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1. Introduction

Recently there was some interest in the sharp estimates of strong and weak norms of
singular integral operators in weighted spaces. The famous A2 conjecture asked to give an
estimate of any Calderón–Zygmund operator in norm L2(ω), linear in A2 norm Q of ω. There
is a long story related to the solution of this problem, briefly, for Ahlfors–Beurling transform
it was done by Petermichl–Volberg in 2002 in [PeVo], for the Hilbert transform by Petermichl
in 2007, see [Pe], for all dyadic Calderón–Zygmund operators which have localization by
Nazarov–Treil–Volberg in 2008 [NTV], and the final solution was done by Hytönen [Hy]. He
based his solution on an unpublished work of Pérez–Treil–Volberg [PTV], on series of papers
of Nazarov–Treil–Volberg, and on a beautiful trick that pushed the technique of random
geometric constructions used repeatedly by these authors to its ultimate limit, by proving
that any Calderón–Zygmund operator is the combination of well localized dyadic Calderón–
Zygmund operators. (Later [Vo] noticed that this can be done with respect to any, not
just Lebesgue or doubling, measure.) Then there appeared many beautiful proofs of A2

conjecture by different authors. The one based on the abovementioned 2008 paper was given
by Hytönen–Pérez–Treil–Volberg [HPTV], the most short and elegant proof is due to Lerner
[Ler].

On the other end Reguera and Thiele [MR], [RT] proved a certain type of opposite result,
they solved Muckenhoupt’s conjecture building a counterexample to the following inequality:

λ · ω{x : Tφ(x) > λ} ≤ C
ˆ
|φ|Mω dx ?

This inequality is wrong ([MR], [RT]), and this shows that weak estimates hide some blow
up. Here M is the Hardy-Littlewood maximal function. Another question of Muckenhoupt
stayed for a while open. It was called A1 conjecture. Namely, let ω above is quite regular,
namely, ω ∈ A1, that is Mω ≤ Q · ω pointwise. The counterexamples of Reguera–Thiele did
not have such regular weight, so it was still feasible that

ω ∈ A1 ⇒ λ · ω{x : Tφ(x) > λ} ≤ CQ
ˆ
|φ|ω dx .

This was known with worse estimate. Pérez proved a beautiful result [P], [LOP]

ω ∈ A1 ⇒ λ · ω{x : Tφ(x) > λ} ≤ CQ log(1 +Q)

ˆ
|φ|ω dx.

If logarithmic blow-up were an artifact, then A2 conjecture would follow immediately by a
standard extrapolation, see unpublished [PTV].
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But it is not an artifact. In [NRVV] it has been shown that there exists an A1 weight such
that one has a logarithmic blow up:

‖T‖L1(ω)→L1,∞(ω) ≥ CpQ logp(1 +Q)

for a any p ∈ (0, 1/5).
We show that weak type estimates in weighted spaces somehow always entail the logarith-

mic blow up. Consider for that the usual dyadic square function operator S. If w ∈ A2 with
norm Q then it has been known by the paper of Hukovic–Treil–Volberg [HTV] that the strong
L2(ω) norm of S is of the order of Q (always at most CQ, and this is sharp). This result is
much easier than to prove the linear estimate for “real” Calderón–Zygmund operator, which
was later done in the abovementioned papers.

But its weak norm of the square function operator (the norm into the weak space L2,∞(ω))
drops precipitously, it is smaller than C

√
Q log(1+Q) as was shown by Lacey–Scurry in [LS].

However, is this logarithm real? That was a question in [LS], and we answer it here: yes,
there is a logarithmic blow up of this norm. Moreover, it is still there even for ω ∈ A1, and
Q being its A1 norm (but we still estimate the norm of S from L2(ω) into the weak space
L2,∞(ω)).

Now we see an interesting effect that the weak norm of S is better than the strong norm, it
drops considerably from being linear in Q to being almost

√
Q, but it is also more complicated

than the strong norm, because it entails always a logarithmic correction term.

2. S-martingales, C-martingales and their transform

Let us recall the reader what is the dyadic martingale transform. We start with the case
of the interval. Given an interval I, we have its dyadic intervals forming dyadic lattice D(I).
For any J ∈ D(I) one assigns the Hilbert space HJ of functions φ which are 1) supported on
J , 2) have zero average with respect to Lebesgue measure, 3) on each of two dyadic sons J±
function φ is constant. Now L2(I) (if we do not indicate measure we mean that it is Lebesgue
measure) has the decomposition

(2.1) L2(I) = H0 ⊕J∈D(I) HJ .

Here H0 consists of constant functions (on I). The dyadic martingale transform is any map
of the form a I ⊕J∈D(I) UJ , where UJ : HJ → HJ is unitary. As all HJ are one-dimensional,
operators UJ are just multiplication by εJ = ±1 (all our spaces are real). Clearly, the space
HJ is spanned by one function

HJ(x) :=

{
+1, x ∈ J− ,
−1, x ∈ J+ .

We now need the same type of notion but on square Q. Again, one has the dyadic lattice
D(Q), and decomposition

(2.2) L2(Q) = H0 ⊕R∈D(Q) HR .

Here H0 consists of constant functions (on Q). The dyadic martingale transform is any map
of the form aI ⊕R∈D(Q) UR, where UR : HR → HR is unitary. All HR are three-dimensional.
Let us choose special basis elements in R = J1 × J2, |J1| = |J2|. We call

sR := HJ1 · χJ2 , cR := −χJ1 ·HJ2 .
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We call HsR the subspace of HR spanned by sR, and let HcR be the subspace of HR spanned
by cR. By TR we call a partial isometry from from HR to itself, such that TR(sR) = cR and
such that it is zero on HR 	HsR. It maps HsR onto HcR.

Definition 1. We call the function on Q to be s-martingale if it is of the form

φ = f +
∑

R∈D(Q)

aRsR ,

where aR are real constants, and f ∈ H0 is a constant function (on Q).
Similarly we will call and write c-martingales

ψ = λ+
∑

R∈D(Q)

bRcR ,

where bR are real constants, and λ ∈ H0 is a constant function (on Q).

Notice that s-martingales and c-martingales are indeed martingales with respect to dyadic
σ-algebras filtration on Q. Notice also that for f 6= 0 and bR = aR, function ψ is a usual
dyadic martingale transform of φ given by a I ⊕R∈D(Q) UR (a = λ/f), but also can be given
by a I ⊕R∈D(Q) TR.

Definition 2. The martingale transform from s-martingale φ to c-martingale ψ of the form
T := a I ⊕R∈D(Q) TR will be called sc-martingale transform (sc-transform for brevity).

Interpretation. We give a geometric interpretation of sc-transform. It will be a random
walk on the plane. Let En be conditional expectation with respect to σ-algebra of dyadic
squares R, `(R) = 2−n`(Q). Let φ be an s-martingale, and ψ be its sc-transform (see above).
Consider the collection of 4 points in R2:

(f11, λ11) := (f + aQ, λ+ aQ), (f12, λ12) := (f − aQ, λ− aQ),

(f21, λ21) := (f + aQ, λ− aQ), (f22, λ22) := (f − aQ, λ+ aQ) .

Denoting the sons of Q by Q11, Q12, Q21, Q22 in the order of “matrix elements” we see that
multiplying characteristic functions of these squares on the first entries of 4 corresponding
pairs above we come to E1φ, and that multiplying characteristic functions of these squares
on the first entries of 4 pairs above we come to E1ψ.

This means that if E0(φ, ψ) = (f, λ) ∈ R2, then E1(φ, ψ) can be seen as a collection of 4
points above. In other words, the passage from E0(φ, ψ) to E1(φ, ψ) is the random walk from
point (f, λ) to points (fij , λij), 1 ≤ i, j ≤ 2, written above.

Now the passage from E1(φ, ψ) to E2(φ, ψ) is the continuation of such random walk from
the 4 points written above to 16 points, which follow the pattern. The pattern is that the
jump’s directions “up” or “down” is independent of whether we jumped “right” or “left”.
Directions are independent, but the amount of “horizontal” and “vertical” jumps are the
same.

We just explained that such random walk generates a sc-transform and vice versa.

2.1. sc-transform for martingales and the Bellman function of the weak type es-
timate. Now we want to reinterpret one of the main results of [NRVV] in the language of
sc-transform. Notice that functions from L1(Q) also have Haar Fourier series, and it is clear
in terms of Haar series which of such functions give rise to s-martingales and c-martingales
correspondingly(we actually may think that all functions are step functions with finitely many
dyadic steps, and, thus, never leave the realm of L2 or even bounded functions).
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So let us be given an s-martingale φ = f +
∑

R∈D(Q) aRsR, and let us have a positive

function ω, which is also an s-martingale ω = w +
∑

R∈D(Q) vRsR. Then we have another

martingale {En|φ|ω}∞n=0. Obviously this is also an s martingale: |φ|ω = F +
∑

R∈D(Q) `RsR.

Consider the following function naturally generated by random walks described above.
First fix Q > 1 and consider the domain in R5:

Ω := ΩQ := {(F,w,m, f, λ) : F ≥ |f |m, m ≤ w ≤ Qm, m > 0} .
Then consider s-martingales φ starting at f (as above), c-martingale ψ starting at λ and

which is an sc-transform of φ, and let us also consider s martingales generated by positive
function ω as above, and by |φ|ω. Let us also consider the sequence mR := infR ω, R ∈ D(Q).
We will always assume that ω ∈ Ad1, which means that we have a finite Q such that

(2.3) mR ≤ 〈ω〉R ≤ QmR , ∀R ∈ D(Q) .

The best such Q is called dyadic A1 “norm” of ω, it is denoted [ω]Ad1
.

It is very easy to see (just by Lebesgue points theorem) that the random walk generated
by these abovementioned martingales (and by a sequence {mR}) will almost surely converge
to the following part of the boundary of Ω:

∂rΩ := {(F,w,m, f, λ) : F = |f |m,w = m} .
For all -transform ψ of s-martingale φ we want to measure 1

|Q|ω dA-measure of the set of

points, where ψ < 0. Here dA is Lebesgue measure and |Q| is Lebesgue measure of Q. In our
probabilistic language this is

(2.4) lim
n→∞

E [En(ω1Enψ<0)] .

We want to see how this quantity behaves if we start our random walk from initial point
P = (F,w,m, f, λ). Here is the Bellman function (often called value function in Stochastic
Optimal Control) of the problem:

(2.5) B(F,w,m, f, λ) := sup{ lim
n→∞

E [En(ω1Enψ<0)]} ,

where supremum is taken over all random walks in Ω described above starting from P . In
particular, we jump from a given point of Ω to 4 points in Ω with equal probability 1/4, and
the jumps of last two coordinates are the same in length and independent in sign. The jumps
of the third coordinate should satisfy that minimum of the third coordinates of 4 points to
which we jump from say P ∈ Ω should be equal to the third coordinate of P . We repeat that
all jumping must be only in Ω.

Definition 3. Given P ∈ ΩQ and four points in ΩQ satisfying the just described geometric
conditions, we call them sc(P ).

Here is one of the main results proved in [NRVV]:

Theorem 2.1. Let b be any continuous function in ΩQ that satisfies three assumptions called
difference, obstacle, and homogeneity conditions:

(2.6) ∀P ∈ ΩQ , b(P )− 1

4

∑
X∈sc(P )

b(X) ≥ 0 ,

and

(2.7) b(f,
1

2
(Q+ 1), 1, f, λ) ≥ c0Q , ∀λ < f ,
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with strictly positive absolute c0, and

(2.8) b(F,w,m, f, λ) = b(tF, sw, sm, tf, tλ) , ∀t, s > 0 .

Then

(2.9) b(F,w,m, f, λ) ≥ c1Q logc(1 +Q)
F

λ
, for some sufficiently large λ,

where c1, c > 0 are absolute constants, and c can be taken smaller than 1/5.

Now we are left to see that the assumptions of the following theorem are satisfied.

Theorem 2.2. Let B be Bellman function defined in (2.5) above. Then it satisfies all con-
ditions listed in Theorem 2.1. In particular,

(2.10) B(F,w,m, f, λ) ≥ c1Q logc(1 +Q)
F

λ
, for some sufficiently large λ,

where c1, c > 0 are absolute constants, and c can be taken smaller than 1/5.

Proof. Homogeneity conditions follows trivially when we notice that working with tφ, tψ, sω
is the same as working with φ, ψ, ω, and that the resulting expectation in (2.5) is exactly the
same. To check (2.7) fix real numbers f and λ < f and consider

(2.11) φ = f − fsQ , ω =
1

2
(Q+ 1) +

1

2
(Q− 1)sQ , ψ = λ− fcQ .

Drawing a small picture one can immediately see that ψ = λ− f < 0 on one of the sons of Q
(actually on Q21), where ω = Q. On the other hand, φ = 0, where ω = Q. The latter shows
that we are at point (F, 12(Q+ 1), 1, f.λ) such that F = f . This gives (2.7).

To check the difference inequality (2.6) one just repeats the Bellman type considerations
from [NRVV] or from any other Bellman technique texts, which are now numerous. We
briefly sketch here the reasoning behind (2.6). Take P and let Xij , i, j = 1, 2 are points from
sc(P ). Fix a small η and find s-martingales φij , ωij , |φij |ωij , and c-martingale ψ that is the

sc-transform of φij , such that ωij ∈ Ad1, [w]Ad1
(Qij) ≤ Q and such that for every pair i, j = 1, 2

one has

(2.12) B(Xij) ≤
1

|Qij |

ˆ
1{x∈Qij :ψij(x)<0} ωij(x)dA+ η .

Now just consider φ :=
∑

i,j=1,2 φij1Qij , ω :=
∑

i,j=1,2 ωij1Qij .

One is right to have doubts that ω obtained in such a way is from Ad1(Q). In general it
would not be so. But we have one more condition that P = (F,w,m, f, λ) ∈ ΩQ. This means
in particular, that w(P ) ≤ Qm(P ). But this says that

〈ω〉Q =
1

4

∑
i,j=1,2

w(Xij) = w(P ) ≤ Qm(P ) = Qminm(Xij) = Qmin
i,j

min
Qij

ωij = Qmin
Q

ω .

It is obvious that φ, ψ, ω built above will serve as contestants for getting supremum in (2.5)
for point P . It is also thus obvious that for any such φ, ψ, ω built above

(2.13) B(P ) ≥ 1

|Q|

ˆ
1{x∈Q:ψ(x)<0} ω(x)dA =

1

4

∑
i,j

1

|Qij |

ˆ
1{x∈Qij :ψij(x)<0} ωij(x)dA .

Combining with (2.12) we get B(P ) ≥ 1
4

∑
i,j=1,2B(Xij)−η. As number η is arbitrarily small

we get that B satisfies (2.7). We are done.
�
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2.2. Logarithmic blow-up in A1 conjecture for weighted L1 weak type estimate
for sc-martingales. As a result we see that sc-transform does not have L1(ω) → L1,∞(ω)
estimate which is linear in Q = [ω]Ad1

. Such sc-martingale transform always has a logarithmic

blow up of the norm ≥ c1Q logc(1 +Q), c > 0, c1 > 0.

Remark. Looking at the proof we see that logarithmic blow-up is obtained by some iterative
(fractal) procedure from a simple example (2.11). The iterative procedure is tacitly contained
in the proof of the above Bellman functions theorems.

2.3. Logarithmic blow-up in A1 conjecture for L1 weak type estimate for square
sine to square cosine transform. We will use four-adic lattice F on the line (or on starting
interval I0 = [0, 1],F(I0)). For a four-adic interval I let HI = 1 on I−, HI = −1 on I+, let also
GI = 1 on its leftest and rightest quarters and GI = −1 on two middle quarters. Functions
HI are called square sines, GI are called square cosines. We will call martingale difference
the function of the type

fn =
∑

I∈F ,`(I)=4−n

aIHI

or
gn =

∑
I∈F ,`(I)=4−n

bIGI ,

where aI , bI are numbers. Martingale for us is any function on I0 := [0, 1] of the type

f = f +
∑N

n=0 fn , or g = λ +
∑N

n=0 gn , where f, λ are two constants. We distinguish H-
and G-martingales. Obviously H martingales are exactly s-martingales from the previous
Sections. The correspondence is obvious, we assign to Q11 the quarter interval I−−, to Q22

interval I−+, to Q11 assign I+−, and to Q12 interval I++. This assignment moves sQ to
HI , thus it moves s-martingales of the previous Sections to H-martingales now The same
assignment moves cQ to −GI , thus it moves c-martingales of the previous Sections to G-
martingales now.

So we can see that in the previous sections the following theorem was proved.

Theorem 2.3. Given Q > 1 there exist three H-martingales F, f ,w, F ≥ 0,w ≥ 0, and one
G-martingale g = λ+ . . . such that the following holds:

1) For any I ∈ F , 〈F〉I ≥ 〈|f |〉I minI w.
2) For any I ∈ F , 〈w〉I ≤ QminI w.
3) For any I ∈ F , aI = bI , where these are martingale differences coefficients for f and g.
4) λ ·

´
x∈I0:g(x)≤0 w dx ≥ cQ logpQ

´
I0

F dx, p < 1
5 holds for sufficiently large positive g.

2.4. Controlled doubling martingales. We are going to make a small modification in the
proof to get the following

Theorem 2.4. Given Q > 1, 0 < p < 1/5, there exist three H-martingales F, f ,w, F ≥
0,w ≥ 0, and one G-martingale g = λ+ . . . such that the following holds:

1) For any I ∈ F , 〈F〉I ≥ 〈|f |〉I minI w.
2) For any I ∈ F , 〈w〉I ≤ QminI w.
3) For any I ∈ F , aI = bI , where these are martingale differences coefficients for f and g.
4) λ ·

´
x∈I0:g(x)≤0 w dx ≥ cQ logpQ

´
I0

F dx, for sufficiently large positive g.

5) For any two four-adic adjacent intervals of the same length I, Î ∈ F , 〈w〉Î ≤ 4〈w〉I.

In other words, we can always control the doubling property of w. This is actually proved
in [NV]. It follows from the fact, that if we allow only random walks with ∆w ≤ 1

9w, then



WEAK WEIGHTED ESTIMATES 7

function B from (2.5) (but built by taking supremum only over such random walks) will
still have property (2.10). As we said this is proved in [NRVV], the explanation is that
[NRVV] uses only infinitesimal form of the difference condition (2.6). Infinitesimal form of
this condition is always ensured even if we make all kind of restrictions on the length of jumps
ass soon as these restrictions allow arbitrarily small jumps.

Here is a corollary. We can consider the dyadic shift sending HI to HI− − HI+ for I of
even generations (that is |I| = 4−n|I0|) and zero otherwise. Let us call this particular dyadic
shift the square sine to square cosine transform. We use letter T to denote this square sine
to square cosine transform.

Then Theorem 2.4 can be reformulated as follows:

Theorem 2.5. There exist weight ω globally doubling and in dyadic Ad1 with [ω]Ad1
= Q, a

function φ, and a large positive number λ such that

(2.14) λ · ω{x ∈ I0 : (Tφ)(x) > λ} ≥ cQ logp(1 +Q)

ˆ
I0

|φ|ω dx .

3. Logarithmic blow up in A2 conjecture for weighted L2 weak type estimate
for martingale square functions

Given a function φ = f +
∑

I∈D(I0)
aIHI , its dyadic square function is given by

(Sφ)2(x) :=
∑

I∈D(I0), x∈I

|aI |2 =
∑

I∈D(I0)

|aI |2χI(x) .

We will now prove (using Theorem 2.5) two results about weak L1,∞(w) and L2,∞(w)
estimates of square functions.

Theorem 3.1. There exist weight ω globally doubling and in dyadic Ad1 with [ω]Ad1
= Q, a

function φ, and a large positive number λ such that

(3.1) λ · ω{x ∈ I0 : (Sφ)(x) > λ} ≥ cQ logp(1 +Q)

ˆ
I0

|φ|ω dx .

Theorem 3.2. There exist weight ω globally doubling and in dyadic Ad2 with [ω]Ad2
≤ Q, a

function φ, and a large positive number λ such that

(3.2) λ · ω{x ∈ I0 : (Sφ)2(x) > λ} ≥ cQ logp(1 +Q)

ˆ
I0

|φ|2 ω dx .

Remark 1. Theorem 3.2 complements the result of Lacey–Scurry [LS] that gives
√
Q log(1+

Q) estimate from above for ‖S‖L2(w)→L2,∞(ω)‖ for A2 weights ω with A2 norm Q.

Remark 2. The reader will see that the weight in Theorem 3.2 will be actually A1, and
Q = [ω]Ad1

in Theorem 3.2. So the weight is the best possible, still we do not have an

“expected” linear estimate. Of course the logarithmic blow up found in Theorem 3.2 still has
the “wrong” power. We expect that any p < 2 should work in Theorem 3.2(and any p < 1
for Theorem 3.1), but we can prove this only for p < 1/5.

The scheme is as follows: we first prove Theorem 3.1 by reducing it to Theorem 2.4. Then
we reduce Theorem 3.2 to Theorem 3.1. The weight ω in all these results will be exactly the
same.
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3.1. The proof of Theorem 3.1. We consider φ, ω from Theorem 2.4, they are represented
as square sine decompositions:

φ = f +
∑

I∈D(I0), |I|=4−n|I0|

aIHI = f +
∑

I∈D(I0)

aIsI .

We always think that the number of non-zero coefficients aI is finite. Recall that by definition

Tφ =
∑

I∈D(I0)

aIcI .

Let Eλ := {x ∈ I0 : (Tφ)(x) > λ}. Theorem 2.4 allows us to think that

(3.3) λ · ω(Eλ) ≥ cQ logp(1 +Q)‖φ‖L1(ω) .

If on a subset E′ of Eλ having ω(E′) ≥ 1
2ω(Eλ) on has Sφ(x) > c0λ, where c0 is, say,

1/100, then we are done automatically.
Otherwise, there is no such subset, and so ω{x ∈ Eλ : Sφ(x) ≤ c0λ} ≥ 1

2ω(Eλ). Call

E′λ := {x ∈ Eλ : Sφ(x) ≤ c0λ} .
On one hand,

(3.4)

ˆ
E′λ

(Tφ)2(x)ω(x) dx ≥ λ2ω(E′λ) ≥ 1

2
λ2ω(Eλ) .

Let us denote by I(x), x ∈ Eλ, the largest (that is first) 4-adic interval containing x such
that

|
∑

I: I(x)⊆I

aIcI(x)| > λ .

It exists for every x ∈ Eλ because we can always think that all our functions have only finitely
many non-zero Haar coefficients.

For x ∈ I0 \ Eλ we set I(x) := {x}.
Denote now

T ∗φ(x) =
∑

I: I(x)⊆I

aIcI(x).

It is a square sine to square cosine transform of

φst = f +
∑

I: I(x)⊆I

aIsI(x).

That is

T ∗φ = Tφst.

We already introduced φst, let us introduce

ωst = w +
∑

I: I(x)⊆I

dIsI .

By our interpretation above of ω, φ, Tφ and ωst, φst, Tφst as components of the random walk
in ΩQ, we can claim, that

(3.5)

ˆ
I0

|φst|ωst dx ≤
ˆ
I0

|φ|ω dx.
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Denote for a 4-adic J

CJ(x) =
∑
I: J(I

aIcI(x) , .

Then we automatically have the analog of (3.4):

(3.6)

ˆ
E′λ

(T ∗φ)2(x)ω(x) dx ≥ λ2ω(E′λ) ≥ 1

2
λ2ω(Eλ) .

Intervals I(x), x ∈ E′λ, form a disjoint cover of E′λ.

Definition. Call by O(E′λ) the collection of all intervals I ∈ F(I0) such that there exists
some I(x), x ∈ E′λ, such that I(x) ⊆ I.

Now let x ∈ E′λ, then

(T ∗φ)2(x) =
∑

I: I(x)⊆I

CI(x)aIcI(x) +
∑

I: I(x)⊆I

a2IχI(x).

We can make the estimate by integrating over E′λ:ˆ
E′λ

(T ∗φ)2(x)ω(x) dx ≤
ˆ ∑

I: I(x)⊆I

CI(x)aI1E′λ(x)cI(x)ω dx+

ˆ
E′λ

(Sφ)2(x)ω(x) dx.

If we denote by BI := CI(c(I)), where c(I) is the center of interval I, and if we notice that
CI(x)cI(x) = BIcI(x), then we can continue the estimate:ˆ

E′λ

(T ∗φ)2(x)ω(x) dx ≤
∑

I∈O(E′λ)

BIaI

ˆ
1E′λ(x)cI(x)ω dx+

ˆ
E′λ

(Sφ)2(x)ω(x) dx.

After normalizing function cI in L2(ω) we get

ˆ
E′λ

(T ∗φ)2(x)ω(x) dx ≤
∑

I∈O(E′λ)

BIaI
√
ω(I)〈1E′λ ,

cI√
ω(I)

〉ω +

ˆ
E′λ

(Sφ)2(x)ω(x) dx.

Notice that |CI(x)| ≤ λ for intervals I ∈ O(E′λ), x ∈ E′λ. Hence, using Cauchy–Schwartz
inequality, we get

(3.7)

ˆ
E′λ

(T ∗φ)2(x)ω(x) dx ≤ λ
( ∑
I∈O(E′λ)

a2Iω(I)
)1/2( ∑

I∈O(E′λ)

〈1E′λ ,
cI√
ω(I)

〉2ω
)1/2

+

ˆ
E′λ

(Sφ)2(x)ω(x).

Let us estimate all parts of (3.7). First of all
´
E′λ

(Sφ)2(x)ω(x) dx ≤ c20λ2ω(E′λ) with small

c0. Therefore, (3.6) allows us to absorb this term into the right hand side of (3.6).
It is important to remind (see (3.5)) that

(3.8) ‖φst‖L1(ωst) ≤ ‖φ‖L1(ω) .

It is also clear that

Sφst(x) ≤ Sφ(x), ∀x ∈ I0.
Then the first bracket is

´
E′λ

∑
I: I(x)⊆I a

2
IχI(x)ω(x) dx ≤

´
Sφst≤c0λ(Sφst)

2(x)ωst dx. Let Qs

denote the norm ‖S‖L1(ω)→L1,∞(ω). We think that

(3.9) ‖φst‖L1(ωst) ≤ ‖φ‖L1(ω) = 1.
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Then the distribution function has the estimate

ωst{x ∈ I0 : Sφst(x) > t} ≤ Qs

t
‖φst‖L1(ωst) ≤

Qs

t
,

and we can estimate the integral
´
Sφst≤c0λ(Sφst)

2(x)ωst dx by
´ c0λ
0 tQ

s

t dt ≤ cλQ
s. Gathering

all that we obtain from (3.6) and (3.7) the following:

(3.10)
1

4
λ2ω(E′λ) ≤ λ

√
λQs

( ∑
I∈O(E′λ)

〈1E′λ ,
cI√
ω(I)

〉2ω
)1/2

The last sum is the sum of squares of “Fourier” coefficients of 1E′λ with respect to the

system { cI√
ω(I)
}, normalized in L2(ω). If the system were orthogonal in L2(ω) (like for

example when ω = 1) then we would use Plancherel’s theorem. But we have a non-trivial
weight ω, so orthogonality would be a miracle. And fortunately this miracle happens. Recall
that ω = w +

∑
dJsJ , where w is a constant. It is easy to see that square cosine functions

{cI} are orthogonal with respect to any such weight (having decomposition in square sine
functions). The reason for this miracle is of course lies in the fact that for any pair I ′, I ′′ of
4-adic intervals (including I ′ = I ′′)ˆ

cI′(x)sI′′(x) dx = 0 .

Therefore we can continue (3.10) as follows:

(3.11)
1

4
λ2ω(E′λ) ≤ λ

√
λQs

√
ω(E′λ).

This means
√
Qs ≥ c

√
λ
√
ω(E′λ) ≥ c

2

√
λ
√
ω(Eλ) ≥ c1

√
Q logp(1 +Q) by (3.3) (we normal-

ized φ in L1(ω) above in (3.9)). So

Qs ≥ cQ logp(1 +Q) ,

where Q is an Ad1 norm of ω.
Theorem 3.1 is completely proved.

3.2. Proof of Theorem 3.2. We keep the same ω. It will be from Ad1 (better than Ad2!).
We need now to find Φ and large number λ such that

(3.12) λ · ω{x ∈ I0 : SΦ2(x) > λ} ≥ cQ logp(1 +Q)‖Φ‖L2(ω) .

Function Φ will be a “cut-off” of function φ constructed in the previous Subsection. Namely,
let Ωλ := {Mφ(x) >

√
λ}, where M is the usual 4-adic Hardy-Littlewood maximal function.

Notice that

ω(Ωλ) ≤ c√
λ
Q
ˆ
|φ|ωdx

because [ω]Ad1
= Q.

Put

Φ(x) :=

{
λ, if x ∈ Ωλ,

φ(x), x ∈ Ωc
λ .

Notice that

(3.13) SΦ(x) = Sφ(x), x ∈ Ωc
λ.
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Therefore, denoting QT := Q logp(1 +Q), we get

ω{x ∈ I0 : SΦ2(x) > λ} ≥ ω{x ∈ I: Sφ2(x) > λ} − ω(Ωλ) ≥

cQT√
λ

ˆ
|φ|ω dx− ω(Ωλ) ≥ cQT√

λ

ˆ
|φ|ω dx− cQ√

λ

ˆ
|φ|ωdx ≥ c1Q

T

√
λ

ˆ
|φ|ωdx ,

because QT >> Q. We are left to just notice that
´
|Φ|2ω dx ≤

√
λ
´
|φ|ω dx. Hence, we get:

ω{x ∈ I0 : SΦ2(x) > λ} ≥ c1Q
T

λ

ˆ
|Φ|2ωdx =

c1Q logp(1 +Q)

λ

ˆ
|Φ|2ωdx.

This is exactly (3.12), and Theorem 3.2 is completely proved.

Remark. In fact, we proved that for a certain ω ∈ Ad1
‖S‖L1(ω)→L1,∞(ω) ≥ c ‖T‖L1(ω)→L1,∞(ω) ,

where T is square sine to square cosine transform (so a certain dyadic shift).
And we also proved that that for a certain ω ∈ Ad1 (so it is even better than an Ad2-weight)

‖S‖L2(ω)→L2,∞(ω) ≥ c ‖T‖L1(ω)→L1,∞(ω) ,

Moreover, we can think that ω is a doubling weight with an absolute doubling constant, see
[NV].
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[LOP] A. Lerner, S. Ombrosi, C. Pérez, A1 bounds for Calderón-Zygmund operators related to a problem

of Muckenhoupt and Wheeden, Math. Res. Lett., 16 (2009) no. 1, 149-156.
[NV] F. Nazarov, A. Volberg, The Bellman function, the two-weight Hilbert transform, and embedding

of the model spaces Kθ, volume in honor of Thomas Wolff, J. d’Analyse Math. 87, (2002), pp. 385–414.
[NRVV] F. Nazarov, A. Reznikov, V. Vasyunin, A. Volberg, A1 conjecture: weak norm esti-

mates of weighted singular operators and Bellman functions, preprint 2010, pp. 1–22, sashavol-
berg.wordpress.com.

[NTV] F. Nazarov, S. Treil, A. Volberg, Two weight estimate for the individual Haar multipliers and
and other well localized operators. arXiv:math/0702758, Math. Res. Lett. 15 (2008), no. 3, 583–597.

[P] C. Prez, Weighted norm inequalities for singular integral operators. J. London Math. Soc. (2) 49
(1994), no. 2, 296308.
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