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1. INTRODUCTION

In this paper we address the question of finding the best LP-norm constant
for martingale transforms with one-sided orthogonality. Let O = (2,5, P)
be a probability space with filtration B generated by a two-dimensional
Brownian motion B;. Let X; = fot H, dBg; and Y; = fot K, - dBs be two
complex-valued martingales on this probability space, such that the qua-
dratic variation of Y runs slower than the quadratic variation of X, i.e.
d(Y), < d(X),, or equivalently

K| = VIKL? + K22 < VIHIP + [H2? = [H| Vs,

Y is said to be a martingale transform of X that is differentially subordinate
to X. If for 1 < p < oo, we have FE|X;|P < oo, then the Burkholder-Davis-
Gundy and Doob inequalities (see [RoWi]) imply that E|Y;|P < oo and
there exists a universal constant C), such that ||Y;||, < Cp||X||,- An evident
problem then is to find the best constant C,.

D.L. Burkholder solves this problem entirely in a series of papers in the
1980’s, see in particular [Bul] and [Bu3]. He shows that

C,=p"—1, p*=max{p, p%l} (1.1)

His approach (followed in the present paper) is as follows (see [Bul] section
5 for more general viewpoint). Consider the function V(z,y) = |y[? —Cp|z|?;
we wish to find C), so that for martingales X and Y as above, we always have
EV(X,Y) <0. Now find (if it exists) a majorant-function U(x,y) > V(z,y)
such that U(0,0) = 0 and U(X,Y) is a supermartingale; such a function
must exist for the optimal C,, see Section 2. This then implies

EV(X,Y) < EU(X,Y) <0.

Burkholder shows that when C, = p* — 1 such a majorant exists and equals

p—1
U<x,y>=p(1—pi) (ol — " — Vi)l + WP (12)

and he finds extremals to show that p* — 1 is in fact the best (least) pos-

sible constant. To show U(X,Y) is a supermartingale requires that U is a

supersolution for a family of PDEs; in this case, it reduces to showing U is
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a certain biconcave function. Thus Burkholder translates the martingale L?
problem to the calculus-of-variations setting and solves the corresponding
obstacle problem. In other work [Bu8], he also shows that this martingale
question and its answers are related to the special nature of the range space
of the martingales, and obtains specific geometric characterization of all
Banach spaces that have finite martingale-transform constant.

2. BURKHOLDER, BELLMAN AND BEURLING- AHLFORS

One of the primary applications for Burkholder’s theorem has come in
Fourier analysis in estimating the LP norm of the Beurling- Ahlfors transform
B, see [BaWal], [NV1]. This self-adjoint singular-integral operator arises
naturally in quasi-conformal mapping theory and PDE, and the knowledge
of its LP-norm, 1 < p < oo, would imply important results in these areas. It
is a conjecture by Iwaniec [Iw] that the norm constant is || B||, = p* — 1, the
same constant as in Burkholder’s theorem for martingales. The first major
breakthrough in finding the connection between martingale estimates and
the Ahlfors—Beurling operator came in [BaWal] where Banuelos and Wang
show that if a function f € LP(R?) is extended harmonically as Us(z,t) to
the upper half-space R3 | then there exists martingale X; = U #(By) with
martingale transform Y; satisfying (essentially)

X, ~ f(z), E[Y;|B, = 2] = Bf(z), (Y)<16(X).

Here B; is 3-dimensional Brownian motion, 7 its exit time from R2, and the
conditional expectation E[Y;|B; = z] is the average value of Y; over paths
that exit at x. This then implies (essentially)

1Bfllp = |1 E[Y7|Br = alll, < [IY7[[p <4(p* = D[ Xrlp < 4" = D f]lp-

The first inequality is from Jensen and the second from Burkholder’s theo-
rem. Thus we have ||B||, < 4(p* —1).

In a series of papers starting in the late 1990’s, Nazarov, Treil, Volberg and
others ([NT], [NV1], [NTVS], [DV1], ...) show that the martingale/obstacle
problem dealt with by Burkholder fits within a general framework derived
from Stochastic control theory, which also works with other questions in har-
monic analysis. Here again, a special function B called the Bellman function
is found in relation to the problem, and it usually satisfies certain concavity
and boundedness conditions. Burkholder’s function is therefore an example
of a Bellman function. In fact, the Bellman-function theory establishes that
such a function B necessarily exists for the corresponding optimization prob-
lem, and the extremals fully require its concavity and boundedness proper-
ties. Using the Bellman-function approach, Nazarov and Volberg [NV1]
obtain the better estimate ||B||, < 2(p* —1). We describe how this is done.
Given f € L? and g € L” | and denoting their heat-extensions to the upper
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half-space by f and g again, we can show
2 /]Rs (0 + 0,)f (0 + B,)gdadydt

Loral=p

< 2/@ (192 f11929] + 10y F110yg] + |02 f110yg| + |0y f1|02g])dadydt

A

We wish to bound this integral above by c(p* — 1)||f|lpllg|ly. However we
don’t understand how to integrate terms like |0y f||0zg|, so the idea to find
another function above it which can be integrated and whose integral has
the required upper bound. Now construct (let p > 2) the Bellman function
B defined on the domain

Dp={0<(&mXY) CIR x R x Rx R: X > [[¢[PP,Y > [|n]|*},

that satisfies (essentially)
(1) 0<B< (p—1)X/ryl/a

(2) —(d*B- d¢,dn) > 2|dg]|dn|

The actual construction (or proof of existence) of B involves taking supre-
mum of appropriate functions over certain families of martingales, similar
to how Burkholder formulates his function in [Bul]. For more details on
Bellman-function construction, refer to [NTV8], [VaVo|, [VaVo2].

Define b : IR? x Ry — IR, by b(z,t) = B(f,9,|f|P,|g|?) where all input
functions are the heat extensions. Let v = (f, g, |f|?,|g|?). The boundedness
condition on B implies

a2\ Y 2\ Y
IR0, R?) < (p—1) </\f|pe4'R£> p</|g|pe4'R£> '
= (= DIflpllgllg-

Some clever analysis shows that 47 R?b(0, R?) is asymptotically (as R — 00)
bounded below by

/ ((=d?Boyv, 0,v) + (—d*Byv, 0,v)) .
This by the concavity condition on B is bounded below by

/Rs 10 £110:9] + 10, 711951 + 18 £110,9] + 18, 110wl dwdydr.

n

Thus we conclude for p > 2, |f Bf- g| <2(p—=1)|fllpllgllg- The full result
follows for 1 < p < 2 by duality.

Following [NV1], Banuelos and Méndez [BaMH] redo the work done in
[BaWal] but this time with heat extensions and space-time Brownian motion
and also obtain || B||, < 2(p* —1).
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3. ORTHOGONAL MARTINGALES AND THE BEURLING- AHLFORS
TRANSFORM

A complex-valued martingale Y = Y7 4 iY5 is said to be orthogonal if
the quadratic variations of the coordinate martingales are equal and their
mutual covariation is 0:

(1) =(Ya), (¥1,Y2)=0.

In [BaJ1], Baniuelos and Janakiraman make the observation that the martin-
gale associated with the Beurling-Ahlfors transform is in fact an orthogonal
martingale. They show that Burkholder’s proof in [Bu3] naturally accom-
modates for this property and leads to an improvement in the estimate of
1B]ly-

Theorem 3.1. (One-sided orthogonality as allowed in Burkholder’s proof)

(1) (Left-side orthogonality) Suppose 2 < p < co. IfY is an orthogonal
martingale and X is any martingale such that (Y) < (X), then

2
/P> —p
Yl < 5 1 Xllp- (3.1)

(2) (Right-side orthogonality) Suppose 1 < p < 2. If X is an orthogonal
martingale and Y is any martingale such that (Y) < (X), then

2
Yl < \/mllXHp- (3-2)

It is not known whether these estimates are the best possible.

The result for right-side orthogonality is stated in [BJV] and not in [BaJ1].
It follows the same lines of proof as for left-side orthogonality. If X and Y are

the martingales associated with f and B f respectively, then Y is orthogonal,
(Y) <4(X) and hence by (1), we obtain

I1Bfllp < v2(p* = p)lIfllp for p > 2. (3.3)

By interpolating this estimate 1/2(p? — p) with the known || B||z = 1, Bafiuelos
and Janakiraman establish the present best estimate in publication:

IBll, < 1575(p" — 1), (3.4)

4. NEW QUESTIONS AND MAIN RESULTS

Since B is associated with left-side orthogonality and since we know
| Bl = || Bll,, two important questions are

(1) If 2 < p < oo, what is the best constant C), in the left-side or-
thogonality problem: [Y||, < C,||X]||p, where Y is orthogonal and
¥) < (X)?

(2) Similarly, if 1 < p’ < 2, what is the best constant C}y in the left-side
orthogonality problem?
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We have separated the two questions since Burkholder’s proof (and his func-
tion) already gives a good answer when p > 2. It may be (although we have
now some doubts about that) the best possible as well. However no esti-
mate (better than p — 1) follows from analyzing Burkholder’s function when

1 < p’ < 2. Perhaps, we may hope, Cpy < 4/ ﬁ%p when 1 < p/ = 1% < 2,
which would then imply a better estimate for ||B|[,. This paper ’answers’
this hope in the negative by finding C)/; see Theorem 4.1. We also ask and
answer the analogous question of right-side orthogonality when 2 < p < oo.
In the spirit of Burkholder [Bu8], we believe these questions are of indepen-
dent interest in martingale theory and may have deeper connections with

other areas of mathematics.

Theorem 4.1. Let Y = (Y1,Y2) be an orthogonal martingale and X =
(X1, X2) be an arbitrary martingale.

(1) Let 1 < p' < 2. Suppose (Y) < (X). Then the least constant that
always works in the inequality ||Y||, < Cyl| X ||y is

I

V21— “p/

where zy s the least positive root in (0,1) of the bounded Laguerre

function L.

(2) Let 2 < p < co. Suppose (X) < (Y). Then the least constant that
always works in the inequality || X||, < Cp||Y]lp is

Cy (4.1)

C, = V2 (4.2)

Zp

where z, is the least positive root in (0,1) of the bounded Laguerre
function L,.

The Laguerre function L, solves the ODE
sLy(s) + (1 — s)Ly(s) + pLy(s) = 0.

These functions are discussed further and their properties deduced in section
(6.2); see also [BJV], [C], [CL].

As mentioned earlier, (based however on numerical evidence) we believe
in general 4/ 1”27_” < Cpy < p—1 and that these theorems cannot imply

better estimates for ||B||,. However based again on numerical evidence, the
following conjecture is made.

Conjecture 1. For 1 <p' = B <2, Cy = Cp, or equivalently,
— =2 .
V21—zy Zp

It is conjecture relating the roots of the Laguerre functions. Notice that
such a statement is not true with the constants from Theorem 3.1, and

,/ﬁ < 7’2T7p for all p > 2. So this conjecture (if true) suggests some
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distinct implications for the two settings. Note on the other hand, that the
form of the two sets of constants are very analogous.

Before we embark on the proof of Theorem 4.1, let us mention that there
is also the question of both-side orthogonality: what is the best constant
when both X and Y are orthogonal martingales? This problem is solved by

the authors for 2 < p < co in [BJV], and the answer is C), = 12 < 4/ pQT_p

1-sp

where s, is the largest root in [—1, 1] of the Legendre function F solving
(1 —s?)F" —2sF' + pF = 0.

5. PROOF OF THEOREM 4.1: RIGHT-SIDE ORTHOGONALITY, 2 < p < 00

Let us begin with 2 < p < oo (and right-side orthogonality). X =
(X1, X2) will denote an arbitrary martingale and Y = (Y1, Y2) will denote
an orthogonal martingale: (Y1) = (Y2) and (Y7,Y2) = 0. In order to make
the formulas simpler and the computations easier, we will work initially with

the case )
(X) < (vi) = (V) (5.1)

With this condition, the constant corresponding to (4.2) is

1-2,

zp
Let V(z,y) = |z|P — ?|y[P. The objective is to find the best constant c for
which there exists a minimal majorant U(x,y) > V(z,y), U(0,0) < 0, so

that for X and Y as above, the process U(X,Y) is a supermartingale. It
follows then that E[V (z,y)] < E[U(X,Y)] < 0. This condition is equivalent
(by appealing to It6’s formula) to requiring that U has a negative quadratic

form, i.e.

2 2
> Vs, d (X6, X5) + A Ud (V1) + Y 20y, d (X3,Y;) <0 (5.2)
i,j=1 i,j=1

As in the Legendre case [BJV], the function only depends on |z| and |y|,
hence

Oloronmnm) =U (Vo + o +08) = Ulel ). (53)
Let us introduce new vectors:
hy = ﬂI‘Il + 2.[’IQ, ho := ﬂHl — ﬂ.[’IQ (5.4)
|| || || ||
k=2 + 2K, (5.5)
|yl Yl

It is an easy but important remark that because of orthogonality of K, Ko
and the fact that | K| = || K2|| we have

1Bl = [l (5.6)
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Using direct calculations and the remark (5.6) the condition (5.2) on the
quadratic form of U becomes (for z,y > 0)

Uy U,
Usallbn | + = hal|* + 2Uayha - k + (Uyy + ?y)llkll2 <0 (57

for all vectors hi, ho and k satisfying

[P+ [[hel® < [I%]]%. (5.8)
We consider three cases:
Case 1): Uy — % < 0 and fy := B L7 . < 1. Let
Uso— 22
o hall® + llhel?
TETTRE (59)

Then we write our expression (5.7) (for ||k|| > 0, which is the only inter-
esting case) as

B2 _Ux)[(thH - >2_U§y+(62%+(Uyy+[§))(l§_Um)}‘

1] <Um _ Uz>2

We want the maximum of this expression, that is the minimum of the ex-
pression in brackets. For

X

B € [Bo, 1]
we can always satisfy 82 = W, % = [y simultaneously. Putting
””h,’g”H = By we attain the minimum in the brackets. For

B € (0, o)
we should make ””}21|” as close to 3y as possible under the restriction % =
W. The best we can do is to put he = 0 to it, or equivalently to
(5.7).

Conclusion: in case 1) the negativity of the expression in (5.7) under the
cone condition (5.8) is equivalent to

U, U U, |Usy|
U§y+(52?+(Uyy+Iy ]

and

U,
U582 +2|Usy| B + (Uyy + j’) <0, VB € (0,




Case 2): Uyy — % < 0 and Gy := Mzl < 1 We still need the minimum

U
2

for the expression on brackets above. This means that we should make HII%HH

2 2
as close to fy as possible under the restriction 5% = % The best

we can do is to put hy = 0 to it, or equivalently to (5.7).
Conclusion: in case 2) the negativity of the expression in (5.7) under the
cone condition (5.8) is equivalent to

U,
Uz 3 + 2|Usy|B + (Uyy + j’) <0, VBe[0,1]. (5.12)

Case 3): Upy — % > 0. Our expression becomes

2 UZ 2Us Uyyy(Ua _
||]<;||2(Um_[f)[<uhlu+ > Uy + (BT + Uy + 7)) (5 Um)]

&1 (v.- )

Now we search to attain the maximum of the expression in brackets under

_ LhallP+]ho|?
= o

the restriction 32 TR . The best we can do is to put hy = 0 to it,

or equivalently to (5.7).
Conclusion: in case 3) the negativity of the expression in (5.7) under the
cone condition (5.8) is equivalent to

U,
UpeB> + 2\Usy|B + (Uyy + ?y) <0, VB e[0,1]. (5.13)

Now we see that condition (5.7) can be split into the following two.
Let 0 < B < 1. If Upp — %= < 0 and |Uyy| < B|Uze — Y[, then

U. Uy.. U,

Uzy + (B2 + (Uyy + =) (=5 = Usz) <0 (5.14)
i Yy x
and in all other cases,
U
Uza 8% + 2|Usy|B + (Uyy + ?y) <0. (5.15)

Both these conditions are equivalent when |Uyy| = B|Uyy — %| Let us look
at (5.14) first. If U, < 0, then the maximum value is attained for smallest

‘U‘Uiyé‘, hence (5.14) is contained in (5.15) in this case.

When U, > 0, the maximum value is attained for the largest possible
which is 1. In conclusion, (5.14) can be replaced by

possible 8 which is

and U, >0 %_Ux:c

T
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The left side of inequality (5.15) is the quadratic function
2

where |Uzy| > 0 and 0 < 5 < 1. If Uy, > 0, the maximum occurs at 3 = 1.
Suppose U, < 0. Then the maximum in [0,00) is at § = % >0. If
% > 1, then again the maximum of h in [0,1] is at § = 1. If % <1,

WB) = Usa B2 + 2|Usy|B + (Uyy +

then the maximum is at § = % Thus inequality (5.15) is equivalent to
the following conditions:

zz = 05 Uxx 2Ux U. Uy <0
Va2 05 8 o Ve + 20 Ut ) = (5.17)
~NUzy| < Uz < 0 Uz = 2Usy + (Uyy + 1) <0
2 Uy
Use < =|Usy| < 0= ny_Uzz(Uyy+j) <0 (5.18)

6. A SIMPLIFIED SETTING: F=xz1 € R, =1

In the previous section, we worked with the case when both Z, 7 € IR? and
B € (0,1]. If we instead take & to be real (hence X a real martingale), then
we need only deal with condition (5.15) and hence with (5.17) and (5.18).
If we also assume that § =1 then (X) = (Y1) by (5.9), (5.6), and |h;i| = |k|
as ha = 0 by (5.4) and by our assumptions that 9 = 0, Hy = 0. Hence U
only needs to satisfy

U
Uz + 2Uzy + (Uyy + ?y) <0 (6.1)
Uy

In prior works such as [Bu3|, [BaJl] and [BJV], the best majorant in the
simplified setting is also the best in the general case. Hence we may predict
the same in our problem and look first for the function U satisfying (6.1)
and (6.2). We will proceed as follows.

(1) Use the homogeneity of U(z,y) to reduce the partial differential
inequalities to ordinary differential inequalities of a function g(r).

(2) Predict that the optimal U (and g¢) will solve (with equality) one of
the two differential equations, wherever it is above the boundary V.
Then solve the easier looking equation, which will be the one with
—Usgy.

(3) We will find the least constant ¢ so that such a majorant based on
(6.2) is possible. It will turn out that U,, < 0 for this solution, hence
the +U,, case also is accomplished.
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6.1. Homogeneity and reduction in variables. The function U satisfies
the same homogeneity condition as V: for all ¢t € IR,

Ulta,ty) =t*U(z,y).

To see this, suppose U is a suitable majorant of V. Then Uy(z,y) =
LU(tz, ty) > FV (tz, ty) = V(z,y) is also a majorant and as easily checked,
satisfies (6.1) and (6.2). Therefore U; is also a suitable majorant for each
t > 0. Now take the infimum over all ¢ to get a suitable majorant satisfying

the homogeneity condition.

Define
g(r)=U(1—mrr), 0<r<l. (6.3)
Then
Y Yy Yy
Uz,y) = (@ +y)PU (1- -2, = (@w+yrg(—L).
(z,y) = (z+y) < o x+y> (z y)9<x+y>

Substituting this formulation into (6.1) and (6.2) gives the following equiv-
alent conditions on g:
Dg(r) = (1-2r)%rg" (r)+(4(p—1)(1=2r)r+1-r)g (r)+(4p(p—1)r+p)g(r) < 0
(6.4)
Lpg(r) =rg"(r)+ 1 —7)g'(r) + pg(r) <0 (6.5)
The operator £, is the Laguerre operator, the equation £,f = 0 is the

Laguerre equation and its solutions are the Laguerre functions. Function g
also should be above its obstacle v.

g(r) >wv(r)=(1—7r)P —cPrP (6.6)

Finally note that
_Uny
(z +y)r—?
Since v(0) = 1 for all ¢, g must have g(0) > 1. As g is the minimal function
possible, it is likely that it solves either Dg = 0 or £,g = 0 wherever g > v.

We consider first the simpler operator £, and attempt to construct g from
its solutions.

=—r(1=7)g"(r)+ (-1 —2r)g(r) +p(p—)g(r) (6.7)

6.2. The Laguerre functions. Just as for the Legendre case in [BJV], the
Laguerre equation
! /
zy' +(1—2)y +py=0 (6.8)
has solutions that are linear combinations of two independent solutions L,
and ﬂp.

Lp(SC) - 1 —px + P(p4_1)x2 4t (_1)np(p—1)“'(p—n+1) a4 (69)

nl?

jip(x) = L,(z)log ﬁ + H(x) (6.10)

H is analytic in a neighborhood of 0. Evidently, L,(x) is a bounded analytic
function in [0, 1] and L, is unbounded near 0. Let z, denote the smallest

zero of L, in the interval [0, 1].
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Lemma 6.1. Among all the solutions of Laguerre equation (6.8), the maz-
imum of their smallest zero in [0, 1] is z,.

Proof. Notice that L,(0) = 4+o0o. Consider Wronskian W (z) = L, () Ly () —

L, (w)Ly(x). Substituting (6.10) gives
72
W (z) = Tp +H'L, - L H,

which is < 0 for z close to 0. Since W'(z) = —1=ZW (z), W preserves sign in
[0,1] and is negative. At z,, since L, changes sign from positive to negative,
we have L;,(2,) < 0 and

W(zp) = _L;(Zp)ip(zp) = |L;(zp)‘ip(zp)

Since W < 0, it follows that f/p(zp) < 0. Now consider f3 =c¢1Ly,+ CQ.Z/p for
ca > 0. Then f3(2,) < 0 and f3(z) > 0 for = close to 0. Therefore fs3 has a
zero in (0, zp). The same arguments work for ¢y < 0. O

Lemma 6.2. Function Ly, is strictly convex in (0, z,] for 1 < p < oco. Ly, is
strictly concave in (0, zp] for 0 < p < 1.

Proof. From Laguerre’s equation and from differentiating it, we get

xLy+ (1 —xz)L, +pL, =0, (6.11)
xLy + (2 —xz)Ly+ (p— 1)L, =0. (6.12)

Let 21 > 0 be the first point > 0 where L (x1) = 0. Suppose x1 < 2,. Then
Lp(x1) > 0 and from (6.11), it follows that L (x1) < 0. Then (6.12) implies
Ly (x1) > 0 and so Ly is strictly increasing (from — to +) at 1. But this is
not possible, since L;(0) = p(p72—1) > 0. Therefore z1 > 2z, and L, is strictly

convex in (0, zp]. The same proof shows that L, is strictly concave in (0, z,]
for0 <p<1. ([

Let us make the following important conclusion from Lemma (6.1).

Lemma 6.3. Let co # 0 and ¢ = 1;;’7. The obstacle function v.(s) cannot

be below any f = c1L, + CQZ}p in the interval (0, zp)].

Proof. This follows from the following facts: v.(z,) = 0, vc > 0 in (0, 2p),
im0+ |f(s)| = oo, and by Lemma (6.1), f(z) = 0 for some z € (0,2,]. O
Remark 6.1. It will be shown that c = 1;% s a valid choice with a Laguerre
majorant in [0, zp| of the form aL,. It will also be clear due to Lemma (6.3)
that no other Laguerre functions can be used in our method to obtain better
constant. Henceforth we will no longer mention flp.

Recall L,(0) = 1 = v.(0). For ¢ very large and a > 1, we will have

aLy(r) > ve(r) Vr € [0,1]
11



Next lower the value of ¢ and thereby raise the function v.. When the
boundary v.(r) first meets the Laguerre function aL,(r), they will have the
same tangent lines. Suppose they first meet at point r = s. We would like to
have g = v on one side of s (where £,v. < 0) and g = L,, on the other side.
This patched together function would then become the candidate majorant;
finally adjust constants a and c¢ so that it yields the best possible constant.
Computing with v, shows that £,v. < 0 when s is greater than
1
_1\p—2
mp= —— LV (6.13)
(p—1)7=2 + (per) =2

Thus the meeting point must be greater than this value and also satisfy:

(1 — s)p — cPsP = ql, (8)
{_p(l — 5)1)—1 —pcpS;_1 _ aL;(s) (6.14)

Alternatively, this can be transformed as:
—pcPsP~t = apLy, + a(1 — s) L,
—p(1 =)~ = —apL, + asL),
Dividing the two equations gives
kst ply+(1-5)L,
(1—sp=t —pL,+sL)

which implies
(1—s)Lj, +pLy (1 - s)P~!
sLj, —pLy sp—1

(1—s)PL, 4+ p(1 — s)P 1L,
= F(s). 1
sPLy, — psP~1L, () (6.15)

As aremark (when p is an integer), note that the denominator term SL; —pL,
is up to a constant equal to L,_1; similarly the numerator term can be
corresponded with the associated Laguerre function L;ljl.

So for each possible s, there is a corresponding ¢P value such that the two
functions will meet at that s. We wish to find the s value that will minimize

this ¢?. To do this, we will differentiate the function and find its critical
(1—s)L.,+pLyp

ST pL, will have

points. However, let us observe first that the function
a singularity in (0,1) if sLj,(s) — pLy(s) = 0 for some s. Since this term is
¢L,—1, we know that this does happen for integral values of p and expect in
general case as well.

Differentiating:
L d [ srLy e p- oL,

ds sPLy, — psP=1Ly,
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We must therefore set
(s"Ly,—psP ™' L) (1=s)P L, +-p(1—s)P ' L)' = ((1=5)P L) +p(1—5)P ' L) (s" L,—psP ' L)' = 0
Some calculations:
(1= 8L, + p(1 - )" L)
= —p(1—s)PL,+ (1= s)PLy —p(p—1)(1 — s)P L, + p(1 — s)P 'L},
= (L=s)PLy—p(p—1)(1 — )P 2Ly

A = (sPLy, = ps" T Lp) (1 — 8)PLy, +p(1 — 5P Ly)
= sP(1—s)PLyL, —psP~ (1= s)PLYL,
—p(p = 1)sP(1 = )P 2L, Ly +p*(p — 1)sP7H(1 — s)P 2L,

(SpL;o - pspile)l = PSp*lL;z + SPLZ —pp— 1)3p72Lp - pspflL;a
= SpL;)/ _p(p_ 1)Sp—1Lp

B = ((1=s)PLy+p(1—s)" Ly)(s"Ly — ps"~ L)
= sP(1—s)PLyL, +ps"(1 —s)P 'L L,
—p(p = D)s" (L= )P Ly Ly — p*(p — 1)s" 2 (1 — 5"~ L]

—

A=B = ps" (1= )P 2Lyfs(s — DI} + (p— D)(1 - 25)L, + p(p — 1)L,
= ps"P(1- 5)p_2Lp(3)HLp(S)
Therefore
psP (1 — s)P2Ly(s)HLp(s)
(sPLy, — psP~1L,)?
p(1 = 8)P~2 Ly(s)HLy(s)

= 6.16
sP (sLj, —pLy)? (6.16)

F'(s) =

Applying Laguerre’s equation will show below that HL, = —s[(p — s) LZ +
(p— 1)L;)] and so
p(1 = s)P=2 Ly(s)[(p — s)Ly + (p — 1) L]

F'(s) = — = 5L, = pL,)? (6.17)

So the critical points of the function F'(s) in (6.15) are included among s = 1,
the zero-points of L, and the positive zero-points of HL,. Moreover F' has
singularities at s = 0 and at the zero-points of the function spL; —psPT1L,.

6.3. The case s = 1. Since F(1) = 0 and we know that ¢ > 0, it is clear
that the critical point 1 cannot be the first touching point. In fact, since
13



L,(1) # 0 and vo(1) = (1 —1)? = 0, the only way that such a meeting could
happen is if a = 0. So this case is eliminated.
So we look to the other cases for the correct critical point.

6.4. The function HL,(s). The function HL,(s) is known to us. See (6.7).
If we set

Z Y
Uey) = (iU )

= (z+y)"Ly( );

rT+y
then

HLp(s) =Upy(l —s,5). (6.18)
(We could also have defined in terms of = as opposed to y, and the conclusion
would be essentially same.)

Lemma 6.4. HL,(s) = S(SL;;)W

Proof.
(sLy) = sL,+ L, =sL,—pLy
(sLy)" = (sl =pLy) = sLy = (p = 1)L, = =[(p = s)L;, + pLy|

(sLy)" = —[(p—s)Ly+ (p—1)L,) (6.19)

(
Now consider HL,(s) = s(s — 1)Ly + (p — 1)(1 — 2s)L;, + p(p — 1) L. Sub-
tracting 0 = (p — 1)[sLy + (1 — s) L, + pLy] from this gives

P
HLp(s) = —sl(p — s)Ly, + (p — 1) Ly)] (6.20)
Comparing (6.20) and (6.19) proves the lemma. O

Lemma 6.5. (sL;,) = —pL, 1
Proof. Differentiating the Laguerre equation
(sLy) —sL;, +pLy, =0 (6.21)

gives

(sLy)" = (sLy)" + pL;, = 0. (6.22)
Multiply this by s and differentiate again to get

1\ I\ I\
s(sLy)" + (1 —s)(sLy,)" + (p — 1)(sL;,) = 0.

This shows that (sLj,)" solves the Laguerre equation with constant p—1 and

hence is equal to yL, 1. Since (sL}) (0) = —p, v = —p. O

Theorem 6.1. For 2 < p < oo, HL, < 0 in (0,2p—1]. For1l < p < 2,

HL, > 0 in (0, 2p_1).

Proof. By Lemma (6.2), L, is strictly convex in [0, z,—1]. Therefore by

Lemma (6.5), (sLj,)" is strictly concave in [0, z,—1], and by Lemma (6.4),

HL, < 0in (0, z,—1]. Similarly, the 1 < p < 2 case follows from the fact

that L, is strictly concave in [0, z,_1]. O
14



Lemma 6.6. (Ordering of the roots) zp, < zp—1

Proof. Since z, 1 is the root of L, 1, by Lemma (6.5), (sL;) (zp-1) = 0.
Then by (6.21), —zp—1Ly,(2p-1) + pLy(2p—1) = 0. Since Lj, < 0 and L, > 0
in (0, zp), it follows that z,_1 > z,. O

Note that since HL,, corresponds with Uy, this implies that the Laguerre
function satisfies both (6.4) and (6.5) in [0, 2,], and the majorant U derived
from L,, in the corresponding regions will satisfy (6.1) and (6.2). Some more
facts on Laguerre functions are recorded next.

Lemma 6.7. L, < L,_1 on (0,2p—1]. Also L, has exactly one root (at zp)
in [0, zp—1].

Proof. Suppose L,(x) = L,_i(x) for some z € (0, z,—1). Since L,_1i(s) =
(sLj,)" by Lemma (6.5), it follows from the Laguerre equation (6.21) that

—pLy_1(x) — xLy(x) + pLy(z) =0

_1
P

and hence

:UL]’D(Q:) = —pLy_1(z) + pLy(z) = 0.
In fact, Ly(z) = Lp—1(x) if and only if L} (x) = 0. But Lj, < 0 in (0, z,].
Therefore > z,. Now L,_1 > 0 in (2p,2p—1) and L, < 0 in some interval
(2p, zp+e€); so their meeting point must be where L;, =0and L,_1 = L, <0,
in particular a fter z,—1. This implies that L, remains negative till after z,_1
and hence its only root in (0, zp,—1] is at 2, O

Corollary 6.1. L, is convez in (0, z,—1).

Proof. Lemma (6.2) shows this in (0, z,). If Lj(z) = 0 for some = < 2,1,
then since L,(z) < 0, the Laguerre equation implies Lj,(x) > 0 which means
(as L,(0) < 0) there must be a point y € (2, ) such that L;(y) = 0. This
cannot be as shown in previous lemma. O

Lemma 6.8. (Location of root) For 1 < p < 00, 0 < z, <1 and Ly(1) <0.

Proof. By Lemma 6.6, it suffices to show for 1 < p < 2. For p = 2 29 =
2—v/2 < 1, 50 assume 1 < p < 2. Assume also without the loss of generality
that L,(1) # 0, for otherwise 0 = L,L,(1) = L, (1) > 0, a contradiction.
Since Ly(s) = 1—s, L,L1 = sLY+(1—s)L} +pLy = (p—1)L; > 0. Consider
f =Ly — L, which is also a subsolution for £,. Then f(0+) > 0. If z, > 1,
then f(1) < 0, and hence there must be some point = € (0, 1) where f(z) =0
and f'(x) < 0. But then £,,f(z) = —xL;(x) + (1 —=)f'(z) < 0 since L; >0
in (0, zp), a contradiction. Therefore 0 < z, < 1.

Now consider the situation that 0 < z, < 1 but Ly(1) > 0. Then L,
must have two roots in (0,1) and there is a point z € (0,1) such that
Lp(x) < 0 and Lj,(z) = 0. But this means (see Lemma 6.7) L, 1(z) =
Ly(z) < 0. Since 0 < v =p—1 < 1 and Ly(0+) > L1(0+), there is a
point y € (0,1) such that g(y) = Li(y) — L,(y) = 0 and ¢'(y) > 0 (in fact,
g(04+) < 0, g(z) > 0 as we just saw). We know L7(y) < 0 from Lemma
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6.2, therefore £,g(y) = —yLi(y) + (1 — y)g'(y) > 0. However, a direct
application shows L£,9 = £L,L1 = (y —1)L; < 0. Contradiction; therefore
Ly(1) <0. O

Remark 6.2. A stronger result than Lemma 6.7 should be true: we expect
= %Lp < 0 in (0,2p—1). In fact, this function satisfies L,f = —L, and
hence is a supersolution of the Laguerre equation, with f(0) = 0, f'(0) =
—1 and f"(0) = @. Moreover —,Cp[a;ff] = 85_1f and hence —L, plays
approrimately the role offdp on these functions.

6.5. Consequences of the lemmas/theorem. From the results in the
previous subsection and considering (6.16), we can draw the following con-
clusions on F'(s) from (6.15).
(1) F(s) has exactly one critical point in [0, z,—1] and it is at z,. The
minimum value of F' in [0, zp—1] is F'(z,) = (1;%)17
(2) limgo4 F(s) = limg ., ,— F(s) = 4o0.
(3) Although not proved here, it is expected that F' < 0 in (2,-1,1) and
zp is the unique root of L, in (0,1).
Since F'(s) = ¢P, for each value of ¢ > cpin, there are exactly two points z;
and x2 in [0, 2p—1] (21 < 2, < 2) and value(s) a1 = a(z1) and as = a(z2)
such that a;L, and v, touch at s = x;. Let ag = a(zp). Then a; < ag < as.
This follows from the following lemma.

Lemma 6.9. The function a(s) is increasing in (0, 2p—1).
Proof. Since a(s)Ly(s) = ve(s)(8),

() Lp(5) + () Ly(s) = = (vg)5) = vi(5) — - (els)?).

Next since v,.(s) = a(s)L;(s), it follows that

@ (5)Ly(5) =~ (els)).

By (6.16), Lemma (6.7) and Theorem 6.1,

da 1 —s)P~2 Ly(s)HLy(s)
ds sP (sLj, — pLy)?

(e(s)?) = F'(s) = ! (6.23)

is negative in (0, z,) and positive in (zp,2p—1), and in particular has the
opposite sign of L,. Therefore it follows that

1 — $)P2HL,(s)
(sLj, — pLy)?

in (0, zp—1). O

o/(s) = 2 >0 (6.24)

(1) So for each s € (0, z2p), there exists unique values of ¢ and a such

that touching happens. Call (a,c, s) a touching-triple.
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(2) For each ¢ > ¢(zp), there exists exactly two points in (0, z,—1): s1 <
zp < s2, and two values a; < a(zp) < ag, such that (a1,c,s;) and
(a2, ¢, s2) are touching triples.

(3) Foreacha € (1,a(zp)], there exists a unique ¢ > ¢(z,) and unique s €
(0, 2] such that (a,c, s) is a touching triple. For each a € (a(zp), 00],
there exists a unique ¢ > ¢(zp) and unique s € (2, 2p—1) such that
(a,c, s) is a touching triple.

Recall ag = a(zp). If we start with large ¢ so that v, < agL, and slowly
1—2p

decrease ¢, the function v, can meet agL, at z, only when ¢ = P in

which case it would be a touching point. If for a larger ¢/, in the course of
. _1-z

changing ¢ from very large values to ¢ = =, Ve happened to meet agL,

at some z € (0, zp), then that z also must be a touching point. But we have
shown that a(z) < a(zp) = ag. So this cannot happen and we have

Theorem 6.2. For ¢ = 1;:”, the function v. touches agLy, at z, and v. <
aoLy in (0, z2,). O
Define
L 0 <
g(s) =% pls) 0<s< (6.25)
ve(s), zp <s< 1.

It can be easily checked that g is a supersolution of the Laguerre equation
L,g < 0, hence satisfies (6.5). Function g also satisfies (6.4) since by

Doy = {[,pr +AsHE, = —Aps?Ll_| < 0,0 < s < 2, (6.26)

Lyve. <0,2, <s< 1.

The second line follows immediately from (6.18). Thus we have a constant

1—
c=-_
“p
for which there exists a valid majorant g of the obstacle v.(s) = (1—s)P —cPsP
satisfying (6.4) and (6.5). The majorant U(x,y) = (z + y)Pg(=L-) will then

z+y
satisfy (6.1) and (6.2).

6.6. Sharpness of the constant. It remains to prove that for any ¢ <
1—2zp

-, there is no majorant of v. that will satisfy (6.4) and (6.5). Since

the Bellman function (which has the best constant) must satisfy the cor-
responding quadratic form inequalities, it will follow that our constant is

sharp. Note that for ¢ < 1;%, ve(2p) > 0. So any possible supersolution f

of the Laguerre equation, satisfying f > v, must have f(z,) > 0.

Suppose there is a supersolution f > ¢ with £,f < 0 and f(z,) > 0.
Then the root of f occurs at some s, > z,. Let a < 1 be the first value
for which af and g meet at some point z in [0, z,). (If there was a meeting
point to begin with, just start the argument from here on.) If x € (0, z,)
then the meeting point is a touching point; note importantly that z < z,
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since af(zp) > 0 for all @ > 0. Since af > g away from z, it follows that
af”(x) > ¢"(x) and hence

zaf"(x) + (1 - 2)af () +paf(z) > 2¢"(z) + (1 - 2)g'(x) + pg(x) = 0.

Since f is a Laguerre supersolution, the only possibility is if £, f(x) = 0 and
af’"(x) = ¢"(x) . Now consider h = af — ¢ in a small interval (z — €,z + €).
Since af is supersolution and g a solution of the Laguerre equation, it follows
that h is also a supersolution. Assume without the loss of generality that
Lyh(z+) < 0, for otherwise h is locally a solution with its value and of its
first two derivatives zero at a point. This implies (by differentiating the
Laguerre equation repeatedly) that all its derivatives are zero at that point,
hence the function is identically 0. Therefore to avoid this, we must have
Lph(z+) < 0. But then, observe h(z) = h'(z) = h”(z) = 0 and h(z+) > 0.
Since h(z+) > 0, we must have h/(z+) > 0, and since h'(z+) > 0, we have
h"(z+) > 0. In particular, £,h(z+) > 0; contradiction. Therefore, there is
no such meeting point = € (0, s).

As for the case when the first meeting point is z = 0, if it is a touching
point, then the above proof works to show this cannot happen. If it is not
a touching point, then af’'(0) > ¢’(0). But then,

0-af"(0) + (1 —0)af'(0) + paf(0) = af'(0) + paf(0) =
af'(0) +pg(0) > ¢'(0) + pg(0) = 0,
which means £,f(0) > 0. This contradicts the assumption that f is a
supersolution. So we have proved there is no supersolution f > ¢ with

f(zp) > g(2p). Therefore all supersolutions > ¢g must be 0 at z,; it follows
that ¢ is the best majorant.

7. THE GENERAL CASE, 2 < p < o0

Let ¢y = 1;;”. In section (6), it is shown that if Y = (¥7,Y2) is an
orthogonal martingale and X any real martingale satisfying (X) = (Y;),
then

1-=2
xty < (S22 ) 17 ()

P
where z, is the closest-to-zero root of the bounded-in-(0,1) Laguerre func-
tion L, of index p. To show this, we started with V(|z|, |y|) = |z|P — P|y|P
and found the best-constant majorant U(|z|, |y|) satisfying the required
quadratic-form inequalities (6.1) and (6.2). Now we turn to the general
cases where X is a complex valued martingale and (X) < (Y;). U will have
to satisfy (5.16) and (5.18) respectively, in addition to (6.1) and (6.2) (or
more precisely, in addition to (5.17)). We will show that the function U
obtained from the simple setting also works in the general case. Henceforth,
U will denote this function, and g will be its corresponding one-dimensional
version in (6.25).
18



Recall the conditions (5.16) and (5.18):

0 S ’Umy’ S Vo _ wa 2 Um Uy (Ux >
z = U, — + (U — — —U; | €0
{andU$>O xy+(:n+( yy+y)) x
(7.2)
U
Use < —|Usy| <0 = U2, — Upa(Uyy + j’) < 0. (7.3)

We will show in the following lemma that both these requirements are sat-
isfied trivially.

Lemma 7.1. Forx >0, U, > 0 and —U,, < % — Upe < |Ugyl.

Observe that this lemma implies that the 'if” parts of (7.2) and (7.3) do
not happen for z > 0. The special case when z = 0 is also simple. Since
x corresponds with 1 — r, = 0 corresponds with r = 1, where g = v, and
hence U = V. Both V,, and % are 0 when = = 0, from which (7.2) and
(7.3) follow. Now for the proof the lemma:

Proof. When U =V, we have V, = pzP~! > 0 and

V,

Ve = _p(p - 1)xp*2 < _p(p - Q)xp72 = f — Vi <0 = ’V:Ey‘

as stated. So assume U > V where U corresponds with the Laguerre
function aoL, on [0, 2,). A simple computation shows that Uy(1 — s,s) =
[pg(s) — s¢’(s)] > 0 since g and —g’ are positive in (0, z,). Therefore the
first inequality —Up,, < % — Uy is true. It remains to show

U,

?I — Uz < ’U$y| (74)
By (6.18), Uyy ~ HL, < 0 in (0,2p), so |Uyy| = —Uyy where U > V.
Therefore (7.4) is equivalent to
Uz
T Uze + Uy < 0 where U > V. (7.5)

Evaluating at (1 — s, s), we have

%o [ )] g
Upe = 529" =2(p—1)sg' +p(p—1)g
= 59"~ (p—1)sg —(p—1)sg”" — (p—1)g
= —s(p—-1-9)g" —(p—-1(1+5s)g (7.7)
Uy = Hg=—s(p—s)g" —sp—1)g (7.8)
Using (7.6), (7.7) and (7.8), condition (7.5) can be restated as
pgl__ssg, —sg"+(p—1)g <0 (7.9)
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Substituting —sg” = pg + (1 — )¢’ and multiplying through by 1 — s gets
pg —sg' +p(l—s)g+ (1 —s)’¢' + (p—1)(1 - s)g
= p2—s)g+ (s~ (p+2)s +p)g
= —(2-s)s¢" = (2= 5)(1—9)g + (s>~ (p+2)s +p)g
= —s2—-95)g"+[p—-1s+(p—2)g"
Since ¢” and g are > 0 in (0, zp), we have (1 — s)g’ < —sg¢”. This means

—5(2—=35)(1 —s5)g" +[(p—1)s + (p — 2)](1 — 5)¢’

—s2—=s)g" +[(p-1)s+ -2y =

1-s
2
+(p—4)s+p
< (—eg?2 .
< (=s9") TS
Since s? + (p—4)s+p > s —2s+p > s> —2s+2 > 0, it follows that (7.10)
is < 0 and hence (7.9) holds. O

8. LEFT-SIDE ORTHOGONALITY, 1 < p < 2

In this section, we show that the same methods extend to the case of
left-side orthogonality when 1 < p < 2. Again for the sake of simplicity, we

work with the case
1

¥i) = 5 (V) < (X) (s.1)
With this condition, the constant corresponding to (4.1) is
“p
1—2z,

Let us begin with the special case when (X) = (Y;). The obstacle functions
are

V(z,y) =y? — P2, wv.(s) =s" —cP(1—s)P (8.2)

and the majorants

Uz,y) = (z +y)'yg <xy+y> , g(s)=U(l —s,s)

will have to satisfy the quadratic form inequalities (6.1) and (6.2), and (6.4)
and (6.5). The function v, starts with value —c? at s = 0 and increases to
1 at s = 1. It is convex in the beginning and concave in the end. Moreover
Dpve = Lyve(s) is <0 for s > H%’ for some positive C'. So we may expect
that the majorant g equals some 3L, in [0, o] and equals v, in («, 1], where
«a is a touching point. Since L,(0) = 1 and Ly(1) < 0, we must have § = —a
for some a > 0. We come to a corresponding version of (6.14):

sP—cP(1 = s)P = —aLy(s)
psP 4+ pcP (1 —s)P~1 = —all(s)
20
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Letting ¢ = % and a = 5, this is transformed to
1—sp—cpsp:aL() (8.4)
p(1—s)P~t —pePsP~t = al(s) '
Note that (8.4) has the same form as (6.14), hence we have
(1—s)PL) +p(1 —s)P71L, 1
& =F(s)= P P =G(s) = . 8.5
c (S) SpL/p _ psp—le ’ c (S) F(S) ( )
Since G'(s) = %;g‘;), by (6.16), we have
G/(S) _ p(l — 8)p72 LP(S)(_HLP(S)) (86)

s F(sP(sLy— pL,)?

By Theorem 6.1, HL,, > 0 in [0, z,—1], hence the function G(s) for 1 < p < 2
exhibits the same behavior in the interval (0,2,-1) as F' did for p > 2. It
decreases in (0, z,), reaches its minimum at z, and increases back to oo at
Zp—1. And this implies that as in Lemma (6.9), we have

—ad/(s) > 0in (0, zp_1). (8.7)

Thus the analysis for 1 < p < 2 continues exactly the same as before; the
obstacle v, and the Laguerre function —agL, (ap = a(zp)) touch at their
common zero, when the best constant

“p

The best majorant satisfying the required quadratic form inequalities is

ols) = {;‘Zgipfj’fgf K (5.9

8.1. Sharpness of the constant. The method used to prove sharpness for
2 < p < oo does not apply directly for 1 < p < 2. We will instead follow the
Wronskian-technique from [BJV]. It is proved in greater generality in that
paper, but here we will focus on the Laguerre case alone. If for ¢ <

Zp
1—=z
there exists a bounded supersolution h > v, of L, then h(z,) > 0. The
following lemma proves that such a supersolution cannot exist. As stated in
Section 2, the Bellman function theory requires the existence of the Bellman
function, so its non-existence implies that the hypothesis EV.(X,Y) < 0 for
all appropriate X, Y, is not true for this constant ¢. Thus it follows that
lf”z . is the best constant.

Lemma 8.1. Let h be a supersolution on [0, z,], that is sh” (s)+(1—s)h/(s)+
ph(s) <0, such that h(zp) > 0. Then h(0) = —oo. In particular, h is not a
majorant of v. for any c.
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Proof. Recall that the Laguerre equation sf” + (1 — s)f’ + pf = 0 has
two independent solutions: a function f; that is bounded in [0, 1] (and has
fi(zp) = 0) and an unbounded fo(z) = —fi(x)log|z| + H(x) where H is
analytic. Assume f1(0) = —1, then f2(0) = —oco. Consider the Wronskians:

W(z) = fo(x) fr(z) = fi(2) fa(x)
W(x) = (2)fi(w) = fi(2)h(z).

Since h is a supersolution and fi, fo are solutions, we can write in (0, 1)

W< 2w,
s
w ="t
s
Combining we get
W
W< —W. 8.10
< (8.10)
Now observe that W ~ —oco when z ~ 0 since f1(0) = —1, f} ~ 1 —

f1(0)logz ~ % and fy ~ logz. Since Wronskian preserves sign, W(z) < 0
in (0, zp]. Therefore (8.10) can be rewritten (after division by W < 0) as

(W/W) >0, on (0, z)]. (8.11)

Notice W (z,) = —h(2p)fi(2p) < 0 and W(z,) = —fa(zp) fi(2p) < 0; these

follow from h(zp) > 0, f{(zp) > 0 and fa(z,) > 0. (To see why fa(zp) > 0,

observe that by Lemma (6.1) the first root a of f is < zp, so if fa(z,) <0

then it has a second root b in (a, z,) where fi(b) < 0 and f5(b) < 0. This
h(zp)

means W(b) > 0, a contradiction.) Denote = oy > 0. Inequality (8.11)
shows that

<K
W(z) ~
on [0, zp]. Using the negativity of W we get
W > kW, on (0, zp). (8.12)
/ ~ !
Notice that (%) = %2, (%) = fwf Then (8.12) means
h / <f2>/
— | >k =], on (0,z,.
(fl) — A\ (0. 2]
Hence,
h
— mf— + const, on(0, 2.
fi
Since fo — —oo as z — 0 and f1(0) = —1, it follows that % — +o00.
Again, since f1(0) = —1, this means h(x) — —oo when x — 0. Lemma is
proved. O
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8.2. The general case. For 1 < p < 2, the general quadratic form require-
ment is

U U
UzallPa | + thzH2 + 2Usyha -k + (Uyy + Zy)Hk‘H2 <0 (8.13)
where
1KIZ < [[A1 ] + [l Az (8.14)
Setting ||k|| = 1 a = ||h1|| and B = (||h1]|? + ||h2]|?)*/?, we require for all
b>1landa<p

- (Um - Um> a® + 2|Usyla + %ﬁﬂ + <Uyy + U;) <0. (8.15)

T

8.2.1. The case X is real-valued and (Y;) < (X). In this case, hy = 0, hence
(5.16) becomes for § > 1,

U
Uz B2+ 2|Usy| B + (Uyy + ?y) <0. (8.16)
When U =V, Uy, = —p(p—1)2P~2 < 0, therefore the maximum value occurs

for minimal 8 = 1. It is shown in the previous section that U satisfies this
special case.

Where U > V', we have for U(z,y) = (x + y)pg(x—iy) = (x 4+ y)Pg(r),

U = (49 '[pg —rd], (8.17)
Uwe = (@+y)P %[’y —2(p—)rg' +p(p—1)gl, (8.18)
U = (x+y)P*[-r(1=r)g"+ (p—1)(1—2r)g' +p(p— 1)g](8.19)

Uy = (@+y)?" 'pg+ (1 -7, (8.20)
Upy = (@49 [(1=r)g" +2(p - 1)1 —-r)g +plp—1)g]. (821)

Observe that since g < 0, ¢’ > 0 and ¢” < 01in (0, z,), it follows that Uy, < 0
where U > V. Therefore the maximum in (8.16) occurs when

B — _’U~Ty’
U.Z'Z' ’
provided this value exceeds 1; otherwise we take 8 = 1. The § = 1 case
is the special case of the previous section, so (8.16) is satisfied in this case.

What if % > 17 Then the maximum value becomes

—Upy\ 2 —|U, U,
Uy ( Umy) + 2|Usy| I|me‘ + (Uyy + j’)

|Uay| Uy
—— 4+ (Uyy + —) <0.
—Usze ( v ) )

U solves Uzy — 2Uyy + Uyy + % = 0, so the above inequality becomes
U2, + (Uay — Upe)(~Ups) = U2, —2UpUpy + U2,

= (U:L‘y - Ux:c)2 <0.
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Clearly, this is not true in general. Therefore we must ensure that

B ‘ U:vy ‘
Usz

<1? (8.22)

Since Ugy ~ —HL, < 0, this is equivalent to showing gﬁi <1 or

This is equivalent to showing

rg” —(p—1)g’ <O0.

This is true because ¢’ < 0 and ¢’ > 0 in (0, z,). In conclusion, we see that
U always satisfies (8.16). This completes the case when X is real-valued
and (1) < (X).

8.2.2. The case when X is complex-valued and (Y;) < (X). Now we wish
to deal with (8.15) in full generality. If % — Uyz <0, then the maximum
value occurs when a = (3, and we return to the case of (8.16), which is

true. So now suppose % — Uz > 0. This can happen only if U > V since

Yo _V,,=—p(2—p)aP~2 < 0. So suppose U > V. The maximum in [0, cco)

X
occurs for

_Uay
%_U‘mj

xT

Ay =

If 8 < ay, then the maximum in [0, §] occurs at 8 and we return to (8.16).
If a, < (B, then the maximum is at a = a4, and we have

Usy| < B (U‘” - Um> = U2, + <U’”52 + Uy + Ul’) (U‘E - Um) <0.
x x Y x
(8.24)
We know that U, ~ pg — rg’ < 0, so the maximum occurs for the minimal
possible 5. If 1 < a,, then 5 = a, = a and we return to (8.16). If a, < 1,
then 8 =1, and (8.24) is equivalent to

U, Uy Uy\ (Vs

However since Uy, + % = —Uzz + 2U,y, the right-side value is equal to

(% — Upe + ny)2 which is > 0. So the only way that (8.25) can be true is
if
U U
|Uzy| Z f - U:L‘xa or ?:E - U:L":E + Ugcy § O?

Lemma 8.2. Where U >V, % —U,, +U,, <0.
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Proof. Using (8.17), (8.18) and (8.19), we can write this condition in terms
of g as

+(—r(1—1)g" + (p— 1)(L —2r)g +p(p —1)g) <0
= pg—rg —r(l—r)g"+ (-1 -r)g <0. (8.26)
Since

Uy ~ —r(1=7)g"+ (p = 1)(1 = 2r)g"+ p(p — 1)g < 0,
we have —r(1 —71)g” < —(p—1)(1 —2r)g’ — p(p — 1)g and so (8.26) is
< pg—rg'+(=(p-1(1-2r)g —pp—1)g) + (p— (1 —r)g
= pg—rg' +(—1Drg —plp—1)g=(2-p)lpg —rd].

Since g < 0 and ¢’ > 01in [0, 2,], the lemma is proved (and the generalization

to the case X complex is complete). ([
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