SOME NEW BELLMAN FUNCTIONS AND SUBORDINATION
BY ORTHOGONAL MARTINGALES IN P/ 1<p<2.

PRABHU JANAKIRAMAN, VASILY VASYUNIN, AND ALEXANDER VOLBERG

1. INTRODUCTION: ORTHOGONAL MARTINGALES AND THE BEURLING-AHLFORS
TRANSFORM

The main result of this note is Theorem 7 below. The main interest is the array
of new Bellman function, very different from Burkholder’s function.

A complex-valued martingale Y = Y; + Y3 is said to be orthogonal if the
quadratic variations of the coordinate martingales are equal and their mutual co-
variation is 0:

(Y1) = (¥z), (¥1,Y2) =0.

In [BaJl], Bafiuelos and Janakiraman make the observation that the martingale
associated with the Beurling-Ahlfors transform is in fact an orthogonal martin-
gale. They show that Burkholder’s proof in [Bu3] naturally accommodates for this

property and leads to an improvement in the estimate of || B||,.

Theorem 1. (One-sided orthogonality as allowed in Burkholder’s proof)

((1)) (Left-side orthogonality) Suppose 2 < p < oo. IfY is an orthogonal
martingale and X is any martingale such that (Y) < (X), then

2
[p>—p
Yl < 5 I XIlp- (1.1)

((ii)) (Right-side orthogonality) Suppose 1 < p < 2. If X is an orthogonal
martingale and Y 1is any martingale such that (Y) < (X), then

2
Yy <4/ mllelp- (1.2)

It is not known whether these estimates are the best possible.

Remark. The result for right-side orthogonality is stated in [JV] and not in [BaJ1].
In [JV] we emulate [BaJ1] to prove in a very simple way an estimate on right-side

orthogonality and in the regime 1 < p < 2. In the present work we tried to have
1
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a better constant for this regime—as the sharpness in [BaJ1] and [JV] is somewhat
dubious. We build for that some family of new (funny and interesting) Bellman
functions very different from the original Burkholder’s function. Even though the
approach is quite different from the one in [BaJ1] and [JV], the constants we will

obtain here are the same! So may be they are sharp after all.

If X and Y are the martingales associated with f and Bf respectively, then Y
is orthogonal, (Y') <4 (X) and hence by (1), we obtain

1Bfllp < vV2(p* = Il f|lp for p = 2. (1.3)
By interpolating this estimate 1/2(p? — p) with the known || B||2 = 1, Bafiuelos and

Janakiraman establish the present best estimate in publication:

I1B|l, < 1.575(p* — 1). (1.4)

2. NEw QUESTIONS AND RESULTS

Since B is associated with left-side orthogonality and since we know ||B||, =

| B, two important questions are

((i)) If 2 < p < oo, what is the best constant C), in the left-side orthogonality
problem: [|Y||, < Cp|/X]||p, where Y is orthogonal and (Y) < (X)?

((ii)) Similarly, if 1 < p’ < 2, what is the best constant C in the left-side
orthogonality problem?

We have separated the two questions since Burkholder’s proof (and his function)
already gives a good answer when p > 2. It may be (although we have now some
doubts about that) the best possible as well. However no estimate (better than
p — 1) follows from analyzing Burkholder’s function when 1 < p/ < 2. Perhaps,
we may hope, Cp < \/@ when 1 < p/ = p%l < 2, which would then imply a
better estimate for || B||,. This paper ’answers’ this hope in the negative by finding
Cpr; see Theorem 2. We also ask and answer the analogous question of right-side
orthogonality when 2 < p < co. In the spirit of Burkholder [Bu§], we believe these
questions are of independent interest in martingale theory and may have deeper

connections with other areas of mathematics.

Remark. The following sharp estimates are proved in [BJVLa], they cover the
left-side orthogonality for the regime 1 < p < 2 and the right-side orthogonality for

the regime 2 < p < co. Notice that two complementary regimes have the estimates:
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for 2 < p < oo and left-side orthogonality in [BaJ1], for 1 < p < 2 in this note and

in [JV], but the sharpness is somewhat dubious.

Theorem 2. Let Y = (Y1,Y3) be an orthogonal martingale and X = (X7, X2) be
an arbitrary martingale.
(1)) Let 1 < p' < 2. Suppose (Y) < (X). Then the least constant that always
works in the inequality ||Y||y < Cp || X||y is
1 zy
N V21— “p/

where zy is the least positive root in (0,1) of the bounded Laguerre func-

Cp (2.1)

tion L.
((ii)) Let2 <p < oco. Suppose (X) < (Y). Then the least constant that always
works in the inequality || X |, < Cp||Y|p is
1—
C,=V2—P (2.2)

Zp

where z, is the least positive root in (0,1) of the bounded Laguerre func-
tion Ly.
The Laguerre function L, solves the ODE
sLy(s)+ (1 —s)L,(s) + pLy(s) = 0.
These functions are discussed further and their properties deduced in section (?7?);
see also [?], [?], [?].
As mentioned earlier, (based however on numerical evidence) we believe in gen-
eral \/$ < Cp < p—1 and that these theorems cannot imply better estimates
for || B||,. However based again on numerical evidence, the following conjecture is

made.

Conjecture. For 1 <p' = -5 <2, Cy = C), or equivalently,

L ow sl
\/i 1-— Zp! Zp
It is conjecture relating the roots of the Laguerre functions. Notice that such a
statement is not true with the constants from Theorem 1, and , /ﬁ < 4/ ﬁ%p

for all p > 2. So this conjecture (if true) suggests some distinct implications for the

two settings. Note on the other hand, that the form of the two sets of constants

are very analogous.
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3. ORTHOGONALITY

Let Z = (X,Y),W = (U,V) be two R2-valued martingales on the filtration of

1, i

2-dimensional Brownian motion Bs = (B, Bas). Let A = 1] . We want W

Z?
to be a martingale transform of Z defined by A. Let

X = [ () am..

Y@=47@d&,

where X,Y are real-valued processes, and 7(8), 7(3) are R%valued “martingale
differences”.
Put

Z@t)=Xt) +iY(t),Z(t) = /Ot(ms) +iY(s)) - dBs, (3.1)
and
W(t)=U(t)+iV(t),W(t) = /Ot(A(?(s) +iY(s))) - dBs. (3.2)
We will denote
W=AxZ.

As before
vt = [ )b,

vw=£7@dm,

W(t) = / (Z(s) +i7(s)) - dBs.
0
We can easily write components of  (s), 7' (s):
ui(s) = —z1(s) —ya(s), vi(s) = za(s) —uu(s),i=1,2,
ug(s) = w2(s) —y1(s), va(s) = x1(s) +yals), i =1,2.
Notice that

UV = ugvr +ugve = —(21 + o) (w2 —y1) + (22 —y1) (@1 +y2) =0, (3.3)
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3.1. Local ortogonality. The processes

(X, U)(t /7 Wds, (X, V)t
/7 Tds, (Y, V)(
(X, X) (1 /7 Tds, (YY)
/7 Fds, (U,U)(
WV /7 Tds, (UV)(t

are called the covariance processes. We can denote

d(X,U)(t) =T () - (1), d(X,V)(t):=
dY,U)(t):=F(t)- 2 (t), dY,V)(t) :=
AX, X)(t) =T (t)- T (t), dY,Y)(t) :=
d(X,Y)(t) =T (t)- Y (1), dU,U)1) =
AV, V)(t) =T (t)- T (t), dU,V)(t) =
d(Z,2)(t) == (T ()T (O)+ Y (1) T ), AW, W)(t) =
Important is an observation
Lemma 3. Let A= _il’ i . Then
d(U,V)(t) =0.
Or
Ut -7 (t)=0

Also

/? s,
/7 s,
0= [ 7 s,
/7 Tds,

/7 s

7)) V),
Y- 7,
Y)Y,
w(t)- ),
w7,
(W)U (O)+7 (1) 7 (1))

(3.4)
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Lemma 4. With the same A
AU, U(E) < 2d(2,2)(1).

d(V, V(1) < 2d(Z, Z)(t).

Or
wt) -t <2(F () -7 () + Y)Y (1)
TE) -V <20 - T+ T Y1)
Or
AW, W) (t) < 4d{Z,Z)(t) . (3.5)
Proof.

U)W (t) = (21 +y2)* + (22 —y1)? = 2(z1y2 — T2 1)+
(1)* + (12)* + (22)” + (y1)* < 2((21)* + (y2)* + (22)* + (11)*) = 2d(Z, Z) .

The same for v.
O

Definition. The complex martingale W = AxZ will be called the Ahlfors-Beurling
transform of martingale Z.

Now let us quote a theorem of Banuelos-Janakiraman [BaJ1]:

Theorem 5. Let Z, W be two martingales on the filtration of Brownian motion,
let W be an orthogonal martinagle in the sense of (3.4): d(U,V) =0 and there is

a subordination property
AW, W) <d(Z,2) (3.6)

Let p > 2. Then for every t (|-| denotes the euclidean norm in R?)

© W) e <\ [P Bz, (3.7

We will use the notations
1Z]l, = (E|Z|P)"/P.

Applied to our case (with the help of Lemmas 3, 4) we get from Theorem 5 the

following

Theorem 6. [|[IW], = |4+ Zl|, < 2% — p)I| Z],, ¥p > 2.
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4. SUBORDINATION BY ORTHOGONAL MARTINAGALES L3/2

For 1 < p < 2 one has the following

Theorem 7. Let Z,W be two R? martingales as above, and W is an orthogonal
martingale :
d(U, V) =0,
satisfying also
d(U,U) =d(V, V). (4.1)
Let Z be subordinated to the orthogonal martingale W :

d(Z,Z) < (W, W) (4.2)

2
12]lq <4/ e qIIWllq- (4.3)

We will give a proof, but first it will be given for ¢ = 3/2, and only later for all

Then for1 < q <2

€ (1,2]. Moreover our proof may indicate—especially compared with a completely
different proof having the same result in [JV]- that the constant ,/ﬁ is sharp

after all. But we cannot be sure.

Proof. We can assume that F' = (®, ) (or F' = ® +i¥) is a martingale on the

filtration of Brownian motion
o) = [ T am.,
v = [ D) an..
X = [ 76 a.,
Vo= [ 706)-as..
v = [ ) as..
V(t) = /:7(5) -dB;,

and that these vector processes and their components satisfy Lemmas 3 and 4:
u1v1 + uove = 0, (4.4)

(u1)? + (u2)* = (v1)* + (v2)*, (4.5)



8 PRABHU JANAKIRAMAN, VASILY VASYUNIN, AND ALEXANDER VOLBERG

t t
SE(F.7) = /0 (d(®, X) +d(V,Y))ds = /0 (121 + doa + s + aye) ds.

Hence

ISE(Z-F)| < /Ot((¢1)2+(¢2)2+(%)2"'(%1)2)2)1/2((551)2+(x2)2+(y1)2+(yg)2)1/2 ds .
(4.6)

By subordination assumption (4.2) we have

ISE(Z-F)| < /0 () ) (00 (00 200+ (62 (b0 (o)) 2 s
(4.7)

Our next goal will be to prove that

Vo [ )+ 5 0+ 0200 + 000+ )+ () <

(/-
2 3. 4.
(Fas+ %) (49

Polarize the last equation to convert its RHS to 2||W{[3/[|F||3. Then use the
combination of (4.7) and (4.8). Then we obtain the desired estimate

23
V3

which we saw is equivalent to the claim of Theorem 7 for ¢ = 3/2.

1Z1l3/2 < W32, (4.9)

We are left to prove (4.8). For that we will need the next section.

O
5. BELLMAN FUNCTIONS AND MARTINAGALES
Suppose we have the function of 4 real variables such that

B( <2 2 2 \3/2 é 2 2 \1/2 51
Y11, Y12, Y1, y22) < 3(3/11 + y12)” " + 3(921 +y29) 77, (5.1)

dy11 dy11

dy12 dy12
(d*B(y11, Y12, Y21, Y22) , ) > (5.2)

dy21 dy21

dy22 dy22
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1 37 [y22dy21 — Y21dy22\2
T(dyiy + dyiy) + ;(dygl + dys,) + ( )

4:172 xTo
L [yndyn + y12dyi2 L y21dy21 + y22dy22} 2
V22 + 379 T T T2 ’
where
3 T 2 3
O ———- 5.3
A(ys +ys)'/? T T (53)

Then we can prove (4.8). Let us start by writing It6’s formula for the process
b(t) == B(2(t), ¥(t),U(t), V(1))
1
db = (VB(®,..,V), (d®(t), ..., dV (t)) + §(d23(¢1, Y1, u1,v1) + d2B(¢2, Y2, us, v2)) -
Here d? B stands for the Hessian bilinear form. It is applied to vector (¢y, 1, ur, v1)
and then to vector (¢g, 12, uz, v2). Of course second derivatives of B consituting
this form are calculated at point (®,¥,U, V). All this is at time ¢. The first term

is a martingale with zero average, and it disappears after taking the expectation.

Therefore,
t
E(b(t) —b(0)) =E / db(s)ds =
0
t t
;/0 ((d*B(¢1, b1, u1,v1) + d*Blga, o, ug, v2)) ds =: ;/0 drl . (5.4)

The sum in (5.4) is the Hessian bilinear form on vector (¢1,1,u1,v1) plus the
Hessian bilinear form on vector (¢2, 12, u2,v2). Using (5.2) we can sum up these
two forms with a definite cancellation:

3 T V2(u1)? 4+ U?(v1)? — 2UVui0q

_ 2 2 2 2

A1 = (1 P02+ (0002 + ik
3 T V2(ug)? 4+ U?(v9)? — 2UV ugvs
4(U2+V2)1/2 U2+ V2
Notice that orthogonality (4.4) and equality of norms (4.5):

+ Posit.

+7'(<¢2)2+(¢2)2)+1/T((U2)2+(’02)2)-!- + Posit. .

d(U,V)y =0, (5.5)
d(U,U)y =d(V,V), (5.6)
imply pointwise equalities ujvy + ugve = 0 and
V20 U2 (01)? 4V (0a) 4 0 (02)? = S (074 V) (1) (1) + (00) + (02)?).
Therefore, UV —-term will disappear, and we will get

dl = 7((¢1)” + (¥1)* + (¢2)” + (¥2)%) + 1/7((w1)? + (v1)* + (u2)® + (v2)*))+
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im : %(U2 + V) (u1)® + (u2)® + (v1)* + (v2)?) + Posit. =
r<<¢1>2+<w1>2+<¢2>2+<w2>2>+§ (iW{) ()2 +(v1) 2+ (u2)?+(v2)2)) + Posit. .

Hence, by using (5.3) we get

31
a1 2 (1812 + 1913 + 5= (T2 + 7).

3., —
2 2\/;(” SIP + I 1) 217 + 171172 (5.7)
Let us combine now (5.4) and (5.7). We get

3 [t = — 1
Vo [UBiE i ey + 1wy s < Jar <. 69
We used (5.1) that claims b > 0. But it also claims that

(V)P [(2,9)P
352 T 3 >

b(t) = B(2(t), W(t), U (1), V(1)) < 2 ( (5.9)

Combine (5.8) and (5.9). We obtain (4.8).
To find the function with (5.1) and (5.2) we need the next section.

6. FUNCTION B = 2(y?, +y3) + 3(y3; + ¥3)Y2)32 + 2((v} + yh))3/2.

It is useful if the reader thinks that y11, y12, yo1, Yoo are correspondingly &, W, U, V.
Also in what follows dyi1,dy12, dy21, dyse can be viewed as ¢1, 11, u1,v1 and

¢2, 2, uz, va.

Let By, tm (z) be areal-valued function of n+m variables x = (21, ..., Tn, Tnit1, - - - Tntm)-
Define a function B,;1.,,(y) of n vector valued variables y; = (yi1, ..., yik), 1 <i <

n, and m scalar variables y;, n + 1 < ¢ < n + m, as follows:

Borim(y) = Buym(2),

where
k 1

zi = il == (D)’ for i < n,

J=1
Ti =y for i > n.
d’B
dvy?

Omitting indices we shall denote by CCI;TE’ and the Hessian matrices of B, ()

and By,xm(7) respectively.
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7. HESSIAN OF A VECTOR-VALUED FUNCTION

Lemma 8. Let P; be the following operator from Rk to R:

h .
Py = P8)
Ty

i.e., it gies the projection to the direction y;, and let P be the block-diagonal
operator from R¥"*m = REQRF ... o RFOR®--- PR to R =RORD--- ®
ROR G --- @ R whose first n diagonal elements are P; and the rest is identity.

Then ) )
d°B d“B 1 0B
——P*—P d I-P'P)—— ¢,
2= ek ding {1 - ) 5B
or

n

k k
d’B = Z 882]3 . 2 o1 YisdWis ) > re1 Yirdyr

ij=1 :ciaxj xT; $j
n  nt+m 2
0°B Z =1 yzsdyzs
+92 - dy;
Z Z 0931895] ZT; yj
i=1 j=n+1

+ Y > 8 - dy; - dy

i=n+1j=n+1

" 1B [ Sk ydyigy 2
+Zx78xi. ;dyfj—( J1‘J J)

i
=1 v

7.1. Positive definite quadratic forms. Let
Q = Az? + 2Bxy + Cy?

be a positive definite quadratic form. We are interested in the best possible constant
D such that

Q > 2D|z||y| for all z,y € R.

After dividing this inequality over |z||y| we get

At:I:QB+%Z2D for all t € R\ {0},

The left-hand side has its minimum at the point ¢ = \/g . Therefore the best D is
VAC — |B|.

Now we would like to present @) as a sum of three squares:

Q = D(rz* + %yz) + (azx + By)?,
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which immediately implies the required estimate. By the assumption
2 Dy,
(A—Dr)a*+2Bxy+ (C — =)y
-
is a complete square, whence

(A—Dr)(C — 9) = B?

T

or
CDr* - (AC — B>+ D*7+ AD =0,
Cr?—2VACT+ A=0.

Therefore, T = \/% and

Q= (VAC - yB\)(\/ng + \/§y2) + ]B]\/g(x + signB\/§y>2 (7.1)

7.2. Example. Let

2 2
By(z) = = (2] + 322)*” + Zaf, (7.2)
9 9

B4(y) = BQ(x); Ti =1/ yi21 + %’22-

Calculate the derivatives:

0By 2

o = gl’l(\/l'% + 3z + 1),
0B,
871'2 = \/ZL'% + 322,

A— 82B2 . 2(\/56% + 329 +:E1)2

83:% N 3 x% + 3z9
B 9’B, _ 1
02102 /a7 + 3as
C— 0°By _ 3
03 ~ 2/a7 + 35,
D=+VAC - |B|=1,

Also

A 2
T = 6250/3@—1—3@—1—1‘1), (7.3)
\/x%—i—&rg—xl (7.4)

21:2
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After substitution in the expressions of the preceding sections we get

Yudyn + y12dy12)2 + 1 (y21dy21 + y22dy22)
xr1 T €2
T [yndyn + y12dy12 . 1 yo1dya + y22dy22] 2

_|_
Vi + 3xo x1 T x2

2 dy11 — y11d 2
+§( /a:%—i—?)mz—i—an) <y12 ynxlyn y12)

n V23 + 31 <y22dy21 - y21dy22>2

T2 Z2

d’B, = 7'(

1 37
= 7(dyt, + dyiy) + ;(dy% + dy3,) + m(

Y22dy21 — Y21dy22 ) 2
T2

R [yndyn + y12dy12 4 1 ya1dy21 + y22dy22] 2
Vet + 3xg T T T2
7.3. Verifying (5.3). Here using (7.3), (7.4) we get

2
T = g((?ﬁl +yis) + 3(y5, + y§2)1/2)1/2 + (y5, + ?/%2)1/2) . (7.5)

And henceforth
1 (h +uB) + 3031 +93) ) — (i Huh)' (7.6)
2(951 + 932)1/2

Let us now (when we know 7) check the condition (5.3):

3 T 2 = 1(9%1 +yts) +3(y31 + 932)1/2)1/2 + (yh + Z/%2)1/2+

4(y5 +y3)V? T 2 (431 + y3y)1/2
(i1 + yty) + 351 +3) /A% — (i) + i)' ?
(43, + y3y)1/?
3y + o) + 3(y31 + ) VYHVE — (v} + ydy)Y/?
2(y3; + y3p)'/?

8. EXPLANATION. POGORELOV’S THEOREM.

\]

>

3
.

We owe the reader the explanation, where we got this function B, which played

such a prominent part above.
We want to find a function satisfying the following propperties (in what follows

p>2):

e 1) Bis defined in the whole plane R? and B(u,v) = B(—u,v) = B(u, —v);

® 2) 0< B(u,v) < (p— D(lul” + ¢ |v|);

e 3) Everywhere we have inequality for Hessian quadratic form d?B(u,v) >
|

2|dul|dvl;
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e 4) Homogenuity: B(c'/Pu,c'/%) = ¢ B(u,v), ¢ > 0;
e 5) Function B should be the “best” one satisfying 1), 2), 3).

The last statement we will understand in the following sense: B must saturate
inequalities to make them equalities on a natural subset of R? in 2) and on a natural
subset of the tangent bundle of R? in 3).

Let us start with 3). Inequalities just mean that d?B(u,v) > 2dudv , d*B(u,v) >
—2dudv for any (u,v) € R? and for any (du,dv) € R2. In other words this is just

positive definitness of matrices

Buqu Buv -1
Bvu - 17 va

Bmu B’LL’U + 1

>0. (8.1)
Bvu + 17 BU’U

9

Now we want that (8.1) barely occurs. In other words we want that for any
(u,v) one of the matrix in (8.1) would have a zero determinant.

Notice that symmetry 1) allows us to consider B only in the first quadrant.
Here we will assume the first matrix in (8.1) to have zero determinant in the first
quadrant.

So let us assume for u > 0,v > 0

B B 1

5) det e wt g (8.2)

Bvu - 17 va

Let us introduce
A(u,v) := B(u,v) +uv.
So we require
A A
det |7" T =0. (8.3)
VU VU

Returning to saturation of 2): we require that B(u,v) = ¢(u,v) := (p— 1)(%up+
%vq) at a non-zero point. By homogenuity 4) we have this equality on a whole

curve I' invariant under transformations v — ¢*/Pu, v — ¢/,

1 1
B(u,v) = ¢(u,v) := (p — 1)(=u” + —v?) on the curve v? = yuP. (8.4)
p q

Notice that 7 is unknown at this moment. We are going to solve (8.3), (8.4) in
the sense that our solution satisfies (8.1), 1), 2), 3), 4).
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Remark. We strongly suspect that the solution like that is still non-unique. On
the other hand one cannot “improve” 1), 2), 3), 4) by, say, changing 2 in 3) to a

bigger constant, or making a constant p — 1 in 2) smaller.

Recall that we have also the symmetry conditions on A(u,v) + uv =: B(u,v).
They are
B(—u,v) = B(u,v), B(u,—v) = B(u,v).
We assume the smoothness of B. It is a little bit ad hoc assumption, and we will be
using it as such, namely, we will assume it when it is convenient and we will be on
guard not to come to a contradiction. Anyway, assuming now the smoothness of B
on the v-axis we get that the symmetry implies the Neumann boundary condition
on B on v-axis: %B(O,v) =0, that is
2A(O,v) =v. (8.5)
ou
Solving the homogeneous Monge-Ampere equation is the same as building a sur-
face of zero gaussian curvature. We base the following on a Theorem of Pogorelov
[Pog]. The reader can see the algorithm in [VaVo2]. So we will be brief. Solution
A must have the form

Au,v) =t -u+ta-v—t, (8.6)

where t1 := A, (u,v),te := Ay(u,v),t(u,v) are unknown function of u,v, but, say,
t1,ts are certain functions of ¢t. Moreover, Pogorelov’s theorem says that
dto

dt
u-dt1+v-dt2—dt:0,meaningu~d—;+v-%—1:0. (8.7)

We write homogenuity condition 4) as follows A(c'/Pu,c'9v) = cA(u,v), differ-

entiate in ¢ and plug ¢ = 1. Then we obtain

1 1
Alu,v) = —t1-u+ -ty - v, 8.8
(w,0) =2 . (8.8)
which being combined with (8.6) gives
1 1
-ti-u+—-ty-v—1t=0. (8.9)
q p

Notice a simple thing, when ¢ is fixed (8.7) gives us the equation of a line in (u,v)
plane. Call this line L;. Functions ¢1,ts are certain (unknown at this moment)
functions of ¢, so again, for a fixed t equation (8.9) also gives us a line. Of course
this must be L;. Comparing the coefficients we obtain differential equations on
t1,to:
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dn _didty _dr

q T Pg P (8.10)
We write immediately the solutions in the following form:
11(t) = pCalt]7 , ta(t) = qCalt7 . (8.11)
Plugging this into (8.8) one gets
A(u,v) = Clt%u + C’gt%v , B(u,v) = Cltéu + Cgt%’l) +uv, (8.12)
where t(u,v) (see (8.9)) is defined from the following implicit formula
t= gcﬁu + gcgt%v. (8.13)

To define unknown constants C7, Co we have only one boundary condition (8.5).
However we have one more condition. It is a free boundary condition (we think
that p > 2 > q)

B(u,v) = ¢(u,v) :== (p — 1)(]13up + (111)‘1) on the curve I' := {v? = 7%uP}. (8.14)

This seems to be not saving us because we have three unknowns C7,Cs,~ and
two conditions: (8.5) and (8.14). But we will require in addition that B(u,v) and
o(u,v) have the same tangent plane on the curve I':
By (u,v) _ Ou(u,v)
By(u,v)  du(u,v)
Now we are going to solve (8.5), (8.14), (8.15), to find Ci,Cs,~y and plug them
into (8.12) and (8.13).
First of all

on the curve I' = {v? = %P} . (8.15)

v=A,(0,v) =t1(0,v).
So v/pCy = t(O,v)% from (8.11). Plug u = 0 into (8.13) to get t(O,v)% = 1Cowv.
Combining we get
1
CiCy = —.
q
Now we use (8.15).

ti—v  wP! uP v 1o

to—u vl wlu Atu
Using (8.11) we get
1
pCite —v 1w

= . 8.16
cht% —u 7t u ( )
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1

Let us write I' as uP = S uv or v? = 49 1yv, and let us write on I’

17

(8.17)

The reader will easily see from what follows that a,b are constants. From (8.16)

(pCra — 1)y%uv = (gC2b — uv .

Also from (8.17)

and from (8.17) and (8.13)
ab = EC1G + gCQb.
q p

From (8.17), (8.14) it follows

1 1 1
01a+02b—1:(p—l)(*'*#—*-’yq_l).
b v q

We already proved

1
Ci1Cy = —.
q

We have five equations (8.16)—(8.22) on five unknowns C1, Ca, a, b, 7.

One solution is obvious:
Y= ]-)a:qC?ub:pClappCf:qug?

from where one finds
1 2 11
Cr=-pr,Cy=—pa.
b q

Therefore,
1 11 1 11
B(u,v) = —prtiu+ —patrv — uv,
p q
where t is defined from

1 11 1 11
t = —-prtau+ —patrv.
q p

If we specify p=3,q = % we get

(8.18)

(8.19)

(8.20)

(8.21)

(8.22)

(8.23)

(8.24)

(8.25)

(8.26)

(8.27)
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and solving the quadratic equation on s := t5: 82 — 2C1us — %v =0, we get (the

right root will be with + sign)

(u,v) = s = Cru+ 1/ C¥u? + %v. (8.28)

see (8.22))

=

t
Therefore, B(u,v) being equal to Cys?u + Casv — uv is (C10y = %,
1

B(u,v) = Ciu(2C1us + %v) + Cyvs — uv = (2C3u? + Cov)s + iCnguv —uv,

Blu.v) = (20 + Con)(Cru+ [ + T2 = 2o,
2,2 2,9 CQ 3 3 2
= (201” + C2U) Clu + 7'0 + 201“ + (ClCQ — g)u'l) .

The last term disappears (see (8.22)), and we get

B(u,v) = 2(C%u® + %v)\ [C3u2 + %v + 2C1u3 = 203 (u? + %v)% +2C5u3 .
1

Finally from (8.26)

and so

2
Blu,v) = 5((u® + 30)2 +ud). (8.29)
This is exactly the function in (7.2). This function gave us our main theorem
for p = 3. We have just explained how we got it.
By the way, in this particular case the transcendental equation on v becomes the
usual cubic equation on /: 2,/7+1 =4 — L which has only one real solutions

fy?
v=1.

9. EXPLANATION. POGORELOV’S THEOREM AGAIN.

We owe the reader the explanation, why we chose the function A(u,v) = B(u,v)+
wv rather than A(u,v) = B(u,v) — uv to have the degenerate Hessian form.
We want to find a function satisfying the following properties (in what follows
p=2):
1) B is defined in the whole plane R? and B(u,v) = B(~u,v) = B(u, —v);
2) 0 < Blu,v) < 6(u,v) = (p— 1)(Lful? + u]o);
3) Everywhere we have inequality for Hessian quadratic form d?B(u,v) >
|
)
)

2|dul|dvl;
e 4) Homogenuity: B(c'/Pu,c/9) = ¢ B(u,v), ¢ > 0;
e 5) Function B should be the “best” one satisfying 1), 2), 3).
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((1)) What do we mean by best function? We would like B to be the 'largest’
function below ¢(u,v) such that the convexity condition in 3) holds. We
expect that such a function should equal the upper bound ¢(u,v) at
some point(s) and the inequality in 3) should be equality where possible.

((ii)) Due to the symmetry in 1), we can restrict our attention to {u > 0,v >
0}.

((iii)) If we have at some (u,v), B(u,v) = ¢(u,v), then condition 4) implies
that B(c!'/Pu, /%) = ¢B(u,v) = co(u,v) = ¢(c'/Pu, /). Hence they
remain equal on a curve {(u,v) : v = y%uP} for some ~.

((iv)) The condition < d?B-(u,v), (u,v) >> 2|u||v| means that the 'directional
convexity’ in direction (u,v) stays above the value 2|u||v|. This means
that the directional convexity of B is above that of both the functions
uv and —uv. Equivalently we are asserting the positive definiteness of

the matrices:

( Buuw  Buy— 1) - ( Buw  Buw+ 1) o ©1)
By =1 By Byuw+1 By

((v)) In order to optimize ((9.1)), we require that one of the matrices is de-

generate (with 7 = 0”'). Suppose that the first matrix is degenerate.

This means that the function A(u,v) = B(u,v) — uv has a degenerate

Hessian. At every point, one of its two non-negative eigenvalues is 0, and

the function has 0 convexity in the corresponding eigendirection. Since

the matrix is positive definite, it follows that 0 is the minimal eigenvalue,

hence the graph of this function is a surface with gaussian curvature 0.

Moreover the directional convexity of B — uv is greater than that of

B+wuw in directions of negative slope and less than in directions of positive

slope. If we want B + uv to have non-degenerate positive Hessian, then

the degeneracy of B — uv must occur in the positive slope direction.

Let us analyse the function A(u,v) = B(u,v) —uv. A theorem of Pogorolev tells
us that A will be a linear function on lines of degeneracy. That is, it will have the

form:

A(u,v) = tju+tav — t (9.2)



20 PRABHU JANAKIRAMAN, VASILY VASYUNIN, AND ALEXANDER VOLBERG

where t1(u,v), t2(u,v) and t(u,v) are constant on the lines given by

dty dto
—_— —_— —_ 1 — . .
s + o 0 (9.3)

We can say two things about the coefficient functions, that the eigenlines that

intersect the positive y axis must also have % < 0 and % > 0 - this information

comes from ((9.3)) and the fact that the eigenlines have positive slope. At the

moment we know nothing else about the coefficient functions. We will use the
various boundary conditions on B, hence on A to determine them.

((1)) First observe that since B(u,v) = B(—u,v) = B(u, —v), we may expect

that B is smooth on at least one of the two axes, assume on the y axis,

and hence the corresponding derivative 9, B(0,v) = 0. This means:
0, A(0,v) = —v. (9.4)

((ii)) We already assumed that
uP vl

B(u,v) = ¢(u,v) = (p - 1)(; + ?) (9-5)

on some curve I' = {v? = %P}
((iii)) Let us also assume that the tangent planes of B and ¢ agree on I'. This
means that the gradients of the two functions B(u,v) — z and ¢(u,v) — 2

should be parallel at the points (u, v, ¢(u,v)) where (u,v) € I'. Therefore
(Du, Dy, —1) = A(0uB, 0, B, —1),
which implies A = 1 and
Bu(u,v) = (p — 1)uP~t, By(u,v) = (p — 1wt (9.6)

on the curve I'. Similarly on T,

Ay(u,v) = (p— Dl — v, Ay(u,v) = (p — o7 ! —a. (9.7)
Recall:

A(u,v) = tju +tov — t (9.8)
where t1(u,v) = Ay(u,v), to(u,v) = Ay(u,v) and t(u,v) are constant on the lines
given by

@u + @v —1=0. (9.9)

dt dt
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We also have the homogeneity condition: A(c!/Pu,c'/%) = cA(u,v). Differentiat-

ing this with respect to ¢ and setting ¢ = 1 gives:

1 1
Alu,v) = —Ay(u,v)u+ —Ay(u,v)v (9.10)
p q
1 1
= —tiu+ ~tov. (9.11)
p q
Comparing ((9.8)) and ((9.11)), we have
1 1
—tiu+ —tov —t = 0. (9.12)
q p

Now comparing ((9.9)) and ((9.12)) gives
dti 1t dty 1t

&0 d ot (513)
Solving these differential equations, we have
t1(t) = CL[t|M9, ta(t) = Colt|/P. (9.14)
Putting this into ((9.12)) gives:
- ;Cl|t|1/qu + ]19021:;1/% (9.15)

Let us make two observations: Recall that if our eigenline intercepts the positive
1_1
y axis and has positive slope, then 94 = 2CL|¢|a" % < 0 and %2 >0.Ift > 0, then

TtQ - pCQ
%2 = %Cg\t\*l/q, and if ¢ < 0, then %2 = —%Cg]tlfl/q. We conclude from this:

((i)) If t > 0, then C1Cy < 0 and Cy > 0, hence Cy <0,
((ii)) If t < 0, then C1Cy <0 and Cy < 0, hence Cy > 0.

Let us bring in the following: ¢; = A,(0,v) = —v. The first equality is from
Pogorolev and the second is the boundary condition (9.4). Then (9.14) implies that
—v = Cy]t(0,v)|/ (9.16)
and (9.15) implies that
10, v) = ;cgu(o,v)ﬂ/%. (9.17)
Conclude:

((i)) Ifv > 0, then C; < 0. The previous observations imply ¢ > 0 and Cy > 0.
We are concerned at present with this case of positive y intercept.
((ii)) From (9.16) and (9.17), we conclude

0102 = —p. (9.18)
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Next from (9.7), we know that on T,
-1
t1 = (p—1uPt—v = (L—l)v, ty = (p—1)vI  —u= ((p—1)y" ' =1)u. (9.19)
Y

In terms of ¢, this says

crta— (P21 gy et = (p— 147 — 1) (9.20)
v
Write on I'
t% = aCoyv
) (9.21)
tr = bClu

Note that a > 0 and b < 0 due to the signs of C; and Cj. Substituting in (9.20)
and using (9.18) gives

1 1 1 1
azf_i’b:,_,,yq—l‘ (922)
p qy p q
Note that (9.21) also implies that
alC§ 1
—_— = — 9.23
BRI~ 923)
Hence (9.22) and (9.23) imply
v Lliga 1., 1
L 2yacd = (24971 = 2P0y P 9.24
== orlal (9.24)
(9.24), (9.18) and the fact pg = p + ¢ imply that
. 1
p(lp—1)yr7 — 1P~ 17
Cy = . 9.25
( T—(-1) (929)
Next observe that (9.15), (9.18) and (9.21) imply
1 1
ab=—a+ —b (9.26)
q p
and hence by (9.22)
1 1.1 1 1 1 1 1
q—1y — q-1
- =t —— 9.27
(p q’y)(p ¢’ ) pa P pd (5:27)

The equation that follows from making substitutions into the boundary condition
(9.5) B=¢ onI' and A = B — uv gives no new relationship. So we can avoid its
consideration.

Simplifying (9.27) shows that 7 is solution to the equation

Ft—(g-1)y+2—-q=0. (9.28)
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The rest of the analysis is yet to be done. However note that % = %“ on I,

and on the corresponding eigenline, we can understand it by using the fact that

A, = B, — v is constant. This may help later.

10. THE CASE WHEN p =3 AND ¢ = 3
Observe that by setting § = 79!, we can rewrite (9.28) as
Pt (p-1)+2—p=0. (10.1)
Let us analyse the case when p = 3. Then this equation becomes
62 —25-1=0 (10.2)
whose unique positive solution is § = 1 + /2. Therefore
y=(1+v2)?*=3+2V2 (10.3)

Then using (9.18), (9.22) and (9.25), we obtain
5 42 1 2

S A 24/2)1/2 10.4

a St 33(3+f) (10.4)

and

—35(1+2v2)1/3 31/3(2/3 + 22 — 1)%/3
C
, L2 =
(2V3+2v2—1)2/3 (1+2v2)1/3
Now we will explicitly find B(u,v). Recall

(10.5)

1 1
B(u,v) = Etlu + 61521) +uv

C C
= hVay 4 Z24ry 4w
q

gt2/3u + 2702151/3
3 3

U+ uv.

1 1
t o= =Cpt 9+ —Cyt' /Py
q p

2 1
= §Clt2/3u + gCQtl/g?).

Let s = /3. Then we have s2 — %Clus - %CQ”U =0 and

C 1
5= ?lu—i- g\/CIQUQ + 3Chw.
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B(u,v) = %s u+3C’zsv+uv

C1 (2C? 3Cv  2Chu
= 3 < 91u2+ 9 + 5 \/C3u? +3Cov | u
2 2 2 5
+§C’102uv + §C'16’guv + 5021}\/01 u? + 3Cv + uwv.

Use the fact that C1Cy = —3 to simplify and obtain:

2 2
B(u,v) = ﬁ(CleQ +3Co)3% + ?cfu? (10.6)
2 32, 1 oo 1/26 2
Bu = *Clu + §(Clu + 302’0) QCIU
_ 02 2 1/2
B, = (C u” + 3Cav)
B _ 70 CIQUQ +302U+01’LL)2
“ 9 v/ Ciu? + 3Cv
B, - |Cy Juv
VC3u? + 3Cov
B’U’U = 022

2\/ C%UQ + 3022}

By _ 2[Ch|,
T = B, =3 0 —( C’12u2 + 3Cov + Chu) (10.7)

I VC3u? + 3Cov — Chu

T 2[Chv (10.8)
B, 2 1
o = §C’§’u + §(C’%u2 + 3Cyu)/220?
B,  Cy(Cu? +3Cy)"/?

v 3v ’

We can use |C1|Cy = 3 to deduce % = 7. Next we compute the quadratic form

associated with B by using the formulation before:

Q(dzx,dy) = Byudz® + 2By,dzdy + By,dy?

2
uu UU B
— ( BuuByy — |Buy| (1/ dz® + \/ dy ) + | Buo| <dx—|—81gn (Buwv)y/ B, dy>

= (\/Buu oo — ]BMD (Td:v + dy > + | Buw|T (dw+81gn( v)— dy)




ORTHOGONAL MARTINGALES 25

Now let B(yi1, y12, Y21, y22) := B(\/yT) + Yia, Vyi1 + y12) = B(a1,22). Then
the associated quadratic form becomes

d d 2 1 d d
2B = T(Z/n Y11 + Y12 ym) 42 (3/21 Y21 + Yoo y22)
il T €2

n 7|C1lay [yndyn + y12dyi2 n Lyordya1 + y22d922}2
\/ C%:E% + 3CQ$2
(Bu B ) (yudyn - yndym)?
+ =T
I

il T T2

B, 02(01 23 + 3C229) Y2\ [y20dysr — yo1dyzo \ 2
+( )( )
v 3To T9

1
= 7(dyi, + dyiy) + ;(dygl + dy3,)

Co(CPaf +3Cyw) 1 dy21 — y21dyaz )2
+( 5(Cizt + 3Cx9) _7)(3/22 Y21 — Y21 y22)

3x9 T T

n 7|C1lzy [yndyn + y12dyi2 . 1 yordyar + y22dy22}2
\/ C%x% + 3Co24
1
= 7(dyty + dyiy) + ;(dy% + dy3y)

(43(;6'122; ) <y22dy21 ;2 Y21dYa2 ) 2

7|C1lay [?Jndyn + y12dyi2 n 1 ya1dyar + ya2dy221?

+
\/ Clzx% + 3021‘2

In order for the quadratic form to have the self-improving property, we need

I T xI9

I T T2

3CyT 2 c
- > — 10.9
4C'12x2 + T T ( )

for suitable constant c¢. In fact if CQ = 1, we know that ¢ = 3. This suggests that
the right constant is 2 + 02 ~ 3. 276142375 ( Calculation gives |C1| ~ 1.329660319
and Cy ~ 2.256215334, hence 02 ~ 1.276142375.)

If the rest of the process is the same as with the previous estimate, then the over

all constant estimate would be approximately

2V2

— =~ 1.562656814.
V3.276142375
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11. THE PROOF OF THEOREM 7 FOR GENERAL ¢ € (1,2]. THE SHARPNESS.

Recall that we found for 1 < ¢ < 2 < p < o0, 1/p+ 1/q = 1 the following

function

1 l

pr

B(u,v) = By(u,v) = P yiu+ 2 tpv—uv where (11.1)
p q
1 1
: : pr,i  pi1
t = t(u,v) is the solution of t = —tau + —trv. (11.2)
q p

Our goal is to represent the Hessian form of this implicitely given B as a sum of

squares. This requires some calculations.

b1 1 .t
By=2lts —py — gt (11.3)
pg t
1
a1 1t
B,=2 —ug —s%, (11.4)
q pq t
where
11 11
S :=prtau+ patro. (11.5)
Also
pv t

t, =

7tq . ,
p

which, after using (11.2), (11.5) gives

1
t 1ta
%:p-pp—q. (11.6)
Similarly,
1
t, 1tp
— =q-pl1—. 11.7
S =apig (11.7)
Recall also that we had
1 1
1 1
A= A(u,v) = P pu+ P, (11.8)
p q
Using the notations (11.5) and (11.8) we can compute the Hessian of B = B,.
Namely,
1
2pr 1t 1 t! !
By, = ppt;—“——A(—“) S “”.
pg L pg 1 Pq
1
2pa 1t 1 t t
Bpy = 2op - — A 44— s
pg t pg 't Pq
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pt 1 ¢ 1t
By =— — —AX%" —s5-
w =g~ 4 + +pq r
Plugging
U | 1t tt
uuw Ty D) ()2 (w2
(1 (- ()
and using (11.6) we get the following concise formulas:
1t
By = —S(-2%)2. 11.9
= o S(2) (11.9)
1t
By = —S(-2)%. 11.10
w=—-5(D) (11.10)
1t
Let us introduce the notations:
t, t, 1 a
a=—,8=",m=—85,71=—.
t t Pq B
Then we saw in the previous sections that the Hessian quadratic form of B
Q(dx1,dxre) = Buydr? + 2(Byy + 1)dz1dre + Byydrs
will have the form
Q= %dx% + gdxg + g(maﬁ —1)(dxy + gdﬂzg)2. (11.12)

It is useful if the reader thinks that in what follows 11, ¥12, Y21, Y22 are, corre-
spondingly, ®, ¥, U, V.
Also in what follows dyi1, dy12, dys1, dyss can be viewed as ¢, 1, u1,v1 and

¢25 ¢2, uz,v2.

Our goal now is to “tensorize” the form (). This operation means in our par-
ticular case to consider the new function, now of 4 real variables (or 2 complex

variables if one prefers), given by

B := B(y11, Y12, ya1, y22) := B(x1,x2) , where 1 := /43 + yiy, T2 1= \/ Y31 + U3

and to write its Hessian quadratic form. In the previous section we saw the formula

for doing that:

Q=

a

o (yidyin + yizdyia\? B [ yardyar + yaodyzo \
2 + 2 +
/8 T X9
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d d d dy2\?
a(maﬁ—l)(‘yn Y11 + Y120Y12 +éy21 Y21 + Y22 y22> i
B 1 o T2

v

By (y12dy11 — yuidyrz ? N By (ya2dy — ya1dyzo
u 1 9 '
To show that this quadratic form has an interesting self-improving property we

are going to make some calculations. First of all notice that

1 1
.pp - ta
= % S (11.13)
q-pa-tr
Now we start with combining (11.3) with (11.6)
1 ) 1
p 1 . . 11
Bu=2t0 o4 =BT i (11.14)
p Pq S
Let us see that
ste prti w
pp b == 7 (11.15)
qu tr u u

This is the same as
1

1 1 1
p.p? .tﬂu:qpt—q.pg .try.
But the last claim is correct, it is just the implicit equation (11.2) fot ¢. So
(11.15) is correct. So, combining (11.13) and (11.14) we obtain

B
Ju_ (11.16)
w B

We would expect that % = g = % by symmetry, but actually % > g for p > 2

and this allows us to have an improved inequality for Q. Let us see how.
Using (11.2) we get

9 101 1
pt—p-pr-tiu—gq-p-trv
1 1
1
(P’ —pa)t _p—gqtr _

1 1 1
p-p?-tiv  pr Y

Bt oo
p_q7t0u+7tpv

1 1 -
pP tav

1-— 1_1
%tp 7+ (S - 1) :

pP q
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In particular, using (11.13)

Bo 8,2, 0=ap)y ,0p-tr
coe T o -p? -t

pp q pp q
11 1
1q1tpq::p'7-
pEfE T
This is what we need
B 2 1 U 1
B -zt (11.17)
v a T T v T

Now let us take a look at Q and let us plugg (11.16) and (11.17) into it. Then

1 B, B, (y2adya1 — y21dy\’
Q > 7(dyty + dyia) + —(dyiy + dyza) + (F — a)( - -

11.18)

Now imagine that we apply this estimate to two different collection of vectors
(dy11, dyi2, dya1, dy22), (dyq, dy)s, dyhy, dybs). Moreover, suppose that we have or-

thonormality condition
dyay - dyaz + dyby - dyhy = 0, dyz; + (dyy)* = dyss + (dyy)” . (11.19)
Then we get from (11.18), (11.19)

Q(dy)+Q(dy') > T(dyii+dyia+(dyly)*+(dyle)*)+1/7(dy3 +dyse+(dysy ) *+(dyhs)*)+

(B ﬁ)y§2 + y31 (dydy + dys + (dys1)* + (dyho)?)
v« x3 2 ’
We denote &f = dyfy +dy?y +(dyi1)* +(dy12)?, & = dy3) +dydy +(dydy)* + (dypy).
2 2
Using that % =1 and (11.17) we rewrite the RHS and get
2
1B, B

2
Qy) +QUy) 27+ 5 (L -S4 G 2T L8>

p 1 1
2\6(@% +dyy + (dy1y)* + (dy1o)?) 2 (dyay + dysy + (dyby)? + (dyhy)?)2 . (11.20)

So we won /2/p =/ @ in comparison with the usual Burkholder estimate,

which would be < qfll. So the estimate for the orthogonal martingale will be

ql;
-1 ql

And we get Theorem 7.
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