB(%, % {)

for a certain function B. Introducing new variables a = %, B=7= { we write that B

is defined in

(5.4) Gi={(@B7): h <al<B<Q}.
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5.2. The main inequality.

Theorem 5.1. Let PPy, P € QP = (F,w,min(my,m_),f,\), P = (F+ a,w +
77m+7f+ﬁ7)\+/6); P_ :(F_aaw_f%m—)f_ﬂ))‘_/ﬁ)' Then

1
(5.5) B(P) - 5(B(Py) + B(P-)) 2 0.
At the same tim67 Z.fP,P+,P, GQaP: (F7f7w7min(m+7m*)a/\)7 P+ = (F+aaf+ﬁaw+
’y’m+>)‘_5)} P_= (F_a,f—ﬁ,W+’7,m+,)\+ﬂ)- Then

1

(5.6) B(P) - 5(B(P}) + B(P-)) > 0.

In particular, with fired m, and with all points being inside ) we get

1
B(F,w,m, f, )\)—Z(]B%(F—dF,w—dw,m,f—d)\,)\—d)\)—{—IB%(F—dF,w—dw,m,f—l—d)\,)\—d)\)—i—
(5.7) B(F 4+ dF,w+ dw,m, f —d\, X+ d\) + B(F + dF,w + dw,m, f + d\,\+ d)\)) > 0.

Remark.1) Differential notations dF, dw,d) just mean small numbers. 2) In (5.7)) we loose

a bit of information (in comparison to (2.1)),(2.2))), but this is exactly (5.7)) that we are going
to use in the future.

Proof. Fix P, Py, P_ € Q. Let o4, p_, wy,w_ be functions and weights giving the supremum
in B(Py), B(P-) respectively up to a small number n > 0. Using the fact that B does not
depend on I, we think that ¢4, w, ison Iy and ¢_,w_ is on I_. Consider

z) = 90+<$)a$61+
pla): {go(:n),:nel

Jwy(x), z ey
wi@) = {w(x), el

Notice that then
1
(5.8) (p,h1) - —==F.
1]
Then it is easy to see that
(5.9) (lplw)r =F =P, {p)r=f=Ps.

Notice that for z € I, using (5.8)), we get if e; = —1

iw+{$ el Y eslph)hy(z) > A} = iw+{95 eli: Y eslph)hy(z) > A5}

] JCI4,JeD 1 JCI4,JeD
1 1
= W“’*{w €l > eslpr hahy(x) > Pys} > S BPs) = 1.
+ JCI,JeD
Similarly, for x € I_ using (5.8)), we get if e; = —1
1 1
mw_{x el : Z er(p,hy)hy(z) > A} = mw_{x el : Z ej(p,hy)hy(z) > A=}

JCI,JeD JCI_,JeD
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1 1
- mw_{m el > eslp- hyhy(x)> P 3} > SB(P-) —n.
JCI_,JeD
Combining the two left hand sides we obtain for e; = —1
1 1
e el 3 eslehh(e) > X) 2 (BP) + B(P.)) - 20,
JCI,JED

Let us use now the simple information : if we take the supremum in the left hand side
over all functions ¢, such that (J¢|w); = F,{(p); = f, (w) = w, and weights w: (w) = w, in
dyadic A; with Aj-norm at most @), and supremum over all e; = £1 (only e; = —1 stays
fixed), we get a quantity smaller or equal than the one, where we have the supremum over all
functions ¢, such that (|p|w) = F, (@) = f, (w) = w, and weights w: (w) = w, in dyadic A;
with Aj-norm at most @), and an unrestricted supremum over all e; = £1 including e; = +1.
The latter quantity is of course B(F,w, m, f,\). So we proved .
To prove we repeat verbatim the same reasoning, only keeping now ¢; = 1. We are
done.
O

Remark. This theorem is a sort of “fancy” concavity property, the attentive reader would see
that , represent bi-concavity not unlike demonstrated by the celebrated Burkholder’s
function. We will use the consequence of bi-concavity encompassed by . There is still
another concavity if we allow to have |e;| < 1.

Theorem 5.2. In the definition of B we allow now to take supremum over all |e;| < 1. Let
P7P+aP— € va = (Fvwvmava)z P+ = (F—i_avw—i_’%maf—i_/@v)\)? P = (F—a,w—
Vamvf_/Bv)‘)' Then

1
(5.10) B(P) — 5(B(P}) +B(P-)) > 0.
Proof. We repeat the proof of (5.5)) but with e; = 0.
O

Theorem 5.3. For fized F,w, f, \ function B is decreasing in m.
Proof. Let m = min(m_,m=) = m_. And let m4 > m. Then (5.5)) becomes

B(F7w7m7f7)‘) _B(Fuwam+7f))‘) >0.
This is what we want. g

5.3. Differential properties of B translated to differential properties of B. It is
convenient to introducae an auxillairy function of 4 variables:

Ble,v, ) = B(5 0. ).

Of course I3
B(F,w,m,f,)\) = m§<7agvfa)\)
m’ m
Theorem 5.4. Funcion B from (5.3|) satisfies
(5.11) t — t 1 B(at, ft,v) is increasing for M <t< g :
@

(5.12) B is concave.
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x f 1 x —dx f—dX\ x —dx f+dX
Zuy—_Z|B — B —

r+dr f—d)\)+B(x+dx B f+dx
A+ T NN A+ax? T N Tan

Proof. These relations follow from Theorem Theorem and Theorem (actually
from (j5.7))) correspondingly. O

We can choose extremely small g and inside the domain €2 we can mollify B by multi-
plicative convolution of it with gp-bell function ¢ supported in a ball of radius £¢/2.

Multiplicative convolution can be viewed as the integration with 5%1/1(”7_610), where 0 =
dist(xg, 012). Here z is a point inside the domain of definition € for function B. This new
function we call B again. We build B by this new B. Actually the new B should be denoted
B, where superscript denotes our operation of mollification. Property can be now

rewritten for it by use of Taylor’s formula:

B(

)+

(5.13) B( >0.

Theorem 5.5.

dr  d\\? dy\ 2 2
(- 5) () e (F) -

d d\\ d dy d\ d dA\ dA

A z A/) A
dr  d\\ dA d\\?
2By | —— — |— —2vB,| — ] > 0.
(G- F) T -0(5) =0
Proof. This is just Taylor’s formula applied to (5.13)). O
Denoting
dr dy d
(=== =2
x Yy

we obtain the following quadratic form inequality

Theorem 5.6.
—&%[0®Boa + B?Bgg + 2aBBag] — 1° [0 Baa + (1 +v°)Byy + 2ayBay2aBa + 2B |+
+2¢n [asz + afBasfBvBsy + ayBay + aBy| > 0.
Now let us combine Theorem and Theorem In fact, Theorem implies
—QCwBMnQ < —a?y2Boan? — anQ .
We plug it into the second term above. Also Theorem [5.2] implies
207Bay&n < —0*Y*Baal® — By’
28vBgy&n < —B77*Bgst® — By
We will plug it into the third term above. Then using the notation
¥(aB,y) == —a*Baa — 203Bag — 5°Bsp)

(which is non-negative by the concavity of B in its first two variables by the way) we get that
the following quadratic form is non-negative:

EK+E&nL+n?N =
& (e, B,7) + (—a*Baa — B°Bag)y’]
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&n[~v(a, B,7) + (0”Ba)a — #*Bpg]
[~ (4 + ’yZ)JRW —2vBy — (&®Bga)a — &*Baay?] > 0.
Therefore, (hopefully K is positive),
L2

5.14 N>—.
(5.14) 2 1%

Now we will estimate L from below, K from above and as a result we will obtain the
estimate of N from below, which will bring us our proof.

But first we need some a priori estimates, and for that we will need to mollify B = B in

variables «a, 5. Again we make a multiplicative convolution with a bell-type function. Let us
explain why we need it. Let

Q := sup B/a.
G
We want to prove that
(5.15) Q/Q — 0.

First we need to notice that
N A
(5.16) [ et i< 0@y + Ga).
1/2 Q
In fact, consider 8 € [Q/4,Q/2], b(t) := B(at, 5t,7) on the interval % =:tp <t <2. Let
0(t) = b(2)t < Qta. We saw that b(t)/t is increasing. So b is under ¢, and so

~

£(0) ~ b1t = (max(2, 5)) < thmax(2, £)) < CQamax(QL, 5) < Gy + Sa
and £(t) — b(t) is concave, and the above value is maximum of it. By the same property that
b(t)/t is increasing we get that

(2)-b(2) <0.

Combining this with Taylor’s formula on [tg, 2] we get for g := ¢ — b (g is convex of course):

) A
—(2—t0)g / dt/ s)ds = positive +/ (s —to)g"(s)ds < supg < Qv + ga.
to to
This implies (5.16)).
Consider now function a( ) B(at, 5,v) We also have the same type of consideration
applied to convex function a(t) bringing us
1 ~
(5.17) / —a?Baolat, B,7) dt < CQa.
1/2
Similarly,
1 A~
(5.18) | ~8*Bas(a. st dt < CGa.
1/2

We tacitly used here that B, > 0, Bg > 0, which is not difficult to see.

For the future estimates we want ([5.16)), (5.17)), (5.18) to hold not in average but pointwise.
To do that we just convolve B with a bell-like 1., in two variables «a, 8 for each fixed ~. It
is not difficult to see that after that (5.16), (5.17)), (5.18|) become
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A~

(5.19) 0 < (at, Bt,v) < C(Qvy + ga) .
(5.20) 0 < —a?Baa(at, B,7) < CQar.
(5.21) 0 < —B2Bgg(a, Bt,7) < CQa.
In fact we should write here B instead of B to honor our second mollification. But we
will keep B.
Recall that (now with this smoothen B):

EK+E&nL+n’N =
52 [Y(a, B,7) + (_QQBaa - 62366)72]
&n [~ (e, B,7) + (0’ Ba)a — 5*Bpg]
-4+ ’yz)Bw - 29yB, — (0?By)a — 0*Baa?] > 0.
We will choose soon appropriate ag, a; < 1—(1)0040 and v << a1. Let us intruduce

b= [ Kda= /% [¥(a, 8,7) + (—0®Baa — 8*Bgs)y’] dav,

a1 1

ag ap
nim [ Nda= [ T[-(4497)B, 0B, - (0%Bu)a - 0% Ban) da,
o o

1

0= / (e B,7) + (% Ba)a — *Bgs) dar.

1
Estimate of k£ from above. The integrand of k is obviously positive and ¢ term dominates
other terms (by (5.19)), (5.20)), (5.21]) and the smallness of 7). Therefore

0<k< Qvlog% < C (Qag +Cga3),
1

if @ is very large. We choose

(5.22) ag = cg, = 1(1)020[0.
Then

Q Q A
5.23 kEk<C + )< C=(1+ .
(5.23) (Qy Q) Q( @)

Estimate of ¢/ from below. Estimating from below we can skip the non-negative term
—BzBBB. Also

/ Y (e Bir) = —CQy Og .

1

On the other hand,
ap .
/ (O[2Ba)a da = a(%Ba(OéO,ﬁv’y) - Q%Qv

1
as mollification gives a pointwise estimate

(5.24) B, <CQ.
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Recall that 8 € [Q/4,Q/2]. We also have the obstacle condition (5.30), which says that
B(1,8,v) > g. If By (g, B,7) would be smaller than /40 (and then By, (s, 8,7) < Q/40 for
all s € [, 1] by concavity of B in its first variable) we would not be able to reach at least

18
ezﬁ@ﬁ@amcg.

As oy = ﬁao\/g (see (5.22))), and choosing v < 7'(%)2 we get

r> 00z udre.
And k is R

0<k<C o+ Q).
As we must have
(5.25) n > e > 0(2)5 Q{ :

4k Q 1+Qy

Estimate of n from above. As v << c%, we have that (see (5.20))

g @0 ~
/ —(a’Bg)q da — 72/ —a?Baada < —CQad + cQa2y? <0.
(0%

1 aq

Therefore, we get, combining with (/5.25))

Qs @ [
(Q) 1+Q’Y§n§ 5/041 (6 B’Y)"/da’
or
o 12 B Q ; Q2
(5.26) /a (57" B,)y dor < C(Q) o

Function B is smooth and symmetric in v (the latter is by definition). So after integrating

in vy on [0,7],y < := c%/log %] we get

(5.27) /Oé0 Byda < _(g)7 Qlog(l + Q’}/) .

1
Integrate again in 7 on [0,70]. We get the integral over [a1, ag] of the oscillation of B,
which is
a0 R R
/ [B(a7 57 O) - B(O[, /Ba 70)] da > (2)7 (1 + Q’YO) lOg(l + Q’YO)
aq

But this oscillation is smaller than CQO&%. We get the inequality

(5.28) <g>7 (1+ Qo) log(1 + Qo) < <g>2@.

Plugging vy we get
(5.29) <gfu+w@Q§%ma1+ﬂmgﬁ>s©.
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We can see that if Q < Qlog” Q with 7 < %, then (b.29)) leads to a contradiction. So we
proved

Theorem 5.7. The weighted weak norm of the martingale transform for weights w € Ailyadic
can reach c|w]a, log” [w]a, for any positive T < 1/7.

5.4. Obstacle conditions for B. Now we want to show the following obstacle condition
for B, which we already used:
(5.30) it]y| < 7, then B(L,3,7) > 5.

Let I := [0,1]. Given numbers |f| < \/4, % = \ it is enough to construct functions ¢,
on I such that

Put ¢ = —aon I__, = b on I, zero otherwise. And w=1onI__UI;;, and w = Q
otherwise. Then put

Y= ((P; hi_ )hi — (907 hI+)hI+ :

Let 0 < a < b and a is close to b. Put A\ = (a 4+ b)/16. Then average of ¢ is small with
respect to A\ and we can prescribe it. F' = (a + b)/4,m = 1. On the other hand, function 1
(which is a martingale transform of ¢ — (¢)) is at least —(¢, hy, )hz, > b > A on I, _, whose
w-measure is more than $w(I). So

(531) B(,5,7) > 35,

for all small v and 8 < @. This is what we wanted to prove. The replacement of 1 by 4 does
not matter.

6. BELLMAN FUNCTION AND THE ESTIMATE OF WEIGHTED WEAK NORM FROM ABOVE IN
Ai CASE

Let us denote by Ny the quantity (wis constant on k-th generation and w € Ailyadic)

1

Ni(V) :=sup mw{x el: Z es(fohy)hy > A}.
JCI,JED,|J|>2-k|I|

Then we have practically by the definition of Ny, (let V' temporarily denotes vector (F, f, A, w, m),
and y1 := A+ fiy2 = A — f)

N, (V_)+ N,
(6.1) Ni1(V) < sup bV );— b(V) .
Vi, Vo,V= VJrZV_ Y1+ —y1—[=ly2+ —y2—|

In this language we need to prove that
(6.2) Ng(V) < B(V) for any k and any V € Q.

By bi-concavity of B and by (/6.1) we immediately see the induction step from k to k + 1.
We are left to check that

(6.3) No(V) < B(V).

Let us check (6.3). If A > £ > | f| we just use B(V) > 0 because for such parameters
[(Fy bl < TfI <A

and the subset of [0, 1], where €/g 11(f, hjo,1])hjo,1() is greater than A is empty.

On the other hand, if A < %, what can be the largest w-measure of F C [0, 1] on which
€0,11(f5 hjo,11)Pjo,1(x) = A7 Here is the extremal situation: w is 2Q — 1 on [0,1/2], and 1 on
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[1/2,1]. Function ¢ is zero on [0,1/2], and constant 2f on [1/2,1]. Then F' = f,m = 1 (these
are data on [0,1]). On the other hand,
F
€0.1(#, hpo,)hpo(2) = €] f hyoy(@) = — = A

on the whole [0, 1/2] if €g 1) = & is chosen in the right way. But in this case again, B(V') >
2Q — 1 > w([0,1/2]).

Hence, B(V)) > Ny(V) is proved, and we can start the induction procedure.

It is left to find our B to have a sharp estimate from above in A; problem.

7. MARTINGALES

We will use fouradic lattice F. For a fouradic interval I let H;y = 1 on its right half,
H; = —1 on its left half, let also G; = 1 on its leftest and rightest quarters and Gy = —1 on
two middle quarters. We will call martingale difference the function of the type

o= Z arHy

IEF (I)=4—n
or
gn= Y, bGi,
IEF 6(I)=4—"
where aj, by are numbers. Martingale for us is any function on Iy := [0,1] of the type

f=/+ ZfLO fn,org=g+ Zf:[:o gn , Where f, g are two constants. We distinguish H- and
G-martingales.
In the previous sections the following theorem was proved.

Theorem 7.1. Given QQ > 1 there exist three H-martingales F,f,w, F > 0,w > 0, and one
G-martingale g such that the following holds:

1) For any I € F, (F)1 > (|f|)1 miny w.

2) For any I € F, (w)1 < Qminyw.

3) For any I € F, ar = by, where these are martingale differences coefficients for £ and g.

7
4) Joerygw<oWdx = cQ log!/ Qé Ji, Fdx.

8. CONTROLLED DOUBLING MARTINGALES

We are going to make a small modification in the proof to get the following

Theorem 8.1. Given (Q > 1 there exist three H-martingales F,f,w, F > 0,w > 0, and one
G-martingale g such that the following holds:
1) For any I € F, (F)1 > (|f|)1 ming w.
2) For any I € F, (w)1 < Qminyw.
3) For any I € F, ar = by, where these are martingale differences coefficients for £ and g.
4) fxelozg(z)go wdx > ¢ Qlog1/7 Qé ro Fdx.

5) For any two fouradic neighbors (neighbors in the tree) I € F and I, (w); < 4(w)r.

In other words, we can always control the fouradic doubling property of w.
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9. REMODELLING MARTINGALE DIFFERENCES

Now we are going to repeat the procedure from [2]. We say that Iy supervises itself. Take
a very large ni, consider the division of of Iy to 4™ small equal intervals and let the leftes
quarter of the supervisor (Iy it is) supervises the first, fifth, etc small subdivision interval of
the supervisee (which is still Iy for now, so these are intervals of our just done subdivision).
Let the second quarter supervises the second, the sixth, etc; the third quarter supervises the
third, the seventh, etc, and the fourth quarter supervises the fourth, the eighth, etc.

Now we have new pairs of (supervisor, supervisee). Subdivide each supervisor to its 4 sons
and its supervisee to 4"2 sons, where ny >> nj. Repeat supervisor/supervisee allocation
procedure as before, Continue with the new pairs of (supervisor, supervisee). Repeat N
times.

Now, as in [2], we are going to “remodel” martingales w,F, f g to new functions with
basically the same distributions.

We first “square sine” and “square cosine” function for any supervisee interval J. Namely
take an absolutely huge M, and let

sqsin(z) == Hy,(4Mx), sqcos(x) = Gr,(4Mz).

Now let [ be a natural linear map J — Iy. We put sqsj := sqsinoly, sqcy = sqcosolj.
Now we basically want to put

—w+z > > csgsy,

n=1[eF £(I)=4—" J supervised by I

where c¢j are coefficients of w.

@-F—l—Z Z Z drsqsy,

n=1JeF ¢(I)=4—" J supervised by I

where dj are coefficients of F.

b= f+2 Z > arsqsy

n=1[eF £(I)=4—" J supervised by I

where ay are coefficients of f.

=g+ Z Z > brsqcy

n=1JeF ((I)=4—" J supervised by I

where by = aj are coeflicients of g. Notlce that the last formula has square cosines sqc, and
this will be important.

We do exactly that, but to ensure the doubling property of W we just for every pair (I, .J)
(supervisor/supervisee) replace sqs; by basically the same function, but such that its first 4
steps on the left are replaced by 0 and its first 4 steps on the right are replaced by zero. Call
it sgsmyj. So

N
W =w+ Z Z Z crsqgsmy ,

n=1JeF ((I)=4—" J supervised by I
where c¢j are coefficients of w.
The doubling property of such a W has been checked in [2]. We notice that if 1 << n; <<
ng << ... << ny then the distribution functions of these new function are basically the same
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that for their model martingales. So we can repeat Theorem 8.1 Let us consider the periodic
extension of W, ®, ¢, p to the whole line (or we could consider everything just on the unit
circle identifying it with [0, 1)).

Theorem 9.1. Given Q > 1 then the above functions W, ®, ¢, p are such that the following
holds:

1) For any J € F, (®); > (|¢])y miny W.

2) For any J € F, (W); < Qminy W.

3) For any J € F, ay = by, these are martingale differences coefficients for ¢ and p.

4) Jretpip@<o W dz > coQlog" Q3 [} @ da.

5) W is doubling with an absolute constant.

Now what happens with the Hilbert transform H¢ of ¢7 It is immediate that if we extend
periodically scsin to the real line and do the same with sqcos, then

(9.1) H(sgqsin)(z) = &(x) sqcos(x) ,

where £ is a non-negative 1-periodic function equal to Z(4Mz), and = on [0, 1] looks as follows.
It is logarithmically goes to +o00 at 0, at 5 , at 2—1— and at 1. It has two zeros: at i and at

It is now tempting (looking at the definition of ¢) to write that

N
=Y > > aré(@)sges(x).

n=1JcF £(I)=4—" J supervised by I
Unfortunately, in we have 1-periodic sgsin, sqcos and not their localized to J’s ver-
sions sgsj, sqcy. But H of any bounded highly oscillating function on interval J goes to zero
uniformly outside the neighborhood of the end-points of J. There fore we can make up for
the problem with localized to J functions sqsj, sqcy by

(9.2) Z > > ar§(z)sqes(z) +O(x),

n=1JeF L(I)=4—" J supervised by I

where ©(z) is as close to zero as we wish on a set of as small Lebesgue measure as we wish-by
the choice of M.
Functlon = is a nice non-negative logarithmically blowing-up function on Iy = [0,1]. Let

o= fo x) dx. We can find the absolute constant ag such that
(9.3) Z(x) > o, on a half of each quarter of Ij.

So using 4) of Theorem and recalling that the decomposition of p in it starts with constant
g

5 > T iz
n=1JeF ((I)=4—" J supervised by I

on a set whose W-measure is greater than 7¢0Q logl/ 7 Q% / I ddr.
Now compare this and (9.2)) to see that for A := %Jg

1 1
(9.4) —H¢(x) > X on a set whose W measure is greater than 16 €07 Qlog'7Q X ddx.
I

Using 1) of Theorem on all extremely small intervals (on which W is constant) we
notice that | 1, ®dv > J 1, |#| wdz. We plug this into (9.4). We also notice that w is doubling
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with an absolute constant and dyadic Aj, so it is the usual A; with [w]4,| < By Q with
absolute constant By. So the A; conjecture for the Hilbert transform with respect to the
classical Ay weights is disproved and we are done.
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